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We show that excitonic resonances and interexciton transitions can enhance the probability of
spontaneous parametric down-conversion, a second-order optical response that generates entangled
photon pairs. We benchmark our ab initio many-body calculations using experimental polar plots of
second harmonic generation in NbOI2, clearly demonstrating the relevance of excitons in the nonlinear
response. A strong double-exciton resonance in 2D NbOCl2 leads to giant enhancement in the second order
susceptibility. Our work paves the way for the realization of efficient ultrathin quantum light sources.
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Spontaneous parametric down-conversion (SPDC) is a
second-order nonlinear optical process in which a pump
photon with frequency ωp spontaneously splits into two
correlated photons—a signal photon with frequency ωs and
an idler photon with frequency ωi ¼ ωp − ωs [1–3]. Such
entangled photons are fundamental to the realization of
quantum communication and quantum information appli-
cations [3]. The signal and idler frequencies can be the
same (degenerate SPDC), or different (nondegenerate
SPDC). Just recently, entangled photon pairs were
generated through SPDC in 46-nm-thick NbOCl2 [4].
Traditionally, bulk materials are used for the generation
of entangled photon pairs, because the probability ampli-
tude for this process scales linearly with volume. Moving to
the 2D limit is, however, at the forefront of experimental
research in nonlinear optics, due to inherent advantages
such as reduction in losses due to optical absorption, and
more facile integration with hybrid quantum photonic
platforms that can enhance the incident light intensities
[5–7]. Importantly, the relaxation of phase-matching con-
ditions in two dimensions is not only helpful from a
technical viewpoint, but also broadens the frequency
spectrum for entangled photon pairs [8].
The theory of the general nonlinear optical response in

semiconductors has been studied mostly within the inde-
pendent particle approximation (IPA) [9–14]. However, in
layered 2D materials, dielectric screening is reduced, and
electron-hole (or excitonic) interactions dominate the linear
optical response [15]. It is therefore critical to understand

the effect of excitons on the nonlinear optical response. A
number of studies on nonlinear optical properties [16–19]
have been performed using real-time approaches that
account for excitonic effects. However, these real-time
approaches do not provide clear insights into the origin
of the peaks in the nonlinear susceptibilities. On the other
hand, spectra for second-harmonic-generation (SHG), the
inverse process of degenerate SPDC, were computed for
bulk zinc-blende structures within a first principles GW
plus Bethe-Salpeter-equation (GW-BSE) approach in the
frequency domain [20–22], but the origin of the SHG peaks
was not discussed. Some excitonic effects were observed in
the SHG spectra, albeit not drastic [20–22].
In this work, we evaluate the Lehmann representation of

the second-order susceptibility, using as a basis the many-
body excitations obtained from GW-BSE. Applying the
approach to monolayer NbOX2 (X ¼ I, Cl), prototypical
2D materials of significant current interest in nonlinear
optics [4,23–25], we show that the probability amplitude of
generating entangled photon pairs is significantly enhanced
by excitonic effects. Interexciton transitions together with
excitonic resonances lead to order-of-magnitude enhance-
ments in the second-order optical response. We benchmark
our approach by comparing our computed polarization-
dependent SHG intensities with recent experiments [23];
good agreement is obtained and the importance of excitons
is clearly illustrated. We further predict the existence of a
double-exciton resonance condition for NbOCl2, that can
dramatically increase the expected yield of entangled
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photon pairs compared to the nonresonant case. This work
illustrates the fundamental excitonic origins of SPDC in 2D
layered materials, and demonstrates the potential of exci-
ton-enhanced SPDC in 2D crystals, thus paving the way for
further advancements in the field of 2D quantum photonics.

Central to the theoretical description of SPDC is the
second-order susceptibility, χð2Þαβγðω3;ω1;ω2Þ, arising from
light-matter interaction [3,26]. The Lehmann representa-

tion of χð2Þαβγðω3;ω1;ω2Þ can be expressed as (summing over
spin and setting ℏ ¼ 1):

χð2Þαβγðω3;ω1;ω2Þ ¼
−ie3

m3ω̃3ω̃1ω̃2

X

SS0

�
α0SβSS0γS00

ðω̃2 −ΩS0 Þðω̃3 −ΩSÞ
þ β0SγSS0αS00
ðω̃1 þ ΩSÞðω̃3 þΩS0 Þ

−
γ0SαSS0βS00

ðω̃1 − ΩS0 Þðω̃2 þ ΩSÞ

þ α0SγSS0βS00
ðω̃1 −ΩS0 Þðω̃3 −ΩSÞ

þ γ0SβSS0αS00
ðω̃2 þΩSÞðω̃3 þΩS0 Þ

−
β0SαSS0γS00

ðω̃2 − ΩS0 Þðω̃1 þ ΩSÞ
�
; ð1Þ

where αSS0 refer to momentum matrix elements hSjPαjS0i
and similarly for βSS0 and γSS0 . Here, ω̃1 ¼ ω1 þ iη, ω̃2 ¼
ω2 þ iη and ω̃3 ¼ ω̃1 þ ω̃2, and P is the many-body
momentum operator, i.e., P ¼ P

