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The gravitational form factors (GFFs) of a hadron encode fundamental aspects of its structure, including
its shape and size as defined from, e.g., its energy density. This Letter presents a determination of the flavor
decomposition of the GFFs of the proton from lattice QCD, in the kinematic region 0 < —t < 2 GeV?. The
decomposition into up-, down-, strange-quark, and gluon contributions provides first-principles constraints
on the role of each constituent in generating key proton structure observables, such as its mechanical radius,

mass radius, and D term.
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Achieving a quantitative description of the structure of
the proton and other hadrons in terms of their quark and
gluon constituents is a defining challenge for hadronic
physics research. The gravitational structure of the proton,
encoded in its gravitational form factors (GFFs), has come
under particular investigation [1-23] since the first extrac-
tion of one of its GFFs from experimental measurements in
2018 [24]. Defined from the matrix elements of the energy-
momentum tensor (EMT) in a hadron state, GFFs describe
fundamental properties such as the mass and spin of a state,
the less well-known but equally fundamental D term (or
“Druck” term), and information that can be interpreted in
terms of the distributions of energy, angular momentum,
and various mechanical properties of the system [25-28].

The proton GFFs A(t), J(t), and D(t) are defined as

(N(p'.s")|T"|N(p.s))

i(p',s) [P”P”A(t) + iPWe" P A J (1)

3=

+ (&8 = 20| u(p.). 0
where a¥b* = (a#b* + a*b*)/2, N(p, s) is a proton state
with three-momentum p and spin eigenvalue s = 43,
u(p, s) is the Dirac spinor, P = (p + p')/2, A=p' — p,
t =A% and 6,, = £[y,.7,], where y, are the Dirac matri-
ces. 1" is the renormalization-scale-independent [29]
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symmetric EMT of QCD [30]. It can be decomposed into
quark and gluon contributions as 7 =Y, {q.6} ™,
where

. 1
T4 = 2T {—F’”’F{”, + 8 FUF ).

T =" [y, (2)
7

F#* is the gluon field strength tensor, v, is a quark field of
flavor f, and D* = 0" + igA* is the covariant derivative. The
matrix elements of 7% define the renormalization scheme-
and scale-dependent partonic contributions to the GFFs,
which can also be interpreted as moments of generalized
parton distributions (GPDs) [31-33]. The corresponding
forward limits A;(0), J;(0), and D;(0) describe the partonic
decomposition of the proton’s momentum, spin, and D term,
respectively. Poincaré symmetry imposes the sum rules
[8,32,34-36] A(0) =1 and J(0) = 1/2, while the value
of D(0) is conserved but not constrained from spacetime
symmetries [37]. The ¢ dependence of the GFFs encodes
additional information about the quark and gluon contribu-
tions to densities in the proton [25-27]. While determination
of the flavor decomposition of the proton’s momentum
and spin has a long history, reviewed in Refs. [38—41],
constraints on the D term [17-20,24,42,43] and the ¢ depend-
ence [17-21,43-45] of the proton’s GFFs have been com-
paratively recent.

This Letter presents a flavor decomposition of the total
GFFs of the proton, A(t), J(¢), and D(t), into gluon, up-,
down-, and strange-quark contributions, achieved through
a lattice QCD calculation with quark masses yielding a
close-to-physical value of the pion mass. The D, 4(¢) and
D,(t) GFFs are found to be consistent with the recent
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experimental extractions of these quantities [24,42], while
the ¢ dependence of A(¢) is consistent with one of the two
analyses of experimental data presented in Ref. [42] and in
tension with the other (including the updated analysis of
Ref. [46]). The individual up-, down-, and strange-quark
GFFs are quantified for the first time from experiment or
first-principles theory, albeit on a single lattice QCD
ensemble, but fully accounting for mixing with the gluon
contribution. From the GFFs, the energy and radial force
densities of the proton, and the associated mass and
mechanical radii, are computed, allowing a quantitative
comparison of these different measures of the proton’s size.
Lattice QCD calculation.—The lattice QCD calculation
is performed using a single ensemble of gauge field
configurations generated by the JLab/LANL/MIT/WM
groups [47], using the Liischer-Weisz gauge action [48]
and Ny = 2 + 1 flavors of clover-improved Wilson quarks
[49] with clover coefficient set to the tree-level tadpole-
improved value and constructed using stout-smeared links
[50]. The light-quark masses are tuned to yield a pion mass
of m, ~ 170 MeV, and the lattice spacing and volume are
a~0.091 fm [51,52] and L3 x T = 48> x 96, respectively.
The technical details of the lattice QCD calculation are as
for the determination of the pion GFFs in Ref. [53] and are
summarized below. Additional details, including analysis
hyperparameter choices and figures illustrating intermedi-
ate results, are included in Supplemental Material [54].
First, the bare matrix elements of T’g‘”, and of the singlet
and nonsinglet quark flavor combinations of the EMT, i.e.,

