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We show that a class of L-loop conformal ladder graphs are intimately related to twisted partition
functions of free massive complex scalars in d = 2L + 1 dimensions. The graphs arise as four-point
functions in certain two- and four-dimensional conformal fishnet models. The twisted thermal two-point
function of the scalars becomes a generator of conformal ladder graphs for all loops. We argue that this
correspondence is seeded by a system of two decoupled harmonic oscillators twisted by an imaginary
chemical potential. We find a number of algebraic and differential relations among the conformal graphs

that mirror the underlying free dynamics.
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Introduction and summary.—In [1], one of the authors
observed that the logarithm of the partition function Z;
of a free massive complex scalar ¢(x), twisted by the
global U(1) charge along the thermal circle in d = 2L + 1
dimensions, is given in terms of a class of single-valued
polylogarithms. The latter functions are ubiquitous in
multiloop quantum field theory (QFT) calculations (see,
e.g., [2] for a recent review), and their intriguing math-
ematical properties have been discussed in a number of
works [3,4]. The twisting parameter yu corresponds to an
imaginary chemical potential for the Abelian “charge”

operator Q = ¢'D,¢, with D, = 9, — iu, which together
with O = |¢|? can be viewed as integrable relevant defor-
mations of the massless free theory. From InZ; we can
calculate the thermal one-point functions (O), and (Q),,
respectively, and it was shown in [1] that (Q),; is essentially
given by the L-loop Davydychev-Usyukina conformal
ladder graph [5,6].

We show here that In Z; itself is also given by an L-loop
conformal ladder graph that evaluates a certain four-point
function of the singular two-dimensional conformal fishnet
model of Kazakov and Olivucci [7]. Consequently, the
differential equations satisfied by (O); and (Q), presented
in [1] become differential relations among four-point
ladder graphs of conformal fishnet models in two and four
dimensions. The observations above prompt us to consider
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the twisted thermal two-point function (' (x)@(0));.
When m = u = 0 this is expanded in thermal conformal
blocks with constant coefficients corresponding to the
thermal one-point functions of conformal quasiprimary
operators with definite dimension and spin [see (24) later
on]. We show that for nonzero values of m and y the above
two-point function can also be expanded in terms of
thermal conformal blocks, but with coefficients now given
by single-valued polylogarithms. The latter are recursively
related to linear combinations of (O), and (Q),, and hence
of conformal ladder graphs. In other words (¢"(x)#(0)); is
a generating function of all-loop conformal ladder graphs.
Some implications of our results and a number of future
directions are discussed.

From relativistic Bose gases to single-valued
polylogarithms.—We firstly rederive the results in [1] from
a new perspective. Consider the following twisted partition
function of two decoupled harmonic oscillators with unit
mass and common frequency m:

ZO = TrH] X [e_/}(H0+m20)e_iﬂﬂQ] X (1)

This can be viewed as a deformation of the free
Hamiltonian Hy = (p3+ p3)/2 by the operators O =
1(31 4 23) and Q = P&, — p1X, [8]. The twisting param-
eter u acts effectively as an imaginary chemical potential
for Q. Z, is the grand canonical partition function. Using
the complex variable z = e™#"~# one finds

z dz' z dz'
InZ, = -
2o Al—z’+/ol—z’
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From (2) we can construct the logarithm of the partition
function of a free charged scalar field in d dimensions
with mass m and twisting parameter p [9] as that of a
d = 2L + 1-dimensional relativistic thermal gas (see
Appendix B for details),

InZ; :/da)pL(a);m) In Z,,. (3)

The calculations are considerably simpler for integer L
(d odd) to which we restrict from now on.

After some straightforward manipulations (3) can be
brought into the form of an iterated integral for L > 1 as

—20%) LH[/ ’”dwllnw]lnzo, (4)

where InZ, is taken to be a function of zy,7o with
20 = woe P*, w;, = |z|, and the integrals are performed
in the order wy — wy.. — w;. Here, o = ¢*/4n* is a
dimensionless parameter. By virtue of (2) we see that (4)
coincides with the class of iterated integrals that give rise to
single-valued polylogarithms [4]. We obtain [10]

InZ;, =

“1)LL
InZ, = 2L ( 21 2L+1
nzZp a 2(2L+ ) ( 0g|Z|)
(2L—n —2log|z|)" .
+ 2L Z _ n)'n' 2%[Ll2L+1—n(Z>]’

(5)

(2L —n)!(~2log|z])"
(L—n)!n!