i pi where pi is the
single-particle momentum operator acting on particle i. η
is a small positive number that describes the adiabatic
switching-on of the electromagnetic field, and is bounded
below by the inverse of the thermal equilibration time in the
material [27]. This expression is obtained through second
order perturbation theory [20,28], which is valid for typical
laser intensities [29].
The excitonic effect in χð2Þ is taken into account by

defining ΩS and jSi to be the many-body excitation
energies and excited states obtained from GW-BSE within
the Tamm-Dancoff approximation:

ðEck − EvkÞAS
vck þ

X

v0c0k0
Kvck;v0c0k0AS

v0c0k0 ¼ ΩSAS
vck; ð2Þ

where jSi ¼ P
vck A

S
vckâ

†
ckâvkj0i [30]. Enk are quasiparti-

cle energies obtained from aG0W0 calculation [31] andK is
the electron-hole interaction kernel [30]. Numerical details
and convergence checks for linear and nonlinear optical
spectra are provided in the Supplemental Material [32].
The atomic structure of monolayer (ML) NbOX2 (X ¼ I,

Cl) is shown in Fig. 1(a). Nb atoms are displaced off center
along the x (polar) direction [42,43], resulting in three

nonvanishing components χð2Þxxx, χ
ð2Þ
xyy, χ

ð2Þ
yxy, which can lead

to type 0, I, and II SPDC processes, respectively [3]. The
band structures of ML NbOI2 and NbOCl2 [Figs. 1(c)
and 1(e)] are computed using many-body perturbation
theory within the GW approximation. The valence bands
in NbOCl2 are deeper than in NbOI2, reflecting the greater
ionicity of the Nb-Cl bonds.
Figure 1(b) shows the computed linear optical response

ε2;yy for NbOI2 compared to experiment [23] (with a
broadening chosen to be similar to the experiment at
low energies). There is good agreement to within 0.1 eV

FIG. 1. (a) Atomic structure for ML NbOX2. (b) Optical
absorption spectra for ML NbOI2, for light polarized in the
nonpolar direction computed using the GW-BSE (black) and
GW-IPA (red) approaches, compared with experiment [23] (blue
dashed). The broadening value used is 0.10 eV. (c) GW band
structure for ML NbOI2. (d) Optical absorption spectra for ML
NbOI2 computed within the GW-BSE approach, with a broad-
ening of 0.02 eV. Red: polar direction, Blue: nonpolar direction.
(e),(f) Similar to (c)–(d) but for ML NbOCl2. Experimental data
for NbOI2 nanosheets are also shown in (d). The green and yellow
colors in the band structure denote projections onto Nb and X,
respectively. Selected excitonic resonances are labeled in the
absorption spectra. Note that X3

I refers to a group of excitons with
very similar energies. Dashed blue and solid blue arrows in
(c) illustrate the predominant optical transitions contributing to
the excitons labeled, respectively, by Y1

I and Y2
I in (d), and solid

red and dashed red arrows illustrate those for excitons X1
I and X

2
I ,

respectively. Likewise, red and blue arrows in (e) correspond to
X1

Cl and Y1
Cl in (f).

PHYSICAL REVIEW LETTERS 132, 246902 (2024)

246902-2



between theGW-BSE (black) and experimental (blue) peak
positions, in particular for Y1

I and Y2
I . Differences between

GW-BSE and experiment at higher energies may result
from energy-dependent broadening effects [44]. In contrast,
in theGW-IPA result (red), the two peaks labeled by Y1

I and
Y2

I are clearly absent. Instead, a large peak arises close to
4.0 eV in the IPA, due to band nesting between two
relatively flat Nb bands; this band nesting effect is
completely removed by destructive interference among
the dipole matrix elements when electron-hole interactions
are taken into account. Figures 1(d) and 1(f) present more
GW-BSE results for the linear optical response, and
compared to the GW-IPA results (Fig. S12 [32]), we see
that there is a significant difference in spectral shape, and
the BSE response has excitations at lower energies, as we
expect from attractive electron-hole interactions.
Next we look at the magnitude of the calculated second

