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We propose a new approach to simulate the decoherence of a central spin coupled to an interacting
dissipative spin bath with cluster-correlation expansion techniques. We benchmark the approach on generic
1D and 2D spin baths and find excellent agreement with numerically exact simulations. Our calculations
show a complex interplay between dissipation and coherent spin exchange, leading to increased central
spin coherence in the presence of fast dissipation. Finally, we model near-surface nitrogen-vacancy centers
in diamond and show that accounting for bath dissipation is crucial to understanding their decoherence.
Our method can be applied to a variety of systems and provides a powerful tool to investigate spin
dynamics in dissipative environments.
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Understanding the dynamical properties of open many-
body quantum systems is a problem of fundamental impor-
tance in modern physics [1–6]. The interaction of a quantum
system with an environment may radically change its
behavior; for example, dissipation may drive novel phase
transitions [7,8], stabilize exotic states or subspaces [9–11],
and lead to rich spectral statistics [12]. Recent experimental
advances have enabled the ability to engineer dissipative
environments [13], as well as probe environmental effects
via a single two-level system [6,14,15]. Specifically, sensing
using single electron spins in solids has emerged as a
hallmark near-term quantum technology, with applications
in physics, chemistry, and biology [16,17].
Generic quantum sensing protocols seek to recover the

dynamics of a many-body system from the dephasing of a
two-level probe [18,19]. To shed light on the main mech-
anisms determining the sensing signal, one requires accurate
computational methods to simulate the full dephasing
dynamics generated by an interacting, many-body open
quantum system. One may then use such computational
techniques to solve a broad range of problems in materials
science and quantum many-body physics.
In the case of closed quantum systems, the dynamical

evolution of a two-level system (a central spin) coupled to a
spin bath can be studied with the cluster-correlation
expansion (CCE) technique [20], which produces accurate
results for many physical systems [21–24]. While alternate
cluster techniques for translationally invariant systems have
been used to study dissipative steady states [25], a more
general method to investigate the dynamics of open
quantum systems is not yet available.
In this Letter, we propose a novel approach for simulat-

ing dissipative, interacting spin baths and their impact on

the central spin coherence evolution by solving many-
body Lindblad master equations (ME) using CCE
techniques. We benchmark the method against exact
numerical simulations of baths formed by 1D and 2D
spin lattices with variable dissipation rates and also
present results for realistic, experimentally motivated
dissipative spin systems.
Theoretical framework.—We study the dynamics of a

central spin coupled to an interacting spin bath with
Markovian dissipation, as described by the Gorini-
Kossakowski-Sudarshan-Lindblad (Lindblad) ME [26,27]
(in units ℏ ¼ 1),

d
dt

ρ̂ðtÞ ¼ −i½Ĥ; ρ̂ðtÞ� þ
X
i

γiD½L̂i�ðρ̂Þ; ð1Þ

where Ĥ ¼ ðσ̂z=2Þ ⊗ B̂þ Ĥbath is a pure dephasing inter-
action between the central spin and the bath operator B̂,
Ĥbath describes intrabath interactions, D½L̂i�ðρ̂Þ≡ L̂iρ̂L̂

†
i −

1
2
fL̂†

i L̂i; ρ̂g are superoperators accounting for incoherent
processes between the bath and the external Markovian
environment, and L̂i are bath jump operators. Note that we
do not assume the spin bath is translationally invariant or
has a permutation symmetry. We omit any direct dephasing
of the central spin (due to coupling to its own Markovian
environment), as such dynamics can always be trivially
factored out from the coherence.
The coherence functionLðtÞ is defined as the normalized

off-diagonal spin density matrix element LðtÞ¼Tr½ρ̂01ðtÞ�=
Tr½ρ̂01ð0Þ�, where ρ̂01ðtÞ ¼ h0jρ̂ðtÞj1i is a partial inner
product of the total density matrix, and j0i; j1i are σ̂z
eigenstates of the central spin.
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Starting from Eq. (1), the evolution of the ρ̂01ðtÞ is
computed by solving [28]

dρ̂01
dt

¼ −iĤð0Þρ̂01 þ iρ̂01Ĥ
ð1Þ þ

X
i

γiD½L̂i�ðρ̂01Þ; ð2Þ

where ĤðαÞ ¼ hαjĤjαi are effective Hamiltonians projected
on the central spin states jαi.
Using the CCE method, one approximates the coherence

function of the central spin interacting with the spin
bath LðtÞ as a product of irreducible cluster contributions
LCðtÞ [20,33],

