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Integer and fractional Chern insulators have been extensively explored in correlated flat band models.
Recently, the prediction and experimental observation of fractional quantum anomalous Hall (FQAH)
states with spontaneous time-reversal symmetry breaking have garnered attention. While the thermody-
namics of integer quantum anomalous Hall (IQAH) states have been systematically studied, our theoretical
knowledge on thermodynamic properties of FQAH states has been severely limited. Here, we delve into the
general thermodynamic response and collective excitations of both IQAH and FQAH states within the
paradigmatic flat Chern-band model with remote band considered. Our key findings include (i) in both
ν ¼ 1 IQAH and ν ¼ 1=3 FQAH states, even without spin fluctuations, the charge-neutral collective
excitations would lower the onset temperature of these topological states, to a value significantly smaller
than the charge gap, due to band mixing and multiparticle scattering; (ii) by employing large-scale
thermodynamic simulations in FQAH states in the presence of strong interband mixing between C ¼ �1

bands, we find that the lowest collective excitations manifest as the zero-momentum excitons in the IQAH
state, whereas in the FQAH state, they take the form of magnetorotons with finite momentum; (iii) the
unique charge oscillations in FQAH states are exhibited with distinct experimental signatures, which we
propose to detect in future experiments.
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Introduction.—The intricate interplay between electronic
interaction and band topology can give rise to exotic
quantum states of matter. A well-known example is the
quantum anomalous Hall (QAH) effect, emerging at zero
magnetic field due to intrinsic ferromagnetism [1–4].
Beyond the integer case, fractional QAH (FQAH) states
can be even more intriguing, which have been theoretically
predicted in a class of topological flat band models without
Landau levels, known as fractional Chern insulators (FCI)
[5–9]. The ground-state phase diagrams of these models
have been extensively studied [8–14], and the connections
between fractional quantum Hall (FQH) and FCI (FQAH)
states are discussed [15–19]. Besides, the emergence of
semiconductor moiré materials [20], supporting tunable
correlated topological flat bands [21–29], is expected to
offer ideal opportunities for realizing FQAH states
[22,30–36].
Recent advancements provide substantial support for this

perspective. First, the experimental demonstration of QAH
states in various systems at zero magnetic field has been
achieved [2,3,37–40]. Additionally, FCIs have been
observed in graphene-based systems under a finite mag-
netic field [41,42]. Most recently, experiments have
reported evidence of FQAH states with zero external

magnetic field, in twisted molybdenum ditelluride
(MoTe2) bilayers [43–46] and in rhombohedral penta-
layer graphene and hexagonal boron nitride moiré super-
lattices [47].
A key question for future investigations revolves under-

standing the physics that dictates the onset temperature of
Hall plateaus and exploring the possibility of pushing it to
even higher values, potentially reaching room-temperature
scales [5]. Notably, in MoTe2 [43,46], there exists intense
spin fluctuations above the onset temperature, which could
potentially affect the Hall transport at temperatures much
lower than the charge gap. However, the charge fluctuations
have not been well considered and they should be the key
factor of whether the onset temperature could be largely
enhanced up to the charge-gap level if there exist no spin
fluctuations.
For the IQAH state in twisted bilayer graphene at odd

integer fillings [37,42,48], the charge-neutral exciton was
found to acquire a small gap that determined the transition
temperature of the IQAH, much lower (1 magnitude)
than the charge gap of the insulator ground state [25–
28]. However, for FQAH states, it is crucial to address a
significant knowledge gap between theoretical and experi-
mental studies. While experiments are inherently con-
ducted at finite temperatures, the majority of numerical
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and theoretical investigations of FQAH states focus on zero
temperature.
Although charge-neutral collective excitations such as

magnetoroton and chiral graviton have been intensively
discussed in FQH systems [49–58], these are basically at
zero temperature, and our understanding of thermodynamic
properties, especially those near or above the onset temper-
ature, is exceptionally limited. But since the understanding
of finite temperature properties in both IQAH and FQAH is
vital for unraveling the factors to promote the FCI physics
to higher temperatures, there is an urgent need to address
such fundamental problem.
In this Letter, we study the general properties of both

