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Parity Quantum Computing as yz-Plane Measurement-Based Quantum Computing
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We show that universal parity quantum computing employing a recently introduced constant depth
decoding procedure is equivalent to measurement-based quantum computation (MBQC) on a bipartite

graph using only yz-plane measurements. We further show that any unitary MBQC using only yz-plane
measurements must occur on a bipartite graph. These results have a number of consequences and open new

research avenues for both frameworks.
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In the present era of pre-fault-tolerant quantum compu-
tation [1], there exists an array of theoretical proposals for
computation that display certain advantages and differing
levels of suitability for implementation on current physical
devices.

Parity quantum computation [2—7] refers to one such
proposal, initially based on quantum annealing [2]. The
universal parity computing framework [3] leverages the
properties of a certain type of quantum state encoding,
the parity encoding. This encoding maps an n-qubit logical
state onto n(n + 1)/2 physical qubits, some of which obtain
parity information related to subsets of logical qubits.
Consequently, certain rotations acting locally on these parity
qubits translate to multiqubit logical rotations on the
corresponding subset [3]. The parity code is, in particular,
a stabilizer code [8,9] and many of the properties of the code
are well understood using the stabilizer formalism.

Stabilizer states and stabilizer codes are known to have a
canonical form, namely graph states [10,11] and graph
codes [12—-14] respectively. Graph states form an important
class of highly entangled states that support measurement-
based quantum computation (MBQC) [15-20]. MBQC
is a well-known alternative to the quantum circuit model
driven by single qubit projective measurements instead of
unitary gates.

Recently, a proposal for measurement-based encoding
and decoding procedures were put forward for the parity
computing regime [21], demonstrating beneficial properties
in terms of their computational depth. Because of the close
connection between stabilizer codes and graph codes, an
investigation of the potential connections to MBQC is
warranted, which we initiate in this Letter.
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After presenting the required background, we demon-
strate that every parity code is local Clifford equivalent to a
bipartite graph code (Proposition 1). Consequently, we
show that parity quantum computation with the measure-
ment-based decoding is MBQC where all measurements
are from the yz plane of the Bloch sphere, and where re-
entanglement and some local operations are allowed
(Theorem 1). We further show that any MBQC using only
yz-plane measurements and with input and output sets of
equal size must use bipartite graph states (Theorem 2). To
conclude, we briefly outline some consequences of these
results for both computing paradigms.

Background.—Parity quantum computing: A parity
quantum computation commences by encoding the com-
putational input state using the LHZ architecture [2] [see
Fig. 1(a)]. The computation proceeds by applying unitaries
from a native gate set for the parity encoding, such as that
outlined in [3], which largely consists of local rotations.
To finish, a decoding procedure returns the computational
output. Presently, we will focus on the parity encoding
procedure and universal gate set presented in [3] in
combination with the measurement-based decoding pro-
cedure outlined in [21].

The parity encoding procedure maps a state on n
logical qubits to a state on n(n + 1)/2 physical qubits.
Following [3], we consider an LHZ layout where n physical
qubits (the “data” qubits) directly correspond to the n
logical qubits. The remaining N = n(n — 1)/2 qubits will
be referred to as “parity”” qubits. We denote the sets of data
and parity qubits by I and V\I, respectively.

Encoding consists of applying a sequence of CNOTS to an
input state |y) and the parity qubits, which are all initialized
to |0). Letting C represent the set of control-target pairs, the
encoded state is

ILHZ,) = Uenc|0)®Vy) = [ CNOT([0)&"|y). (1)
(e,r)eC
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(a) An example of an LHZ architecture.

FIG. 1.

(b) The equivalent bipartite graph code.

(a) The parity encoding encodes an input state prepared on the data qubits (white circles). The gray circles denote parity qubits

prepared in |0) and CNOT gates are applied to data and parity according to the layout as shown. This parity code is equivalent to a graph

code for the bipartite graph shown in (b).