LðtÞ ¼
Y
C

L̃CðtÞ ¼
Y
i

L̃figðtÞ
Y
i;j

L̃fijgðtÞ…; ð3Þ

where the product goes over single bath spins i, pairs i, j,
and larger cluster sizes up to a given cutoff. Largest size
of the cluster defines the order of the approximation used.
Each of the contributions is defined recursively from
the coherence of the central spin, interacting with a single
cluster C,

L̃CðtÞ ¼
LCðtÞQ

C0 L̃C0⊂CðtÞ
; ð4Þ

where C0 indicates all subclusters of the cluster C.
Conventionally, one computes the cluster coherence func-
tions LCðtÞ by solving the Schrodinger equation of the
central spin coupled to a cluster [20]. Here, instead, we use
Eq. (2) to compute the cluster contributions in Eq. (4) to
account for the impact of both dissipative and coherent
intrabath dynamics on the central spin coherence. We thus
reduce the solution of a single intractable Lindbladian
to a number of master equations of finite size equal to the
order of the cluster expansion. We refer to such an approach
as ME-CCE.
It is worth contrasting our method with a broad class

of approximations based on truncating equations of
motions for multiparticle correlators at some finite order n.
This includes truncated cumulant expansions for spin
systems [34], the Bogoliubov backreaction method for
interacting bosons [35,36], and other approaches based on
truncating the infinite Bogoliubov-Born-Green-Kirkwood-
Yvon hierarchy. These methods involve solving a large
system of coupled nonlinear differential equations, which
becomes unwieldy for large systems and at higher order. In
contrast, our method targets a specific observable of interest
and only involves solving a number of independent linear
ordinary differential equations (corresponding to dynamics
of independent fixed-sized clusters). The ME-CCE
approach is thus significantly easier to implement at higher
orders and provides a versatile framework for studying
open many-body quantum dynamics relevant to near-term
quantum technologies.

Results.—We start by benchmarking our method and
first consider its general convergence properties. At short
evolution times t satisfying maxαðkĤðαÞkÞt ≪ 1 and
maxiðγikL̂†

i L̂ikÞt ≪ 1, with k · k denoting the Frobenius
operator norm, the ME-CCE method rapidly converges and
the CCE may be truncated at a relatively low order, similar
to conventional CCE calculations [28]. However, at longer
times the order of truncation adopted in numerical simu-
lations needs to be carefully checked in each specific case
and depends on the parameter regime of interest.
We investigate the validity of our approach for the

paradigmatic example of a central spin-1
2
coupled to a low-

dimensional spin bath with local thermal baths and dipolar
interactions. We write the resulting XXZ-Hamiltonian
under the secular approximation as

Ĥð0=1Þ ¼
Xn
i¼1

�ai
2
Îiz þ

Xn
i;j

Jij
2

�
ÎiþÎj− þ Îi−Î

j
þ − 4ÎizÎ

j
z
�
; ð5Þ

where Îi are spin-1
2
operators of the ith bath spin, ai are

coupling of the i-bath spin to the central spin, Jij are dipolar
couplings between nearest neighbors on the lattice.
The evolution of each cluster is computed with Eq. (2),
with L̂i;� ¼ Îi� as the bath spin jump operators. While our
approach is fully general, for illustrative purposes, we
consider the experimentally motivated regime where the
bath is in the large-temperature limit. In this case, all bath
spins thermalize into a maximally mixed state, and the
raising and lowering spin jump operators have the same rate
γþ ¼ γ− ¼ γ (for examples outside of this regime see [28]).
Consider first a one-dimensional spin chain as the bath

(Fig. 1) in a parameter regime where the conventional CCE
is expected to converge efficiently, i.e., the couplings ai are
significantly larger than the intrabath interactions Jij [20].
The ai and Jij are chosen randomly, and the bath is initially
quenched into a Néel state. We compare our results with
the exact numerical simulation of the time evolution of a
12-spin chain. If the spin bath is not dissipative, the CCE
approach reproduces the exact dynamics at short timescales
but shows deviation from the exact results at longer times,
as expected. Increasing the order of the CCE approach
reliably yields increasingly accurate results [Fig. 1(b)].
We observe a similar behavior in the system with

dissipative spins. The decay rate γ is chosen to obtain
sizeable contributions to the decoherence from both coher-
ent and incoherent interactions in the bath [see Fig. 1(c)].
The ME-CCE coherence curve agrees well with the
predictions of the direct numerical simulations at higher
orders of the approximation.
We further test the predictions of our approach by

simulating various pulse sequences applied to the central
spin. Figure 2(a) shows the comparison between the ME-
CCE and the full numerical predictions for the dynamical-
decoupling sequences with one (p ¼ 1, Hahn echo), and
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two (p ¼ 2) π pulses applied to the central spin. We note
that sequences with a higher number of pulses require
higher expansion orders to obtain converged results.
The ME-CCE method allows us to study the