IQAH and FQAH states from the thermodynamic perspec-
tive in the paradigmatic correlated flat band model with
spinless fermions [6–8] in Figs. 1(a) and 1(b). Employing

the state-of-the-art exponential tensor renormalization
group (XTRG) [59], complemented with density matrix
renormalization group (DMRG) and exact diagonalization
(ED). We find that (i) in both ν ¼ 1 IQAH and ν ¼ 1

3
FQAH

states, even without spin fluctuations, the charge-neutral
collective excitations in spinless fermions would lower the
onset temperature (Hall plateau) of these topological states,
much lower than the charge-gap scale. (ii) The low-energy
charge-neutral collective excitations are excitons in the
IQAH state, manifested as density fluctuations with zero-
momentum transfer; in contrast, the corresponding excita-
tions in FQAH states are magnetorotons, signified as finite-
momentum peaks in the density fluctuations. (iii) These
roton excitations lead to unique real-space patterns in
density-density correlations, which could be observed in
experiments using local probes in analogy to Friedel
oscillations.
Model and method.—We study the model on checker-

board lattice [Fig. 1(a)],
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with nearest-neighbor (NN, t), next-nearest-neighbor (NNN,
t0), and next-next-nearest-neighbor (NNNN, t00) hoppings,
andNNrepulsive interaction (V1).We allow theNNhoppings
to carry nonzero complex phase. We are using dimensionless
parameters by setting t ¼ 1 and other tight-binding para-
meters are t0ij ¼ �1=ð2þ ffiffiffi

2
p Þ, t00 ¼ −1=ð2þ 2

ffiffiffi
2

p Þ, and
ϕij ¼ �ðπ=4Þ. At the noninteracting limit, the dispersions
carryChern numberC ¼ �1 for the flat and the remote bands
and give rise to the QAH state [1]. We work in the parameter
regime that the flat bandwidthW, the gap between the flat and
remote band Δ, and the interacting strength V1 are chosen
such that Wð¼ 0.08Þ ≪ Δð¼ 2.34Þ ∼ V1. Therefore, the
band-mixing effect is well included.
We employ XTRG for finite-temperature simulations

and implement the charge Uð1Þ symmetry based on the
QSPACE framework [60] with up to D ¼ 800 bond states
kept, ensuring the maximum truncation error below 10−4.
For complementary, we also utilized ED and DMRG to
obtain ground state properties [61].
For XTRG, we operate in the grand canonical ensemble

by introducing a chemical potential term Hμ¼μ
P

iðn̂i− 1
2
Þ

to adjust the particle numbers Ne ¼
P

ihn̂iiβ (here, h·iβ
denotes the ensemble average at inverse temperature β≡ 1

T)
and the system is half-filled withoutHμ. We denote the total
number of lattice sites as N ¼ Ny × Nx × 2, with Ny=Nx

representing the number of unit cells along the a1=a2
direction, and we consider a 3 × 12 × 2 cylinder in thermo-
dynamic simulations. The filling of the flat band ν and the
average density n̄ are given by n̄ ¼ Ne=N ¼ ν=2.

FIG. 1. Lattice model, correlated flat Chern bands, n̄ − μ
plateaus, and the separation of energy scales. (a) Checkerboard
lattice with different hoppings denoted by colors; lattice primitive
vectors are a1 ¼ ð0; 1Þ, a2 ¼ ð1; 0Þ. The arrows represent the
directions of the loop current. (b) Band dispersion of the tight-
binding Hamiltonian, with the lower band being nearly flat.
Average density n̄ versus μ at different temperatures for the ν ¼ 1
plateau at V1 ¼ 1 (c), and ν ¼ 1=3 plateau at V1 ¼ 4 (d).
(e) Schematic excitation spectra for ν ¼ 1 IQAH. The lowest
charge-neutral excitations with zero-momentum ∼T� is much
lower than the charge-gap scale ∼Tcg. (f) Schematic excitation
spectra for ν ¼ 1=3 FQAH. A finite-momentum roton mode ∼T�
is found to be the dominant at temperature scales below the
charge gap. At T much higher than the charge gap, another zero-
momentum charge-neutral excitation is observed.
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ν ¼ 1 IQAH.—Here, we focus on flat Chern bands with
C ¼ 1 at filling ν ¼ 1. We set V1 ¼ 1 and first examine the
ground state to validate its nontrivial topology, since large
V1 triggers a quantum phase transition toward a topologi-
cally trivial nematic insulator [62–67]. The ED simulations
of a 4 × 4 × 2 torus reveal a nondegenerate ground state
with C ¼ 1 [61] and we utilize DMRG to compute the Hall
conductance in a Ny ¼ 3 cylinder. As depicted in Fig. 2(a),
upon inserting one flux quanta, θ from 0 to 2π, a quantized
charge ΔQ ¼ 1 is pumped across the cylinder, indicating a
quantized Hall conductance of σxy ¼ ðe2=hÞ [68].
We then implement thermodynamic simulations. In

