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Recently developed terahertz (THz) two-dimensional coherent spectroscopy (2DCS) is a powerful
technique to obtain materials information in a fashion qualitatively different from other spectroscopies.
Here, we utilized THz 2DCS to investigate the THz nonlinear response of conventional superconductor
NbN. Using broadband THz pulses as light sources, we observed a third-order nonlinear signal whose
spectral components are peaked at twice the superconducting gap energy 2Δ. With narrow-band THz
pulses, a THz nonlinear signal was identified at the driving frequency Ω and exhibited a resonant
enhancement at temperature when Ω ¼ 2Δ. General theoretical considerations show that such a
resonance can arise only from a disorder-activated paramagnetic coupling between the light and the
electronic current. This proves that the nonlinear THz response can access processes distinct from the
diamagnetic Raman-like density fluctuations, which are believed to dominate the nonlinear response
at optical frequencies in metals. Our numerical simulations reveal that, even for a small amount of
disorder, the Ω ¼ 2Δ resonance is dominated by the superconducting amplitude mode over the entire
investigated disorder range. This is in contrast to other resonances, whose amplitude-mode contribution
depends on disorder. Our findings demonstrate the unique ability of THz 2DCS to explore collective
excitations inaccessible in other spectroscopies.
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A transition to a state of matter that spontaneously breaks
a continuous U(1) symmetry of the Hamiltonian is char-
acterized by the emergence of collective electronic modes
associated with amplitude and phase fluctuations of the
complex order parameter [1,2]. The finite energy amplitude
mode is an analog of the Higgs boson associated with
the electroweak symmetry breaking of the fundamental
vacuum [1,2]. In condensed matter physics, amplitude
modes have been explored in various ordered phases, such
as charge density waves (CDWs) [3–6], antiferromagnets
[7–9], and superfluid 3He [10,11]. In the case of super-
conductors, long-range Coulomb interaction pushes the
otherwise massless phase mode up to the plasma frequency,
while the amplitude mode stays intact at twice the super-
conducting (SC) gap energy 2Δ [1,2]. The observation of
the amplitude mode in superconductors is challenging,
because it does not couple linearly to light being charge
neutral, and it is expected to have a weak Raman response
[12–14] in cases when spontaneous Raman scattering can
be interpreted as a probe of density fluctuations [15]. An
exception is the case of 2H-NbSe2 [16–20] or 2H-TaS2
[21], where superconductivity coexists with CDW order
and the amplitude mode can be seen in Raman

spectroscopy by virtue of its coupling to the Raman-active
soft CDW phonon [20,22].
With the aim of identifying the amplitude mode in

superconductors, the terahertz (THz) nonlinear optical
response has been explored. THz nonlinear responses,
such as pump-probe response or third-harmonic generation
(THG) in a conventional superconductor NbN, have been
initially interpreted as the excitation of an amplitude
mode through a nonlinear coupling to the electromagnetic
field [2,23–26]. Since then, the THz nonlinear response has
been extensively explored in superconductors like MgB2

[27–29], high-temperature cuprates [30–34], and iron-
based systems [35–39]. Motivated by these experiments,
theoretical works have shown that the third-harmonic (TH)
THz nonlinear response is governed by quasiparticle
excitations as well as the amplitude mode, with a relative
hierarchy of the two contributions that depends on the
disorder level and pairing strength [12,13,40–47].
Importantly, theoretical considerations highlighted the
possibility that THz nonlinearities can be mediated by
an intrinsically different electronic response as compared
to conventional nonlinearities at optical frequencies of a
few eV [13,42,44]. In principle, the latter is governed by
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diamagnetic Raman-like density-density scattering in met-
als [15], whereas even weak disorder may allow THz
light to trigger paramagnetic current-current fluctuations.
Nevertheless, clear experimental indication of the predomi-
nance of paramagnetic processes has not been reported.
Toward this aim, the recently developed multidimen-