order susceptibilities in Figs. 2 and 3, for NbOI2 and
NbOCl2, respectively. Compared to the χð2Þ computed
within the IPA (see Fig. S13 [32]), we see that excitonic
effects enhance the nonlinear response by orders of
magnitude and significantly alter its frequency dependence.
This is in contrast to previous studies on bulk zinc-blende
systems, where excitonic effects did not have such drastic
effects on the SHG spectra [20–22]. To investigate whether
these giant excitonic effects on χð2Þ can be observed
experimentally, we focus on the inverse of the degenerate
SPDC process—SHG. Figure 2(d) shows the frequency-
dependent polar plots of the total SHG intensity against
the polarization angle of the incoming light for NbOI2
[Fig. 2(d)] [32]. The GW-BSE results (black) agree
well with experiment [23] (red dots), except for the plot
for 2ω ¼ 2.36 eV. The GW-IPA results (dashed blue)

deviate significantly from experiment across the energy
range shown. We emphasize that the better agreement
between BSE and experiment is robust to small energy
shifts (see Fig. S7 and discussion in the Supplemental
Material [32]).
The shape of the polar plot is determined by the relative

magnitudes and phases of different χð2Þ components (see
Fig. S7a). For this energy range, the contribution from

jχð2Þyxyj is small in comparison to those from jχð2Þxxxj or jχð2Þxyyj,
due to absorption of the outgoing y-polarized light [32].

For 2ω ∼ 2.7–2.8 eV, jχð2Þxyyj > jχð2Þxxxj in the IPA (Fig. S13),

but jχð2Þxxxj > jχð2Þxyyj for BSE. As we discuss below, the peaks
in χð2Þ in Fig. 2 are attributed to excitonic resonances with
2ω ∼ ΩS. We note that the IPA transitions in ∼2.7–2.8 eV
are the dominant transitions in the X2

I exciton at ∼1.9 eV.

In both IPA and BSE, jχð2Þxyyj > jχð2Þxxxj for the 2ω resonance
corresponding to this transition; in this case, the discrep-
ancy between IPA and experiment is due to the energy shift
from the exciton binding energy. For 2ω ∼ 2.4–2.5 eV, we
see, interestingly, experimental evidence that the relative
phases of the different χð2Þ components matter—in both the

experiment and BSE plots, χð2Þxyy and χð2Þxxx have similar
phases, in contrast to the IPA (Fig. S14 [32]). This
comparison illustrates the fundamental excitonic origins
of the experimentally observed SHG [23].
To provide deeper insights into the contribution of

excitonic resonances to χð2Þ, we define 2ω-resonance and
ω-resonance strengths, f2ωS and fωS . These quantities
describe the contribution to χð2Þ arising from resonances
of the incoming and outgoing photon energies with the
many-body excitation energies. Keeping the terms in
Eq. (1) which contribute the most at positive ω, we have

FIG. 2. Degenerate SPDC and SHG in NbOI2. (a)–(c) Absolute value of (a) χð2Þxxx, (b) χ
ð2Þ
xyy, (c) χ

ð2Þ
yxy (left axis) corresponding to

degenerate SPDC or SHG in ML NbOI2. The 2ω-resonance strengths jf2ωS j (black vertical lines) are plotted against ΩS (right axis) (see
text). Selected peaks are labeled by the associated excitonic resonances. The lowest ω resonances are > 3.0 eV as the first excitation in
εxx2 is> 1.5 eV. (d) Total SHG intensity plotted as a function of the polarization angle of the incoming light for NbOI2. Solid black lines:
GW-BSE, Dashed blue lines: GW-IPA, Red dots: Experiment [23]. The absolute values of the computed SHG intensities have been
renormalized so that the shape of the polar plots can be seen clearly on the same scale.
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χð2Þαβγð2ω;ω;ωÞ ≈
−ie3

m3ω̃3

X

SS0

α0SfβSS0γS00g
ðω̃ − ΩS0 Þð2ω̃ −ΩSÞ

≈
e3

m3

�X

S

2f2ωS
2ω̃ −ΩS

þ
X

S0

fωS0
ω̃ −ΩS0

�
; ð3Þ

where fβSS0γS00g ¼ ðβSS0γS00 þ γSS0βS00Þ=2, and

f2ωS ¼ 8

Ω3
S

X

S0

−iα0SfβSS0γS00g
ΩS − 2ΩS0

; ð4Þ

fωS0 ¼ −
1

Ω3
S0

X

S

−iα0SfβSS0γS00g
ΩS − 2ΩS0

: ð5Þ

Because the energy axis for χð2Þ corresponds to the
outgoing energy 2ω, in order to illustrate the contributions
to peaks in χð2Þ, we plot jf2ωS j against ΩS and jfωS0 j against
2ΩS0 (the incoming photon energy is resonant with ΩS0 )
[Figs. 2(a)–2(c) and 3(a)–3(c)]. We label selected peaks in
jχð2Þð2ω;ω;ωÞj with the excitons that predominantly con-
tribute to the peaks through the resonance effect and large
resonance strengths f. For the energy range shown here,
most of the peaks in χð2Þ arise from 2ω resonances (black),
except for a few ω resonances in NbOCl2 (green; Fig. 3).
The resonance strengths for each exciton S arise from the
collective effect of interexciton transitions hSjPjS0i, S0 ≠ S,
where S0 involves both low and high energy excitations [32]
(see Fig. S15). Terms involving intraexciton transitions
(hSjPjSi) can only contribute to χð2Þ in systems with
broken time-reversal symmetry [32]. For a fixed exciton