Fig. 1(c), at low temperature, as the chemical potential μ
varies, we observe a plateau at n̄ ¼ ν=2 ¼ 0.5, which
hallmarks an incompressible state at low temperature,
and the estimated charge gap is Δcg ≈ 1.1 from the change
of Hμ on the plateau. Subsequently, we fix μ and explore
the temperature dependence of n̄, compressibility ð∂n̄=∂μÞ,
and specific heat ð∂E=∂TÞ [Figs. 2(b)–2(d)]. The specific
heat reveals two discernible temperature scales: the charge-
gap scale Tcg ≈ 1.1, indicated by the prominent peak, and a
low-energy scale denoted by the specific heat shoulder
near T� ≈ 0.16. Importantly, below T� ≈ 0.16, the average
density swiftly converges to n̄ ¼ 0.5, while the compress-
ibility undergoes a rapid decline toward 0 and the specific
heat begins to exhibit activation behavior ∼e−T�=T. These
behaviors indicate the incompressible nature of the QAH
state, and thus T� represents the crossover temperature
marking the onset of QAH state. The existence of two
distinct temperature scales here is reminiscent of the QAH
state in twisted-bilayer-graphene–related models [25–28].

The observation of T� ≪ Tcg suggests the existence of
low-energy charge-neutral excitations, with a gap much
smaller than the charge gap Δcg. To elucidate the nature of
these charge-neutral excitations, we examine particle-hole
excitations by computing density fluctuations and their
Fourier transform SðqÞ¼P

j e
−iqðr0−rjÞðhn0nji−hn0ihnjiÞ.

As illustrated in the inset of Fig. 3(b), the fluctuations peak
at the Γ point, indicating that these charge-neutral excita-
tions predominantly have zero (small) momentum. From
the temperature dependence shown in Fig. 3(b), these
excitations at Γ indeed begin to develop at T < Tcg, below
the charge-gap scale. For comparison, we also plot SðΓÞ in
the noninteracting limit (V1 ¼ 0), where such charge-
neutral excitations are absent at T < Tcg, indicating that
excitations observed here are a distinctive and interaction-
driven feature of correlated flat band systems.
Additionally, we compute the particle-hole correlations

gnh ¼ ðhn̂0ĥiiβ=hn̂0iβhĥiiβÞ between a fixed site 0 and

other sites i, where ĥi ≡ 1 − n̂i represents the number of
holes. In Fig. 3(a), above T�, the NN particle-hole bunching
effect rapidly establishes (while the NNN and NNNN
particle-hole correlations exhibit repelling behavior), reach-
ing a maximum around T ∼ 0.51, suggesting the prolifer-
ation of zero-momentum excitons in this temperature
regime, and eventually smearing out above the charge
excitation scale Tcg.
ν ¼ 1=3 FQAH.—We now extend our investigation

to the thermodynamics of the ν ¼ 1
3
FQAH state, using

V1 ¼ 4 as an example. The ground state of this model has
been shown to be a FQAH state [6,8]. As a benchmark, we
show ED results in the SM [61], which confirm that the
Chern number of each of the three degenerate ground states
is 1=3.