sional coherent spectroscopy is promising, as it may
allow one to disentangle different nonlinear processes [48].
In the case of THz two-dimensional coherent spectroscopy
(2DCS), magnon [49], phonon [50], plasmon [51], and
electronic excitations in disordered systems [52] have been
clearly identified. In this Letter, we investigated the THz
nonlinear response of the dirty-limit conventional super-
conductor NbN by THz 2DCS. Using broadband THz, we
observed a nonlinear signal peaked at twice the SC gap
energy 2Δ. As the temperature increases, this nonlinear
signal’s peak exhibits a redshift following the temperature
dependence of 2Δ obtained from the equilibrium optical
response. To resolve the origin of these nonlinear spectral
features, we employed narrow-band THz pulses at the
driving angular frequency Ω=2π ¼ 0.63 THz for THz
2DCS. We identified a first-harmonic (FH) nonlinear
signal whose intensity displays a resonant enhancement
when 2Δ matches the driving frequency Ω. General
theoretical considerations show that this FH signal, inac-
cessible in previous works focusing on THG, can be
generated only by the aforementioned paramagnetic proc-
esses. Our numerical simulations demonstrate that, with
finite disorder, theΩ ¼ 2Δ resonance of the FH response is
dominated by the amplitude mode, offering a preferential
route for its detection.
The schematic of the experiment is depicted in Fig. 1(a).

Two intense single-cycle (broadband) THz pulses are
generated using the tilted-pulse front technique with
LiNbO3 [53–55]. See Supplemental Material [56] for details.
We first performed THz 2DCS on NbN (Tc ¼ 14.9 K) using
broadband THz pulses. The peak E field of A and B pulses
did not exceed 3 kV=cm to avoid the depletion of the
SC condensate. We measured the transmitted THz E fields
of two pulses [EAðt; τÞ and EBðtÞ] separately and of both
pulses [EABðt; τÞ] together as shown in Fig. 1(b). We swept
the delay time τ of the A pulse with respect to the arrival
of the B pulse. The nonlinear signal’s E field is obtained
as ENLðt; τÞ ¼ EABðt; τÞ − EAðt; τÞ − EBðtÞ, presented in
Fig. 1(c). We perform a Fourier transform with respect to
t or both t and τ. Figure 1(d) shows the power spectrum of
the nonlinear signal at 5 K when τ ¼ 0 ps (the purple curve).
The nonlinear signal exhibits two peaks: One matches twice
the SC gap 2Δ identified in the THz optical conductivity
measured at 5 K (the green curve on the right axis), and the
other is located at slightly higher energy than the center
frequency of the B pulse.
In Fig. 2(a), we present the power spectrum of the

nonlinear signal at τ ¼ 0 ps measured at different temper-
atures. The peak energy in the nonlinear signal shows a

redshift with increasing temperature. We evaluated the
energy of the peak in two ways. First, we fit the power
spectra of the nonlinear signal using the power spectrum of
the B pulse multiplied by a Lorentzian. The fits reasonably
reproduce the data as presented by the gray dashed curves
in Fig. 2(a). The extracted peak energy is plotted as a
function of temperature by red open squares in Fig. 2(c), in
good agreement with the temperature dependence of 2Δ
(the gray circles) as seen in the linear responses. We also
evaluated the peak energy by normalizing the nonlinear
signal spectra with the B-pulse spectra, as shown in
Fig. 2(b). While the normalized spectra display an increas-
ing tendency toward higher frequency below 12 K, likely
due to the THG signal, peaks are discerned in the frequency
range from 0.3 to 1.4 THz. We fit the normalized spectrum
with a Lorentzian and plot the obtained peak energy as a
function of temperature by green open diamonds in
Fig. 2(c), consistent with those in the first procedure.
We note that the same result of the peak-energy shift is
obtained using the A pulse to normalize the nonlinear
signal, as shown in Fig. S2 in Supplemental Material [56].
This direct correspondence between the peak energy of the
nonlinear signal and the SC gap energy was also found in
other NbN samples with different Tc, as presented in
Fig. S7 in Supplemental Material [56].
To obtain deeper insight into the spectrum of the non-