Different constraint sets C can produce the same encoded
state. For example, C could contain only pairs where every
control is a data qubit and every target a parity qubit, which
may involve non-nearest neighbor interactions for a given
physical layout. Equivalently, it is possible to take C to
contain only nearest-neighbor CNOTS, where now some
control qubits are parity qubits [see, e.g., Fig. 1(a)]. The
compilation of a given parity code into a nearest-neighbor
layout is an interesting optimization problem and a topic of
ongoing research [5-7].

For each |y), |[LHZ,,) is a state in the parity codespace
for the given architecture. The stabilizer of the parity code
is generated by operators of the form

/ . —
Kiijx =

Zijy®Zi®Z ® ... Z, (2)
where the single subscripts i, j, etc., indicate data qubits
and the subscript (ij...k) indicates the parity qubit that
encodes the parity information of data qubits 7, j and so on.

The operators K/(ij... K for all parity qubits are mutually

independent and generate the codespace. Note that often
each parity qubit is taken to encode the parity of just two
data qubits.

A benefit of this encoding consists in the ability to
implement diagonal multiqubit logical operations via single
qubit physical rotations. For example, applying a local Z
rotation to a parity qubit (ij) effectively applies a logical
Z; @ Zj-rotation, from which a controlled-phase gate
between logical qubits i and j can be obtained via local
Z rotations on the corresponding data qubits [3]. For full
universal quantum computation, in conjunction with Z
rotations and controlled-phase gates, it suffices to be able to
implement a logical X rotation. For a data qubit i, this
can be done via a decoding sequence of CNOTS along all
parity qubits containing parity information about i, a local
X-rotation at data qubit i, and a re-encoding sequence of
CNOTS (see Ref. [3] for more details).

Until recently, the typical parity decoding procedures
involved applying the encoding sequence of CNOT gates in

reverse. In [21], an equivalent decoding procedure was
proposed involving local X measurements on parity qubits
followed by local Z operations conditional on measurement
outcomes. One benefit of this approach is that full and
partial decoding can be performed in constant-depth
regardless of the size of the architecture.

For this gate set and measurement-based decoding, a
unitary U applied to input state |y) in the parity regime can
be decomposed into a series of layers, where each layer
involves parity qubit rotations followed by decoding. For
notational simplicity, we consider full decoding in each
layer. Denoting the set of layers by L, the set of data qubits
by I and the set of parity qubits by V\/, the computation
can be written as

U|l// H (Udata

=1

~

D)D) Ueacl 0= ) ly). (3)

where U, acts on both the ancilla |0)®" as well as the
qubits in /7, pY (0") is the operator involving parity qubit

dec
rotations and decoding for layer / given by

Do

dec

(00) = (i Rz, o (00 ) (4

(ij... k) eV\I 2.

and U} (a0} is the product of local rotation on data
qubits for layer / given by

® Ry, (R, (4").  (5)

iel

Uga (. 9") =

Note that the only distinction in the case of partial decoding

is that DEch contains measurements in some subset of V\1,
the ancilla prepared in |0) in the subsequent layer corre-
spond to the same subset, and the relevant U, is replaced
by Uéﬁt” which applies only the appropriate CNOTS to re-
encode back to the full LHZ state.

Measurement-based quantum computing: Measurement-
based quantum computing (MBQC) [15-18] consists of
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three things: (i) a highly entangled graph state [10,11], (ii) a
sequence of single qubit projective measurements in certain
planes of the Bloch sphere, and (iii) classical, adaptive
corrections of future measurements conditioned on prior
measurement outcomes. Despite the indeterminacy of
quantum measurements, deterministic computation can be
performed, provided the sequence of measurements and
underlying graph state satisfy certain properties [22].
Graph states take their name from their connection to
mathematical graphs, where vertices correspond to qubits
and edges correspond to two-qubit gates. We consider here
graph states where a computational input state |y) can be
prepared on a selected subset of vertices, denoted 1.
Let G be a graph with vertex set V and edge set E. Let
I C V be a set of distinguished vertices such that |I| = n
and |[V\I| = N. Let |y) be a state in the Hilbert space
associated to the input vertices, ;. Let E denote the set of
edges that are not entirely contained in /. The graph state
with input is then
Gy) = T[ CZywlw)|+)®". (6)