decoherence of the central spin interacting with signifi-
cantly larger chains, not tractable with exact methods.
Figure 2(b) shows the decoherence of the central spin
coupled to a chain with 200 spins (n ¼ 200) under different
pulse sequences. Similar to the conventional CCE, the
order required for convergence decreases as the size of
the bath increases: the difference between truncating at
the second or third order is negligible for all sequences
studied here.
Finally, we find that the ME-CCE approach accurately

captures the coherence dynamics even when collective
dissipation is included in the simulation. For instance, we
compute the dynamics of a chain with incoherent spin

exchange between nearest neighbors, L̂i;� ¼ Îi∓ ⊗ Îiþ1
�

and we find that the ME-CCE results match the predictions
of exact numerical simulations (see [28]).
Next, we investigate the decoherence of the central spin

interacting with a two-dimensional dipolar-coupled square
spin lattice [Fig. 3(a)]. In sensing applications, the electron
spins commonly constitute the dominating spin bath at the
surface of the host material [37]. Thus, we seek to under-
stand whether the proposed approach is suitable to simulate
the regime where the strength of the coupling between
the central spin and the bath is comparable with that of
intrabath interactions.
Such systems with no dissipative dynamics are chal-

lenging to simulate with the conventional CCE, requiring
complex averaging procedures to reconstruct the coherence
curve [38]. In contrast, we find that the presence of
dissipative processes suppresses higher-order correlations,
significantly improving the convergence of the ME-CCE
method compared to CCE one [Figs. 3(b) and 3(c)]. Hence,
the ME-CCE approach can be used to study spin baths with
a wide range of intrabath coupling strengths.
Figure 3(d) shows the Hahn-echo signal of the central

spin as a function of the bath-spin decay rate γ. To
characterize the decoherence process, we use the coherence
time T2, defined as the time at which the coherence
function decays to 1=e of the initial value. We find that
the coherence time varies nonmonotonically with γ: at
low rates, it decreases with increasing γ, reaches a mini-
mum near the coupling rate (γ ∼ ai), and increases again at
larger γ. The T2 enhancement in the large decay rate regime
arises from the motional narrowing of the bath [39] and
persists in systems with coupling extending beyond nearest
neighbors [28]. These results for T2 provide a microscopic
model explaining the coherence improvement observed
experimentally in the case of a stochastic drive of the spin
bath [40]. In this regime, the single spin contributions Li
completely dominate the decoherence of the central spin.
We can integrate Eq. (2) for a single bath spin, assuming the
bath is in the infinite temperature limit, and we write Li

(a) (b)

FIG. 2. Spin decoherence due to a spin chain under dynamical
decoupling. (a) Decoherence of a spin coupled to a 12-spin chain
as a function of number of the π pulses (p) applied to the central
spin. (b) Decoherence of a central spin coupled to a large spin
chain. The coupling parameters are chosen in the same fashion as
in Fig. 1(c).

(a) (b) (c)

FIG. 1. Central spin coupled to a dissipative spin chain. Coherence refers to the coherence function LðtÞ hereafter. (a) Schematic
of a 12-spin chain (n ¼ 12) with uniformly distributed couplings Jij ∈ ½0; 0.2π�, ai ∈ ½0; 4π� (see text). (b) Nondissipative spin chain.
CCE1 to CCE5 denote the order of the expansion. Blue points correspond to the full numerical simulations. (c) Dissipative
spin chain (γ ¼ 0.01). Insets of (b),(c) show the difference between the (ME-)CCE predictions and exact numerical simulations
ΔðtÞ ¼ LCCEðtÞ − LexactðtÞ as a function of expansion order.
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explicitly during the free evolution of the central spin as
(see, e.g., [29]),

Li ¼ e−γit
�
cosh

�
1

2
ω̃it

�
þ 2γi

ω̃i
sinh

�
1

2
ω̃it

��
; ð6Þ

where ω̃i ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4γ2i − a2i

p
. In the small γi limit, the central

spin coherence decays exponentially with a decay rate
equal to γi, and in the large γi limit, the coherence decay
rate is proportional to a2i =γi. At dissipation rates larger than
the half coupling γi > ðai=2Þ, the rhs of Eq. (6) is strictly
real, and the dephasing rate of the central spin decreases
with increased γi.
To investigate the interplay between spin relaxation and

coherent spin exchange over a wide range of parameters,
we compare the results of the full ME-CCE simulation
at fourth order LMECCE4 to the result obtained assuming
two independent contributions. We compute the latter as a
product of the contribution of the incoherent spin jumps
from noninteracting spins, obtained with ME-CCE1, and
the coherent spin exchange, computed with the conven-
tional CCE at fourth order [LMECCE1 LCCE4 in Fig. 3(c)].