S (e.g., X2
I or X

3
I ), the observed differences in jf2ωS j for χð2Þxxx

and χð2Þxyy can be primarily attributed to differences in
hSjPxjS0i and hSjPyjS0i across the range of excitons S0
(see, e.g., Fig. S16). In particular, we also note that jfSj can
be very large even when the oscillator strength for S is
small, leading to large nonlinear optical responses.
The order-of-magnitude larger jχð2Þj values in BSE

compared to the IPA can be attributed to the correspond-
ingly larger values of jf2ωS j and jfωS0 j (Figs. 2–3 vs Fig. S13).
Exciton states are a linear combination of interband
transitions at different k points. This opens up more
interexciton transition channels as can be seen from the
BSE and corresponding IPA expressions for hSjPjS0i:

hSjPjS0i ¼
X

vcc0k

AS�
vckA

S0
vc0kpcc0k −

X

v0vck

AS�
vckA

S0
v0ckpv0vk

!
jSi¼jv1c1k1i

jS0i¼jv2c2k2i
pc1c2k2

δk1k2
δv1v2 − pv2v1k1

δk1k2
δc1c2 :

ð6Þ

When the exciton is reduced to a momentum-conserving
interband transition between Bloch states in the IPA, many
hSjPjS0i elements become zero due to the collapse of
the exciton wave function to a single point in reciprocal
space [45]. Furthermore, in the BSE case, peaks in χð2Þ are
observed to correspond to sharp spikes in jfSj, i.e., a few
excitons S have particularly large resonance strengths; this
is not the case in the IPA (Fig. S13 [32]), where the
variation in jfSj is smaller. We expect these excitonic
effects, leading to enhanced SPDC/SHG, and stronger and

FIG. 3. SPDC and SHG in ML NbOCl2. (a),(b),(c) Absolute value of (a) χ
ð2Þ
xxx, (b) χ

ð2Þ
xyy, (c) χ

ð2Þ
yxy (left axis) corresponding to degenerate

SPDC or SHG. The 2ω-resonance strengths jf2ωS j (black vertical lines) are plotted againstΩS, and the ω-resonance strengths jfωS0 j (green
vertical lines) are plotted against 2ΩS0 (right axis). Selected peaks are labeled by the associated excitonic resonances. (d) Absolute value

of χð2Þxyyðωp;ωs;ωiÞ with ωp ¼ ΩX1
Cl
, plotted against Δω ¼ ωs − ΩX1

Cl
=2, computed using GW-BSE. (e) Schematic figure for

nondegenerate SPDC process with the exact double-exciton resonance condition. (f),(g) Schematic figures for the degenerate SPDC
(f) and SHG (g) processes corresponding to the double-exciton resonance peak in (b).
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sharper resonance contributions, to be larger in 2D and
quasi-2D layered materials compared to bulk 3D systems
due to the reduced electronic screening in 2D materials.
Comparing NbOI2 and NbOCl2, we recall that in

NbOCl2, the valence bands are deeper, and consequently,
there are fewer excitations in the lower energy range. We
therefore show jχð2Þj at a higher energy range in Fig. 3. We
observe a giant double-exciton resonance feature at 2ω ∼
4.5 eV for χð2Þxyy in NbOCl2 [Fig. 3(b)], as the energy
of the Y1

Cl exciton is approximately half that of X1
Cl;

both ω and 2ω are nearly resonant with one of the exciton
energies [Figs. 3(b), 3(f), and 3(g)]. We generalize our
discussion of the double-exciton resonance feature to the
case of nondegenerate SPDC, the generation of entangled
photons with different frequencies, with ωs ¼ ðωp=2Þ þ
Δω and ωi ¼ ðωp=2Þ − Δω. Figure 3(d) shows the pre-

dicted jχð2Þxyyj for an incoming photon resonant with X1
Cl, as a

function of Δω; it is clear that jχ2xyyj increases significantly
as the exact double-exciton resonance condition (for both
ωp and ωs) [Fig. 3(e)] is approached.
Our work provides convincing evidence of the funda-

mental excitonic origins of nonlinear optical responses in
layered 2D materials, and calls for future experimental
studies to realize potentially higher yields of entangled
photons using the double-exciton resonance condition. This
paves the way for 2D sources of correlated photons in next-
generation quantum photonics devices.

Note added.—Recently, a paper on excitonic effects in SHG
for 2D materials appeared on the arXiv [46].
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