Q)= 2i3[Liz—n(2)].  (6)

n=0

The formulas above correspond to the class of single-
valued polylogarithms discussed in many places in the
literature. The functions (6) correspond to the graphical
functions nicely discussed in [4,11]. However, to our
knowledge the functions (5) have not been discussed in
terms of graphical functions until now. Below we show that
they correspond to conformal ladder graphs of a two-
dimensional conformal field theory (CFT).
It is useful to introduce the differential operators

N 1 0 1
p=_-2 —
7 o 21n|‘(za + 20:), (7)
~ 00
L =—-—=(z0, —Z70:). 8
o= (2= 20) ®

Explicit calculations yield the following set of first order
differential equations [1]:

(O), = —pDInZ, = pa’InZ,_,, )

<Q>L = ﬂanL =-D- <Q>L+1/0‘2' (10)

Notice that D acts on InZ; and (Q), as a dimension
lowering operator. Introducing the Laplacian in the vari-
ables m and p as

. 5 P
A =4p ZzazaZ:WJrW’ (11)
we further find
Af1(z,2) = —4°La*f14(2,2) (12)

for f,(z,zZ) = {InZ;,{Q),}. We can combine (12) with
(9), (10) to obtain the second order equation

(m*A — 4L m2D|f, (z.7) = 0. (13)

Notice that m?A is the Laplacian on the upper half plane
H, with coordinates m, u, and 22m*D = m(d/om) is the
radial derivative. Equation (13) is reminiscent of
similar results for partition functions in [12] where the
connection to the huge literature of string scattering
amplitudes [13—-15] was noted. Another interpretation
of (13) is as the Laplace-Beltrami operator of AdS,;
with metric

1 Lo
ds* = — (dm2 +dp* + Z dx’dx’) (14)
m

i=1

acting on functions of just m and u. Since m and pu
parametrize relevant deformations of a free CFT, such an
interpretation may be related to RG flow.

Conformal graphs as thermal partition functions.—We
will now show that formulas (5) and (6) arise in an
apparently unrelated context: as four-point correlators in
conformal fishnet models. The latter are particular limits of
the generalized biscalar theory in D dimensions introduced
in [7] with Lagrangian

2 s+ ad b Pibi o)
(15)

L=N,Tr[}}(=0")"¢s +h}(~0

¢1, belong to the adjoint of SU(N,), w €0, (D/2)] and
coupling a3, , is classically dimensionless. We consider the
four-point function

Gy ({xi}) = (Trlgh (1 )by (33 ()] (). (16)

whose leading N, contribution comes from a unique L-loop
conformal ladder graph. It is well known that due to
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FIG. 1. The graph contributing to Gi),.

L L
conformal invariance GE).ZU depends on two conformal

ratios, or equivalently a complex variable z, and can be
represented by an integral of the form depicted in Fig. 1.
For D =4, w =1 the model coincides with the original
four-dimensional conformal fishnet CFT introduced in [16],

and then GSLLR is proportional to the Davydychev-Usuykina

L-loop conformal ladder graphs [5,6]. Up to overall nor-
malizations and using (9) we verify that

G (z.2) = =2z 3) (17)

when we set a3, = o®. In writing (17) we have identified
(i) the variable z representing conformal ratios on the lhs
with the modularlike parameter z of the thermal QFT on
the rhs and (ii) the number of loops L on the lhs with
L = (d—1)/2 on the rhs.

For D =2, w =1 the model (15) is singular as Gg_ﬁ)
would seem to vanish [17]. Nevertheless, a nonzero result
can be obtained if we define the effective coupling

1
ap o, = _ 18
ap.w ap.w F(D/2 _ w) ( )

which remains finite as D +— 2, w — 1. Then, following
the graph-building techniques introduced in [18-21] we
can show that the appropriately normalized four-point
function of Fig. 1 is given by

m/2
A(L) (L 2y _ (22)*(2/2)"?
Gy (z,2) = a3t / . (19)
2,1 ) meZ (m +12) L+1 (

Since |z| < 1 we compute the integrals above using contour
integration. When m # 0 we can close the contour from
below and pick up the residues in the lower half complex
plane. We obtain

S oM[Lin (). (20)

For m = 0 the contour integral appears to be zero, but there
is a pole on the real axis. Taking the Cauchy principal value
we obtain

|z[2 . [ exp (2ielog |z]e™?)
_/Cdvm:_l p “ 2L+ pi2L+1)e @1

€

For € — 0 we encounter 2L + 1 divergent terms, which we
discard, and a finite contribution that reads

_i/zndng _LHW (22)
AT ] L+t

Putting together (20) and (22) we finally obtain

2

Gyi(2.2) = 112, (2.2) (23)
when we set a3 ; = a?. This is one of the main results of the
present work. Notice that the leading “zero temperature”
contributions in (19) and (4) arise after the subtraction of a
finite number of divergent terms. Acting with L. on both
sides of (23) and using (10) we see that the ladder graphs
of the four-dimensional CFT are derivatives of the corre-
sponding ladder graphs of the two-dimensional CFT. This
dimension-shift property between conformal ladder graphs
generalizes to all even dimensions.