singlet: 74" = Th + T + T4, (3)
nonsinglet: 7% = 7% — 1%, (4)
T =T T - 2T, (5)

are constrained from ratios of three-point and two-point
functions that are proportional to the bare matrix elements
of the EMT [Eq. (1)] at large Euclidean times. The three-
point function of the gluon EMT is measured on 2511
configurations, averaged over 1024 source positions per
configuration, with the gluon EMT measured on gauge
fields that have been Wilson flowed [55-57] to
thow/a> =2, for all sink and operator momenta with
Ip'|> < 10(27/L)? and |AJ> < 25(27/L)? and all four spin
channels s, s’ € {£1/2}. The connected part of the quark
three-point function is measured on 1381 configurations
using the sequential source method, inverting through the
sink for 11 choices of source-sink separation in the range
[6a, 18a], with the number of sources varying between 9
and 32 for the different source-sink separations. The
momenta measured are p’ € 2z/L{(1,0,-1), (-2,-1,0),
(=1,=1,-1)} and all A with |A|*> <25(2z/L)?, for a
single spin channel with s = s’ = 1/2. The disconnected
parts are stochastically estimated on the same 1381
configurations as the connected parts, using two samples
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FIG. 1. The three GFFs of the proton, computed on the lattice
QCD ensemble of this Letter, and their decomposition into gluon
and total quark contributions, are shown as functions of z. Inset
figures show the isosinglet quark GFFs further decomposed into
up-, down-, and strange-quark contributions. The total GFFs are
renormalization scheme and scale independent, while all other
GFFs are shown in the MS scheme at = 2 GeV. The dark bands
represent dipole fits to the datain the case of gand ¢ = u +d + s
and linear combinations of the dipole fits to ¢, v, and v, in all other
cases. The lighter bands show analogous fits using the z expansion.

of Z, noise [58], diluting in spacetime using hierarchical
probing [59,60] with 512 Hadamard vectors, and comput-
ing the spin-color trace exactly. Measurements are made for
all [p’|? < 10(2z/L)?, |A|> < 25(2x/L)?, and all four spin
channels.

Second, ratios of three- and two-point functions that
correspond to the same linear combination of GFFs—as
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TABLE 1.

The flavor decomposition of the momentum fraction, spin, and D term of the proton, computed on the lattice QCD

ensemble of this Letter, obtained from dipole and z-expansion fits to the proton GFFs, renormalized at 4 = 2 GeV in the MS scheme.
The fit parameters of the two models are included in Supplemental Material [54].

Dipole Z expansion
A;(0) Ji(0) D;(0) A;(0) Ji(0) D;(0)
u 0.3255(92) 0.2213(85) —-0.56(17) 0.349(11) 0.238(18) —-0.56(17)
d 0.1590(92) 0.0197(85) -0.57(17) 0.171(11) 0.033(18) —0.56(17)
s 0.0257(95) 0.0097(82) —0.18(17) 0.032(12) 0.014(19) —0.08(17)
u+d+s 0.510(25) 0.251(21) —1.30(49) 0.552(31) 0.286(48) —1.20(48)
g 0.501(27) 0.255(13) —2.57(84) 0.526(31) 0.234(27) —2.15(32)
Total 1.011(37) 0.506(25) —3.87(97) 1.079(44) 0.520(55) —3.35(38)

defined in Eq. (1) and up to an overall sign—are averaged.
The summation method [61-64] is used to fit the Euclidean
time dependence of the averaged ratios and extract the bare
matrix elements. In all cases, 1000 bootstrap ensembles are
used to estimate statistical uncertainties, and systematic
uncertainties in fits are propagated using model averaging
with weights dictated by the Akaike information criterion
[65-68]. Since connected measurements exist for only a
subset of the matrix elements, the disconnected contribu-
tions to the bare GFFs of T, and T,, (T, is purely
connected, as the disconnected contributions cancel in the
difference) are fit separately using all available data, with
the results used to obtain better constraints for the subset for
which connected parts are available and, thus, to obtain the
full matrix elements of 7, and T,,. Finally, the matrix
elements are divided into 34¢ bins using k-means clustering
[69], and the GFFs are extracted by solving the resulting
linear systems of equations, with the renormalization
performed nonperturbatively using the results and pro-
cedure presented in Ref. [53].