FIG. 2. Hall conductivity and thermodynamics of the IQAH
state. (a) Charge pumping. (b)–(d) Temperature dependence of
(b) average density, (c) compressibility, and (d) specific heat. The
red solid line in (d) depicts the low-T behavior fitted to e−0.16=T .
The green and purple dashed lines represent the onset temperature
of the QAH effect T� ≈ 0.16 and the charge gap scale Tcg ≈ 1.1.

FIG. 3. Charge-neutral excitations in IQAH. (a) Pairs of particle-
hole correlations with the reference site chosen in the bulk. (b) The
temperature dependence of the structure factor at Γ, in comparison
to the noninteracting limit. The inset shows the momentum
dependence of the structure factor at T ¼ 0.51324, which peaks
at Γ. (c) Density-density correlations hn0nji − hn0ihnji, where the
site 0 is denoted by the black asterisk. The correlation is spatially
confined.
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For thermodynamic properties, we observe a n̄ − μ
plateau shown in Fig. 1(d) as well, with the charge gap
Δcg ≃ 0.36 approximated from the low-temperature pla-
teau. Setting μ ¼ 9.281, we compute the temperature
dependence of n̄, thermal entropy S, specific heat
ð∂E=∂TÞ, and compressibility ð∂n̄=∂TÞ as shown in
Figs. 4(a)–4(d).
From the specific heat, we can identify three temperature

scales. The first (lowest) one is a crossover temperature
T� ≈ 0.01, situated near the lowest shoulder of the specific
heat. Below T�, the average density n̄ converges to 1=6
(ν ¼ 1=3), and both thermal entropy ST and compressibil-
ity rapidly approach 0. In addition, for T < T�, we observe
activation behavior in specific heat ð∂E=∂TÞ ∼ e−T

�=T .
Same as the ν ¼ 1 case discussed above, this T� marks
the onset of incompressibility of FQAH effect. As will be
discussed below, this T� comes from the energy scale of
roton excitations. Above T�, the specific heat shows two
more features: (i) a hump at Tcg ≈ 0.36, which is the
charge-gap energy scale, and (ii) a peak at T ≈ 2.9, which
will be linked to a high-energy zero-momentum charge-
neutral excitations.
Likewise, we also observe T� ≪ Tcg here, signifying the

presence of low-energy charge-neutral excitations below
the charge gap, which lower the onset temperature of Hall
transport. Notably, in contrast to the integer case, these
charge-neutral excitations in the FQAH phase carry finite
momentum, and thus are identified as rotons. In Fig. 5(a),
we display the density structure factor SðqÞ near T�, where
the highest values are prominently located at q ¼ ðπ; 0Þ.
The absence of fourfold rotational symmetry here is due to

the geometry, as details shown in the SM [61]. The
structure factors at higher T ¼ 2.9033 are also presented
in Fig. 5(b), with the peak observed at Γ. Furthermore, we
illustrate SðqÞ versus T for q ¼ ðπ; 0Þ and Γ in Fig. 5(c).
We observe that the value of Sðπ; 0Þ peaks around T� and
saturates to the DMRG result at T ¼ 0. In contrast, SðΓÞ
remains featureless until reaching much higher temperature
T ≈ 2.9, and thus might include particle-hole excitations
between the C ¼ �1 bands. These observations clearly
indicate that collective excitation in the FQAH phase
fundamentally differs from that in the IQAH case. When
the value of SðqÞ is too small, it is hard to numerically
obtain accurate and valid values, so we take those
extremely small values affected by numerical noise as 0.
Additionally, pairs of particle-hole correlations gnh are

depicted in Fig. 5(d). At T ∼ 2.9, similar to the IQAH case,
NN sites exhibit particle-hole correlations (gnh > 1), while
NNN and NNNN sites display particle-particle correlations
(gnh < 1). However, the zero-momentum exciton mode
here appears only at high temperatures above Tcg ≈ 0.36.
As shown in Fig. 5(e), near T�, density-density corre-

lation exhibits a clear periodic oscillation in real space. This
pattern is the direct manifestation of the finite-momentum
charge-neutral excitations discussed above. In analogy to
the Friedel oscillations in metals, near a quenched charge
impurity in a FQAH state, these roton excitations will
generate real-space oscillations in electron density, with the

FIG. 4. Thermodynamics of the ν ¼ 1=3 FQAH states with
V1 ¼ 4. (a) Average density, (b) thermal entropy, (c) specific heat
with the low-T behavior fitted with e−0.01=T (the red solid line)
and (d) compressibility versus T. The three dashed lines represent
the roton scale T� ≈ 0.01 (green), the charge excitation gap
Tcg ≈ 0.36 (purple), and the high-T particle-hole excitation scale
T ≈ 2.9 (gray).