Twisted thermal one-point functions and multiloop
conformal graphs.—The thermal one-point functions
(O), and (Q), appear in the expansion of the thermal
two-point function (¢f(x)¢(0)) = ¢'¥)(z,x). This moti-
vates us to ask whether thermal one-point functions of
higher spin operators are also related to conformal ladder
graphs. It is usually highly nontrivial to calculate thermal
one-point functions in a generic QFT. However, for a
CFT with a complex scalar ¢(x) having dimension A, in
d=2L + 1 we have [22]

r\ 2os C¥(cos 0)
- Za(L?x <E> 7 VR (24)
OS

where v = d/2 — 1. The main assumption behind (24) is
the existence of a conformal operator product expansion at
zero temperature such that ¢' x ¢ can be expanded in a
sum of quasiprimary operators O, with definite spins s and
scaling dimensions Ay . The latter are represented by
symmetric, traceless rank-s tensors, and their one-point
functions depend on a single parameter that is proportional

L . For example, for free massless

to the coefficient ap,-
complex scalars when A, = L — 1/2 one obtains [23-25]

ap, =2C5(NCQ2L-1+s),  5=02.4... (25)

In that case, only symmetric and conserved higher-spin
operators with dimensions Ay = d —2 + s and even spin
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s appear in (24). Each term in the sum (24) is of the form
rCE2(cos 6) and we find 00,G*)(x) = 0 with [, the
d-dimensional Laplacian. This is the usual free field theory
result away from the origin.

In nontrivial CFTs the operator spectrum, their scaling
dimensions, and aé‘ change in a way determined by the

dynamics; hence, the thermal two-point function does not
satisfy a simple equation in general, although the form of
the expansion (24) remains the same. The latter property is
not expected to be true in a generic QFT. Nevertheless,
remarkably, the thermal two-point functions of the complex
scalars ¢(x) in the massive free theory with partition
function (4) do admit an expansion of the form (24) and
contain a part that is annihilated by the d-dimensional
Laplacian, albeit with different coefficients aéx from (25).
This might not be surprising as the theory is Gaussian;
nevertheless, the theory is not generically a CFT. g(") (7, x)
is obtained as the Fourier transform of the unit normalized
momentum space two-point function with twisted boun-
dary conditions [9] on S}j. We obtain (setting f =1 for
simplicity)

9" (z,x) =

G 2o, [ Kt 29

n=—oo

with X,, = (7 — n, x) and K, the modified Bessel functions.
The coefficients a’@\_ can be calculated from (26) using the
inversion method of [24], as it was done in [25], but taking
now care that the two-point function is complex so that the
discontinuities along the cuts in the positive and negative r
axis are complex conjugates [26]. We focus on the part
of G")(z,X) that is annihilated by the d-dimensional
Laplacian, namely to the contribution of the would-be
higher-spin currents with dimensions Ap =2L -1 + .
We obtain

(IL _ F(L - %)
O I(L + 5 - 1) (dnm)t2>

y L 2n (Bm)" (2L = 2 4 5 — n)!
n!  (L-—1+s—n)!

n=0
X [Lizp115-n(2) + (=1)'Lizp115-0(2)].  (27)

If the theory were a CFT we would associate the coef-
ficients a’@‘ with thermal one-point functions of conformal
quasiprimary operators. For generic values of m and y this
is more complicated. For example, aéz represents the
contribution of a rank-2 symmetric traceless tensor that
is not the energy momentum tensor of the massive theory
since the latter has nonzero trace. Nevertheless, the coef-

ficients af, and ag, do represent the thermal one-point

functions of the operators O and Q as they have been
independently calculated in (9), (6). Explicitly we have

1 1 1

aéo:W<O>L’ al@]:W§<Q>L' (28)

Using (9), (10) we see that for z = 7 = 1 the above reduce
to (25) as they should. The novel result is that all

coefficients a%, with s > 2 are related to L-loop conformal

graphs by virtue of the following recursion relations shown
by brute force calculations:

27 (mp)?
L _ L+1 L
0., T2 1% T RL 11 25)2L 1142970
(29)

Consequently, the part of the twisted thermal two-point
function (26) that is annihilated by the d-dimensional
Laplacian is a generating function for (linear combinations)
of L-loop conformal ladder graphs.