Results.—The flavor decomposition of the renormalized
GFFs, computed on the lattice QCD ensemble of this
Letter, is presented in Fig. 1. To guide the eye, the GFFs of
currents g and ¢ are fit using both a multipole ansatz with
n = 2 (dipole), chosen as the integer yielding the lowest y?
per degree of freedom for the majority of the fits, as well as
the more expressive z expansion [70]. The GFFs are further
decomposed to yield the individual quark flavor contribu-
tions G(7) = [A(¢),J(¢), D(t)] from the data and fits for
currents ¢, vy, and v,, using

Gul1) =3Gy() + £ G () 43600, (6)
Gul) =3Gy() + £G() =36, (). (V)
Gult) = 3Gy (1) = 3 Gu, 1), ®)

The functional forms of the fit models, along with the
resulting fit parameters, are given in Supplemental
Material [54].

The flavor decomposition of the forward limits A(0),
J(0), and D(0) is summarized in Table I and can be
compared with other recent lattice QCD calculations of the
decomposition of the momentum and spin fractions of the
proton. Specifically, recent studies of the forward-limit
quantities at or extrapolated to the physical pion mass
report  A,(0) = 0.491(20)(23), A,(0) = 0.509(20)(23),
J,(0) = 0.270(11)(22), and J,(0) = 0.231(11)(22) [71],
A,(0)=0.618(60),A,(0)=0.427(92), J ,(0) = 0.285(45),
and J,(0) = 0.187(46) [72], and A,(0) = 0.492(52)(49)
[38]. In the present calculation, the sum rules for the total
momentum fraction and spin are satisfied, and the total
quark and gluon contributions to these quantities are
approximately equal. The calculated gluon momentum
fraction is, however, several standard deviations larger
than the global fit result A (0) = 0.414(8) [73], which
can likely be attributed to remaining systematic uncertain-
ties that could not be estimated from this calculation using a
single ensemble of lattice QCD gauge fields. In particular,
the continuum limit has not been taken, and renormaliza-
tion coefficients were computed on an ensemble with larger
lattice spacing and quark masses [53]. Moreover, the
m,L ~ 3.8 of the ensemble used in this Letter is less than
the typical rule-of-thumb bound m L > 4 targeted to limit
finite volume effects to the percent level. The expected
magnitudes of these various additional sources of system-
atic uncertainty are discussed in Supplemental Material
[54]. The calculated result for the total D term satisfies the
chiral perturbation theory prediction for its upper bound
[74], D(0)/m < —1.1(1) GeV~!, and is in agreement with
chiral models [75-81].

Figure 2 presents a comparison of the dipole fit results
with the available experimentally constrained multipole
parametrization results for D, 4, A,, and D, presented in
Refs. [24,42,46]. The fits to D,,, are found to be
consistent, but the uncertainties of the lattice data are
comparatively large at the small values of |7| for which
experimental data are available. Extractions from new [82]
and future experimental data over a larger |7 range, as well
as better control of the uncertainties of the lattice QCD
result at low |z], will be necessary for a robust comparison.
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FIG. 2. The proton GFFs A,(t), D,(t), and D, ,(t) and
corresponding dipole fits, computed on the lattice QCD ensemble
of this Letter, are compared with the experimentally constrained
multipole parametrizations of Refs. [24] (BEG), [42] (Duran et al.),
and [46] (Guo et al.). For this comparison, the results for A (7) are
rescaled such that the gluon momentum fraction is A,(0) =
0.414(8) [73], which is the value used as an input in the extraction
in Refs. [42,46]. This does not affect the t dependence of the GFF.

For the gluon GFFs, the lattice QCD results are found to be
consistent with the “holographic QCD” inspired approach
[14,15] (method 1) to the analysis of experimental data in
Ref. [42] and disfavor the “generalized parton distribution”
(GPD) inspired approach [83] (method 2). A more recent
analysis [46] including an update to the GPD-inspired
analysis method, as well as additional experimental data
[84], is in less tension with the lattice QCD results
presented here. These comparisons illustrate the continued
synergy and complementarity between lattice and exper-
imental results for these quantities.