FIG. 5. Roton excitations in ν ¼ 1=3 FQAH. (a) Structure
factor SðqÞ around T�. (b) Structure factor SðqÞ at T ≈ 2.9.
(c) Temperature dependence of SðqÞ. The horizontal line marks
the T ¼ 0 value of S from DMRG. (d) Temperature dependence
of particle-hole correlations for NN, NNN, and NNNN pairs.
(e) Real-space density-density correlation function near T�, and
the black asterisk represents the reference site. The rotons are
spatially extended and exhibit real space oscillations.
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same pattern shown in Fig. 5(e). Such real-space density
oscillations can be directly imaged using STM and/or other
local probes. In contrast, for IQAH states, although low-
energy charge-neutral excitations proliferate at T ∼ T�, due
to their small (zero) momentum, real-space oscillations
(beyond the lattice periodicity) will not arise around charge
impurities, as shown in Fig. 3(c). The charge oscillation
near impurity is similar to early studies in fractional
quantum Hall system (under magnetic field) [69,70], and
we note very recently, this feature in FQAH system has also
been theoretically proposed in accordance with our
work [71].
We emphasize here why the charge-neutral excitations

can affect the onset temperature of the Hall plateaus. There
are two key factors and the first key physical process here is
the multiple-particle scattering. Because of energy mis-
match, if a charged particle in the ground state absorbs
multiple charge-neutral excitations, the total energy from
these neutral excitations would be enough to create charge
excitations and thus change the transport coefficient. The
probability of absorbing n excitations is proportional to ρn,
where ρ is the density of charge-neutral excitations. As we
increase temperature T, ρ increases exponentially. And this
probability also increases exponentially, making it easier to
create charged excitations. This is exactly why we see
shrunken density plateau and finite compressibility at
T ∼ T� ≪ Tcg as shown in Figs. 1(c), 1(d), 2(c), and 4(d),
which we believe is the main reason of onset temperature
T� ≪ Tcg in the FQAH case. The second factor could be
the band mixing, which is in contrast to the Landau level
physics. In the IQAH state, the C ¼ 1 band is fully
occupied at ground state, and thus the particle-hole exci-
tations between the two C ¼ �1 Chern bands naturally
affect the Hall conductance [25–28]
Discussions.—In conclusion, we numerically study the

generic thermodynamic properties of ν ¼ 1 IQAH and ν ¼
1=3 FQAH states, and we note such study is rare, even in
the FQH literature. We find the zero-momentum exciton in
IQAH state and the finite-momentum roton in FQAH
state as the low-energy excitations that could determine
their onset temperature T�, much lower than their zero-
temperature charge-gap scale Tcg. This could provide
broader perspective to recent experiments where the spin
fluctuations are thought to lower the onset temperature
much below the charge gap, while our results show that,
even without magnon excitations, the onset temperature is
still much lower than charge gap in the presence of lower-
energy neutral excitations.
Although the neutral gap and charge gap are close in

conventional FQH states since the composite fermions are
very weakly coupled (while strongly coupled in FCI) [72],
there also exist FQH states with quite small neutral gap [73]
or even gapless neutral excitation in nematic FQH states
[74–78]. Therefore, it would be meaningful to discuss the
ratio T�=Tcg in future investigations of such FQH states and

compare among different systems by studying the interplay
of thermal fluctuations and neutral excitations.
We also provide experimental signatures to directly

probe these finite-momentum roton excitations, as a unique
feature in FQAH systems. Moreover, we notice quantum
geometry has been studied to be closely related to the
critical temperature of superconductors [79–83], and it
would be interesting to study the interplay of thermal
fluctuations and quantum geometry in FCIs.
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