Our (29) implies that we can associate a “spin” to a
certain combination of L- and L — 1-loop conformal ladder
graphs. This is evident for s = 0, and it can be generalized
for all s. We do not yet have an understanding of this “spin”
from the point of view of the conformal graphs, but from
the thermal field theory point of view it can be given
a physical interpretation in terms of the underlying free
field theory dynamics. However, we believe that they
have a simpler underlying physical interpretation. For
example, (29) corresponds to a standard thermodynamics
relationship for s =2. To see that, note that from the
twisted partition function Z; with Hamiltonian of the
form H = Hy, + m*O + iuQ one can derive the following
general result:

d-1
B

where (H), = —(t,;); with t,, the energy momentum
tensor of theory. For nonzero m and y this is not traceless,
but for the massless free complex scalar with imaginary
chemical potential we can construct a traceless spin-2
operator 7T, with 7, =1,,+2m*O/d+iuQ. Then (30)
becomes

InZ; +2m*(0); +iu(Q),, (30)

<H>L =

d—-1 d—1
—(T,), = InZ; +2m*>——(0),. (31)
p d
The general relation connecting aéz with the 7, is [27]
(4ma®)t | 294 g1
ANl = T
oo T @ na-2¢,
cL(1)S
¢ L
=—-———(T.). 2

Using then (28), (9), and (10) we can verify that (31)
coincides with (29). We believe that similar arguments
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relating trace-full and traceless higher-spin operators of the
massive free scalar theory can provide a physical under-
standing for (29) for general s.

Discussion and outlook.—In this Letter, we have con-
nected two seemingly unrelated quantities: twisted partition
functions of a massive free complex scalar field in
d = 2L + 1 dimensions, and four-point conformal L-loop
ladder graphs. The reason for such a relationship is that
they both satisfy the same sets of differential equations. For
the partition functions these are given by (13). For the
conformal ladder graphs they are the differential equations
discussed in number of earlier works on conformal inte-
grals [i.e., Eq. (2.15) in [28] ]. This common property begs
for a deeper explanation.

Our results draw a unifying picture for the thermal one-
point functions aé\_ in massive free complex scalar theories.

This is depicted in Fig. 2. By the algebraic relations (29)
they are all ultimately given by a’@o or a’@l, and then by the

action of the differential operators D and L to the (O), and
(Q), of the harmonic oscillator model (1).

There are many questions that arise from our observa-
tions. It would be interesting to understand the possible
relationship of our results to the integrability of fishnet
models. It would also be interesting to connect our results
to works that relate partition functions and string ampli-
tudes. Another question would be to connect our approach
to studies of nonintegrable deformations of thermal CFTs
(i.e., see Refs. [29-31] for interesting recent works).

We close with some remarks. Our iterated integral
formula (4) when applied to (Q), gives for L = 1

Il d|Z’ ,

(@)= (-2) [y —siene). 6
0

where D(z) = J[Liy(z) + In|z|In(1 — z)] is the celebrated

Bloch-Wigner function that gives the volume of an ideal

tetrahedron in three-dimensional hyperbolic space H? with

&I— Harmonic oscillator
4 A
3| X X X
/7 N\, 1 N
’N /N
/ N\ \
/ \, ! \
/ AN ! \,
{ N h
2| ® | .\.\ AN \\\ ®
N\, SNV
\ NN N\ . AN
\ N \,,‘\ \\\ \
DY \ f)l AN \‘@ Y
1 x 1 1
)(s = N XT3
/ AN 7 AN
// \\ /l \\
4 N/ N
g - - - - >
0 D 1 D 2" p 3 L

FIG. 2. Differential (solid lines) and algebraic (dashed lines)
relationships among the aés.

vertices in dH® [32]. It is then amusing to note that (Q),
itself has a geometric interpretation. Indeed,

B 72—z
C(1=2)(1=3)’

and setting z = ¢'?(b/a) with cos ¢ = (a® + b* —1)/2ab
we find that (Q),/4i =3absing gives the area of a
triangle whose side lengths are a, b and 1, and ¢ the
angle between a and b. Then (33) gives the volume of an
ideal hyperbolic tetrahedron as an integral of the area of a
triangle. One then wonders if there is a geometric inter-
pretation for the higher order iterated integrals in (4). We
should further note that (O), also has an interpretation
as an area, but we are not aware of a nice geometric
interpretation of (O),.