Densities.—Through the definition in terms of the EMT,
and by analogy to mechanical systems, the ¢ dependence of
the GFFs also gives insight into various densities in the
proton. (The physical significance of these analogies is

debated [85-88].) Specifically, the Breit-frame distribu-
tions ¢;(r), p;(r), and s;(r), defined as

1[D;(1) + Ai(t) = 2J;(1)]

ei(r) = m|A/(1) - o o)
FT
Pl = g P D, (0, (10)
() == 3 D (D) (1)
where r = |r|,
3
F(0)]pr = / (‘;33 (1) (12)

andi €{q, g, q + g}, can be interpreted as energy, pressure,
and shear force distributions, respectively [25-27]. [The
quark and gluon contributions to the pressure and energy
densities additionally depend on the GFF ¢;(¢), which
appears in the decomposition of the matrix elements of T’i“’
due to the quark and gluon EMT terms not being indi-
vidually conserved. This contribution, which is not con-
strained in this Letter, vanishes for the total densities, since
¢,(t)+¢,(t) =0.] The root-mean-square radii of the
energy density and the longitudinal force density

FJ(r) = pi(r) +2s(r)/3 (13)
yield the mass and mechanical radii of the proton [27]:
[ &rrie;(r)
[ drei(r)
[ drr2F(r)
[&rFl(r)

1

<r2>mass _

<rl2>mech —

(14)
Figure 3 shows the quark, gluon, and total densities and
corresponding radii obtained analytically from the dipole
fits to the GFFs. For both densities, the gluonic radius is
found to be larger than the quark radius. For the case of the
gluon mass radius, the result is consistent with that
predicted using the holographic QCD-inspired model in
the phenomenological extraction of Ref. [42] and the
updated analysis of Ref. [46], as shown in Fig. 4. The
results for the quark mechanical radius are consistent with a
recent extraction from deeply virtual Compton scattering
cross section data [89]. They are also consistent with the
soliton model prediction [75,80] that the proton mechanical
radius is slightly smaller than the charge radius [90] and
with the equality of the two radii in the nonrelativistic limit
shown in the bag model [1,8].

Summary.—The flavor decomposition of the proton’s
A(r), J(t), and D(t) GFFs into their up-, down-, strange-
quark, and gluon contributions is determined for the first
time for a kinematic range 0 < —t < 2 GeV?, using a first-
principles lattice QCD calculation. The results reveal that,
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FIG. 3. The quark, gluon, and total contributions to the longi-

tudinal force (upper) and energy (lower) densities in the Breit
frame, computed on the lattice QCD ensemble of this Letter, are
shown as functions of the radial distance from the center of the
proton. The corresponding quark, gluon, and total mechanical and
mass radii are marked as data points on the corresponding curves.

while the contributions of quarks and gluons to the proton’s
momentum, spin, and D term are approximately equal, the
gluon contributions act to extend the radial size of the
proton over that defined by the quark contributions as
quantified through the mass and mechanical radii encoded
in the ¢ dependence of the GFFs. To improve upon these

@ m e This work V  Duran et al. method 1
A BEG ® Duran et al. method 2
® Guoetal. PDG

i { -
i ¢

0.5
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mass
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FIG. 4. Comparison of different proton radii. In addition to the
results obtained on the lattice QCD ensemble of this Letter, the
charge radius from Ref. [90] (PDG), the gluonic mass radii from
Refs. [42] (Duran et al.) and [46] (Guo et al.), and the quark
mechanical radii from Ref. [89] (BEG) are shown. While the
latter includes only the light-quark contributions, they are
compared directly, as the strange-quark contribution is found
to be negligible for this quantity. The uncertainty of the charge
radius is too small to be visible.

first results, it is crucial that this Letter be repeated using
ensembles with different lattice volumes and lattice spacings
in order for these systematic uncertainties to be fully
accounted for. Moreover, it will be important to improve
the renormalization procedure, e.g., by exploring the use of
gauge-invariant renormalization schemes [91]. Nevertheless,
these first-principles results permit first comparisons
between theory and experiment for several aspects of these
fundamental measures of proton structure.

The lattice QCD results for the D, 4() and D(¢) GFFs
are consistent with the recent experimental results of
Refs. [24,42], but D, 4(t) is constrained over a greater
kinematic range. For A (r), however, the comparison of
first-principles theory with the experimental results of
Ref. [42] provides important additional constraints that
distinguish between different analyses of the experimental
data. Moreover, the results for the separate up-, down-, and
strange-quark GFFs presented here are the first constraints
on these quantities from first-principles theory or from
experiment. This Letter, thus, sets important benchmarks
on these fundamental aspects of proton structure for future
measurements at Thomas Jefferson National Accelerator
Facility [92-94] and at a future Electron-lon Collider [95].
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