linear signal, we performed THz 2DCS using narrow-band
THz pulses with the peak E field of 3 kV=cm and a driving
angular frequency ofΩ=2π ¼ 0.63 THz. Figure 3(a) shows
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FIG. 1. (a) A schematic of the THz 2DCS experiment. (b) Time
traces of the A and B pulses together [EABðt; τÞ] transmitted after
the NbN sample (Tc ¼ 14.9 K) at 5 K as a function of the
sampling time t and the delay time τ. (c) The same plot as (b) but
for the nonlinear signal ENLðt; τÞ. (d) Power spectrum of the THz
nonlinear signal from NbN at 5 K measured at τ ¼ 0 ps with the
broadband THz pulses (purple, left axis). The blue dashed curve
on the left axis is the power spectrum of the B pulse. The green
curve on the right axis shows the real part of the optical
conductivity at 5 K.
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the nonlinear signal spectra for NbN with Tc ¼ 14.9 K
measured at 5 K when τ ¼ 0 ps. The power spectrum
exhibits two peaks at 0.63 and 1.9 THz, corresponding to
the FH and TH contributions, respectively. Both FH and
TH intensities follow E6 as shown in Fig. 3(b) up to the
THz peak E field of 10 and 3 kV=cm, respectively,
indicating that both are third-order nonlinear responses.
In the third-order processes driven at a frequency Ω,
the nonlinear signals are generated at frequencies of
�Ω� Ω�Ω [65], giving signals at Ω and 3Ω.
Figure 3(c) shows the frequency-integrated intensity of

the FH and TH signals as a function of temperature with the
multicycle THz pulses when τ ¼ 0 ps. Here, we integrate
from 0.3 to 1 THz for the FH signal and from 1.6 to 2.2 THz
for the TH signal. The temperature dependence of the TH
signal is consistent with the previous reports where it takes
its maximum intensity when twice the drive frequency
matches twice the SC gap energy 2Δ (i.e., 2Ω ¼ 2Δ) as
shown in the top panel [2,23,24,26]. By contrast, the FH
signal displays a resonant enhancement when the driving
frequency matches 2Δ (i.e., Ω ¼ 2Δ). These behaviors
were found in the other NbN samples with different Tc,
as shown in Fig. S8 in Supplemental Material [56]. This FH
signal has been overlooked in previous THz nonlinear
experiments, because it is usually overwhelmed by the
transmitted E field at the FH primarily from linear trans-
mission, as shown in Supplemental Material [56]. The

difference-signal analysis inherent to 2DCS allows it to be
unambiguously isolated here.
To clarify the experimental observations, we analyze the

different nonlinear processes following the diagrammatic
approach in previous works [12,42–44]. The nonlinear
processes in the SC state can be obtained by combining
the diamagnetic (quadratic) and paramagnetic (linear)
couplings between electronic excitation and the electro-
magnetic field. In the diagrammatic representation, the
former is represented as a densitylike electronic vertex
with two-photon lines attached, while the latter appears
as currentlike electronic vertex with a single-photon line.
The third-order nonlinear current is generally expressed
as JNLðωÞ ¼

R
dω1dω2dω3δðω1 þ ω2 þ ω3 − ωÞAðω1Þ

Aðω2ÞAðω3ÞKðω1;ω2;ω3Þ, where AðωÞ denotes the gauge
field. Assuming monochromatic fields (ωi ¼ �Ω for i ¼ 1,
2, 3), the possible combinations of ωi give peaks at ω ¼ Ω
and ω ¼ 3Ω in JNLðωÞ. The spectral structure simplifies
in the clean limit, when only diamagnetic processes are
allowed [12]. Because diamagnetic vertices have two-
photon lines attached, the nonlinear kernel K can be
reduced to Kdiaðω1 þ ω2Þ and its frequency permutations.
Given that the quasiparticles and amplitude-mode fluctua-
tions are both enhanced at 2Δ, both the FH and TH
diamagnetic responses are largest when ω1 þ ω2 ¼ 2Δ,
and, thus, for single-frequency driving atΩ, their resonance
occurs at Ω ¼ Δ [12,56].

(a) (b)

(c)

Raw data Normalized data
0.8

0.6

0.4

0.2

0.0

I N
L 

/  I
B

1.61.20.80.40.0
Frequency (THz)

5 K

10 K

12 K

13 K

14 K

14.2 K

14.5 K

1.5

1.0

0.5

0.0Fr
eq

ue
nc

y 
(T

H
z)

20151050
Temperature (K)

 2 /2  (MB)
 Method 1
 Method 2

8

7

6

5

4

3

2

1

0

I N
L 

(n
or

m
.)