The difference ΔL ¼ LMECCE4 − LMECCE1 LCCE4 allows us
to quantify the interplay between the two processes.
Figure 3(e) shows the difference in coherence curves ΔL

as a function of the decay rate γ. We find that ΔL is strictly
positive, i.e., the factorized coherence is smaller than or
equal to the complete coherence function, indicating that an
approximate treatment always predicts a faster coherence
decay. The presence of dissipative dynamics thus effec-
tively suppresses the coherent interactions in the bath and
mitigates the effect of coherent processes on the central
spin decoherence dynamics.
We note that only when the strength of the central-spin-

bath interactions is comparable to both the strength of
exchange interactions and that of the bath dissipation do we
observe a strong deviation of ΔL from zero. In the regime
where the couplings ai are significantly larger than the
exchange terms in the bath Jij, the effects of the coherent
interactions and incoherent spin flips on the central spin
decoherence are almost entirely separable [28].
Finally, we apply our method to systems with practical

relevance to sensing applications. We study the decoherence
of the negatively charged nitrogen-vacancy (NV) center in
diamond near the (100) surface [Fig. 4(a)]. The NV center
is arguably the most studied and well-understood spin
sensor [17,41], and the (100) surface is the most common
facet used for sensing applications [15,42–44]. We assume
that the surface contains 0.001 nm−2 dipolarly coupled
electronic spins and that each surface spin has an intrinsic
relaxation to a fully depolarized state with a lifetime of
T1 ¼ 100 μs. This set of parameters is chosen to match the
conditions reported in Ref. [15] and is consistent with other
experimental measurements [45–48].
Under these conditions, the incoherent dynamics almost

completely dominates the surface-induced decoherence of
the NV center in the Hahn-echo experiment [Fig. 4(b)] [28].
We also find a different qualitative behavior of the coherence
time, obtained with and without dissipative dynamics,
as a function of the distance from the surface [Fig. 4(d)].
This result highlights the need to include dissipative dynam-
ics of bath spins for all future first-principles studies of
surface-induced decoherence.
Discussion.—In conclusion, we introduced a cluster-

correlation expansion approach to solve the Lindblad
master equation and compute the coherence of the central
spin in a dissipative spin bath. Our approach reproduces the
results of full numerical simulations for several 1D and 2D
models and shows a remarkably robust convergence in a
wide range of coupling parameters.
Our calculations revealed a rich interplay between

Hamiltonian and dissipative dynamics in the bath and a
nontrivial dependence of the central spin decoherence
on the relaxation rate in the lattice, providing a micro-
scopic model to explain the coherence improvements
observed experimentally under stochastic driving of surface
spins [40].

(a) (b)

(d) (e)

(c)

FIG. 3. Decoherence of a central spin coupled to a dissipative
2D lattice of spins. (a) Schematic representation of the system
under study where Jij, ai, and γi are defined as in Fig. 1. (b),(c)
Hahn-echo signal in the system with (c) and without (b) dis-
sipation. Different colors correspond to different approximation
orders. (d) Hahn-echo coherence as a function of the bath spins
decay rate. (e) Difference between full and factorized coherence
function (see text) in the Hahn-echo experiment as a function
of the bath-spin decay rate γ. For all plots, the spin bath has
400 spins (n ¼ 400) and starts from a random product state.
Couplings are chosen as Jij ¼ 8π, ai ∈ ½0; 4π�.
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We also investigated a shallow NV center near the
(100) diamond surface and found that the surface spin’s
incoherent relaxation completely dominates the NV
center’s spin-echo decoherence in the experimentally
observed range of parameters. This finding highlights
the importance of including dissipative dynamical proc-
esses in first-principles simulations and motivates further
in-depth studies.
We emphasize that the methodology presented here is

general and applicable to any many-body open system
coupled to a single probe, even with a non-Markovian
environment [28]. Areas of interest include probing the
spin squeezing with a single two-level system [49] in a
dissipative environment, the interplay between phonon-
limited relaxation and coherent spin exchange in bulk
materials at high temperature, understanding the impact
of incoherent spin hopping at surfaces, as well as quantify-
ing the effect of the ensembles of two-level systems
plaguing current superconducting devices [50], and the
dynamics of multiple qubits in a hybrid cavity and circuit
QED systems [51]. Finally, the CCE method has been
shown to reliably reproduce many-body autocorrelation

functions [52,53], which now can be simulated even in a
dissipative environment.

Codes used.—Full numerical simulations were carried
out with QuTiP [54]. TheME-CCE approach is available as a
part of the PyCCE package [30]. Specific scripts used are
available on request from the authors.
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