Another observation is that (Q), = —8zph=4,, .,
where pﬁwml +m, 18 the D-dimensional 1 — 2 decay phase
space of relativistic massive particles. Since

(Qo (34)

_ 1
PRy = g\ AL i) (35)

with A(a,b,c)=a*+b*+c*—2ab—2ac—2bc the Killén
triangle function, we see that if we set a = m;/m, and
b = my/my, then (Q), represents the phase space for a
virtual process with 4 < 0 [33]. Then, our (4) is reminiscent
of Eq. (7) of [34], which gives a recurrent relationship for
higher dimensional 1 +— 2 relativistic phase spaces.

We further note that equations such as (9) and (10) lead
naturally to the resummation of infinite series. For example,
by virtue of (9) the infinite product Z = [, Z, satisfies
the inhomogeneous first order equation

. 1
(D+a*)InZ= —B<O>0. (36)
This can be integrated to
m? 5
InZ = —pe e / POV dim®. (37)

An analogous result can be derived for the
(Q) = > (9Q),. Given (17) and (23) these are all-loop
Borel summations of conformal ladder graphs [35]. See
Appendix A for some additional observations.

Finally, we point out the work [36] where 2-2 scattering
amplitudes are given in terms of a dispersive integral over
generating functions of knot polynomials [see, e.g., (12)
and (23) of that reference] [37]. The latter generating
functions written in terms of the variables z, Z correspond
to thermal averages of certain bilinear operators in a
g-deformed harmonic oscillator, much like our (O); and
(Q) . We find the connection of the approach in [36] and
our results quite intriguing and we believe that in deserves
further study.
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Appendix A: Further observations.—Applying L to (37)
gives

(D +a?)(Q) = D(Q),, (A1)

where (Q) = > % ((Q),. By virtue of (17) this sum can

be Borel transformed into the Broadhurst-Davydychev

infinite sum of the L-loop conformal ladder graphs in four

dimensions [38]; see also [39,40]. Indeed the solution of
the first order equation (Al) is

m2 2 ~ A
<Q> — [}Ze_ﬂZ(lzmz / eﬂ"a2m2D<Q>Od,,h2 (Az)
and can be thought of as a series of the form (Q) =
A(z) = Y% ya,z" with z = @?. Its Borel transform series
B[A](1) = >, (a/k!)t* is given by the contour integral

BIAI(r) = - / % a(is). (A3)

2z z

where C is the Hankel contour [41]. Using the following
integral representation of the Bessel function

(32) 1,2
1@ = [dgme (a0
we obtain
1 m? A du W, 2 ~o
— 2 ~2 s = (m )
Blo() =5 [ aDio)) [ e

Using then

B sinh(fm) sin(fu)
~ 2pm [cosh(pm) — cos(fu)]*’
and setting t = —(x*/4), pin=n, £ =2pm and putting

the lower bound of the integral to be +o0, (AS) coincides
with Eq. 15 of [38].

N i

D(Q),

(A6)

Appendix B: The relativistic thermal gas.—The one-
particle density of states p; (w;m) for the relativistic
thermal gas in d = 2L 4 1 dimensions is found as usual
by considering the system in a (d — 1)-dimensional
spatial cubic box of volume V,_; = #%~! with quantized
momentum p = [(2z/€)ny, ..., 2x/€)ny_i] = 2n/€)n.
The number of modes having momenta inside the
spherical shell bounded by |p| and |p|+d|p| in d=
2L + 1 dimensions is

f2 L
dn = <m) |P|2L_1d|l’|/d92b

with [ dQ,; =27*/T(L). Using then the dispersion
relation @® = p* + m?, for p; (w;m) = dn/dw we obtain

(B1)

pr(w;m) = jol@? —m)Et o (B2)

which when substituted in (3) gives

2a2ﬁ2

/oo wdw(w? —m*)t'1InZ,, (B3)

or alternatively (4) in terms of the real variable
w|z| =eP". We can now apply our differential
operators D and L to this and obtain the integral
representations of all our thermal one-point functions.
In particular, applying L to (B3) we will get the integral
representation of the L-loop conformal ladder graphs
given in Eq. (2.20) of [42] for purely imaginary ¢ and
up to and overall 1/L!.
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