3.02.01.00.0
Frequency (THz)

FIG. 2. (a) Power spectrum of the nonlinear signal from NbN
(Tc ¼ 14.9 K) when τ ¼ 0 ps at different temperatures with
single-cycle THz pulses. The gray dashed curves denote the fit
to the data using a Lorentzian multiplied by the B-pulse power
spectra. The obtained peak energy is presented by the red arrows.
(b) The nonlinear signal in (a) divided by the B-pulse power
spectra as a function of temperature. The obtained peak energy
with fitting is shown by the green arrows. The dashed curves are
the fits to the data using a Lorentzian. (c) Peak energy of the
nonlinear signal as a function of temperature obtained by fitting
the raw data in (a) (red open squares) and the normalized data in
(b) (green open diamonds). The gray circles are the temperature
dependence of the gap evaluated using the Mattis-Bardeen model.
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FIG. 3. (a) Power spectrum of the THz nonlinear signal at 5 K
measured at τ ¼ 0 ps with narrow-band THz pulses. (b) The
frequency-integrated intensity of the FH and TH contributions at
5 K when τ ¼ 0 ps as a function of the B-pulse peak E field. The
dashed gray curve is a guide to the eye with a slope of 6.
(c) Temperature dependence of the frequency-integrated intensity
of the FH (red) and TH (blue) contributions. The top presents the
temperature dependence of 2Δ evaluated from the linear con-
ductivity as compared to Ω (red) and 2Ω (blue). The solid gray
curve is the gap computed by numerically solving the BCS
equation. The black dashed line denotes the temperature that
satisfies Ω ¼ 2Δ.
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In contrast, when a finite amount of disorder is included,
paramagnetic processes become allowed. Consequently,
as detailed in Supplemental Material [56], the nonlinear
kernel is a function Kparaðω1;ω1 þ ω2;ω1 þ ω2 þ ω3Þ,
plus permutations of the running frequencies, and one
expects an enhancement whenever any of the three argu-
ments ofKpara matches 2Δ. Therefore, unlike the resonance
at Ω ¼ Δ for the FH and TH responses, the FH response at
Ω ¼ 2Δ and TH responses at 3Ω ¼ 2Δ (i.e., Ω ¼ 2Δ=3)
and Ω ¼ 2Δ can arise only via paramagnetic processes.
They are absent in the usual description of the sponta-
neous nonresonant Raman at optical frequencies, based
on the widely used effective-mass approximation which
maps the Raman response into a diamagneticlike sus-
ceptibility [15]. We note that the same paradigm does
not necessarily apply to the resonant Raman case,
leaving open, e.g., the interpretation of recent nonequili-
brium anti-Stokes Raman measurements in cuprate
superconductors [66].
We examined these expectations by numerical simula-

tions using the attractive Hubbard model on a square lattice
with Anderson-type impurities. Following the approach in
Refs. [44,46], we computed the nonlinear TH and FH
signals, as shown in Figs. 4(a) and 4(b), respectively.
Here, we set the disorder level to kFl ¼ 10 (kF is the Fermi
wave vector and l is the electronic mean free path) and
evaluated the BCS-quasiparticle contribution (the dashed
curves, denoted as BCS) and the sum of it and the
amplitude-mode contribution (the solid curves, denoted
as BCSþ AM) separately (see Supplemental Material [56]
for details). For the TH signal, the nonlinear current is
enhanced at the expected three possible frequency combi-
nations, as denoted by the vertical arrows in Fig. 4(a).
In Supplemental Material [56], we show that the relative
ratio between the BCS and amplitude-mode contributions
for the lower two peaks is consistent with previous reports
[42–44], where the amplitude mode acquires considerable
spectral weight for very strong disorder. On the other hand,
as shown in Fig. S13 [56], we find that the upper peak at
Ω ¼ 2Δ is dominated by the amplitude mode for kFl ¼ 3,
6, 10, and 30, which are relevant to the estimated disorder
level of NbN [67,68] summarized in Fig. S12 [56]. The
FH JNLðΩÞ has two features that correspond to the two
allowed frequencies for the FH response as discussed
above. Again, the amplitude mode dominates the upper
resonance for all disorder levels investigated, whereas the
lower energy resonance shows appreciable disorder
dependence. We note that the dominance of the amplitude
mode at Ω ¼ 2Δ in both TH and FH responses is an
empirical observation from our numerics. The reason for it
is a topic of current investigation.
Next, we compute the temperature dependence of the

FH and TH signals at Ω=2π ¼ 0.63 THz by modeling the
kernel resonances numerically, using the temperature
dependence of the SC gap obtained from the linear

responses (see Supplemental Material [56]). Figure 4(c)
compares the numerical results with the experimental data
normalized by the incoming THz E field for the FH and TH
components. The calculated result for the FH component
displays excellent agreement with experiments, unambig-
uously indicating that the FH signal stems from the
amplitude-mode contribution at Ω ¼ 2Δ via the paramag-
netic processes. The numerical result for the TH component
displays a monotonic increase when the temperature is
lowered, consistent with the experimental data. The
increase in the TH intensity toward the lower temperature
is due to the resonance of Ω ¼ Δ around 0 K, which is
likely dominated by the amplitude mode in the high
disorder level relevant for NbN. To check the internal
consistency of our approach, we further simulate the
nonlinear current driven by broadband THz pulses
(see Supplemental Material [56] for details). Figure 4(d)
presents the nonlinear current induced by the broadband
THz pulses for 2Δ=2π ¼ 1.2 THz. The computed non-
linear current exhibits three peaks at Ω=2π ¼ 0.63 THz,
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2Δ=2π ¼ 1.2 THz, and 3Ω=2π ¼ 1.9 THz, qualitatively
reproducing the experimental observation in Fig. 1(d).
Finally, to understand the full time evolution of the THz

2DCS response induced by single-cycle THz pulses for
different delay times τ, we modeled the time evolution of
the nonlinear signal in close analogy with the previously
discussed results (see Supplemental Material [56]). In
particular, we modeled the largest contribution of the
coherent response by a nonlinear kernel peaked at 2Δ
and additionally included a phenomenological incoherent
kernel describing the out-of-equilibrium quasiparticle
relaxation. Figure S19(b) presents the simulated 2D spectra
that qualitatively reproduces the data in Fig. S19(a) [56].
In the case of the narrow-band pulses, we can understand
the THz 2D power spectra using the frequency-vector
scheme [52,69], as shown in Supplemental Material [56].
It is worth mentioning that the FH signals at ωτ ¼ �Ω are
not resolvable in the strong-pump weak-probe experi-
ments reported previously [25], as it derives from a single
pump photon and two probe photons (see Supplemental
Material [56]).
In summary, we reported the THz nonlinear signal in

conventional superconductors NbN using THz 2DCS.
Using broadband THz pulses, we identified a prominent
spectral component of the nonlinear signal peaked at twice
the SC gap energy 2Δ. With narrow-band THz pulses, the
same nonlinear signal appeared at the driving THz frequency
Ω, in a fashion inaccessible in previous experiments. By
varying the temperature, it manifests a resonant enhance-
ment when Ω ¼ 2Δ. General theoretical analysis showed
that this resonance at Ω ¼ 2Δ in the nonlinear kernel can
arise only from a paramagnetic coupling of photons to
electronic current. Our numerical simulations revealed that
this resonance in the paramagnetic nonlinear current is
dominated by the amplitudemode of the SC order parameter.
Our Letter not only establishes the ability of THz 2DCS

to access light-matter interactions unresolvable by previous
THG or pump-probe experiments, but it also unambigu-
ously demonstrates the intrinsic difference between the
excitation processes contributing to the THz nonlinear
response as compared to the optical nonlinearity that is
usually understood by analogy to spontaneous nonresonant
Raman spectroscopy. These results open a novel perspec-
tive on the ability of THz 2DCS to detect and/or drive other
collective excitations such as the Leggett mode in multi-
band superconductors [27,70], the Bardasis-Schrieffer
mode in iron-based superconductors [37,71], or the
Josephson plasmon in cuprate superconductors [72–78].
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