{vv'}€E

For any input state |y), the graph state with input is
invariant under the application of any operation in the set
{K,: veV\I}, where

K,=X, ®ZN§,7’ (7)

with N¢ denoting the set of neighbors of vertex v in G and
Zye =@y cne Zy. The K, are all mutually independent
and the set {K,: v€V\I} generates a 2"-dimensional
subspace of H,, the graph codespace corresponding to G
(see, e.g., [12,14] for further details on graph codes [23]).

In the measurement-based regime, computation is driven
by single-qubit projective measurements restricted to the
xy, xz, and yz planes of the Bloch sphere. A given
computation is defined by one specific outcome for each
measurement, and the restriction to the given planes allows
for the correction of undesired outcomes via an effective
application of an appropriate stabilizer element (or products
thereof). However, even with these restrictions not every
sequence of measurements for a given graph state is
possible. The combination of graph state and measurements
that do allow for computation are well characterized by a
property called gflow which is known to be a necessary and
sufficient condition for deterministic MBQC [22] (see
Ref. [24] for the definition).

Results.—It is known that every stabilizer code is
equivalent to a graph code [13] (see also [25]). The
following is an instance of this result using the specific
properties exhibited by parity codes.

Proposition 1.—Every parity code is local Clifford
equivalent to a bipartite graph code, where all data qubits
are contained in one partition.

Proof—A parity code is defined by a stabilizer gen-
erated by the operators K’(Umk) =Zij W®Z®Z; ®
.. ® Z, for each parity qubit (ij...k). The set of qubits
upon which these operators act includes only a single parity
qubit. Via conjugation by Hadamards on each parity
qubit, we obtain the local Clifford equivalent stabilizer
generated by K ) =X ) ®Z ®Z;® ... Q0 Z.
Since the K;; ) are of the form X(;; ) ® ZN&_“_” which
generate a graph code for a graph G with edges between
parity and data qubits. That is, each neighborhood N¢ %

ij...k)
contains only vertices corresponding to data qubits, which
enforces a parity qubit-data qubit bipartition. [

An example of this correspondence is shown in
Figs. 1(a) and 1(b). Note that there exist graph codes that
are not local Clifford equivalent to bipartite graph codes,
and hence are inequivalent to any parity code.

An immediate consequence of Proposition 1 is that, for
any |y), we have

[LHZ,) = ® H,|G,), (8)

veV\I

where G denotes the bipartite graph corresponding to the
parity code, I denotes the set of vertices corresponding to
data qubits and V is the set of all qubits. We will use V\I to
denote the set of parity qubits forthwith.

Consider the parity computation U described in Eq. (3).
For simplicity, let us first consider only the initial layer
[ = 1 and drop the parameters «, ¢, and @ from the notation
since the following holds for all parameter values. Using
Eq. (8), we get that

1
ULl DS Uencl0Y®N ) = USh . DL H 1 1G). (9)

dec

where Hy\; is shorthand for ®,cy\; H,. Both D! and

dec
Hy\; act on the same qubits and can be simplified as

® (0,[Rx, (61). (10)

veV\I

1
DEieZ:HV\I =

The operator (0, Ry, (021)) is a measurement in the yz plane

of the Bloch sphere, and hence DéL)CH w|G,,) is precisely a
measurement-based computation where all measurements
are restricted to that plane (the issue of measurement
corrections is covered below). Denote the output of the
first layer as |y(!)), which is the resultant state of applying

U 1o the output state of the MBQC. The remaining

data
computatlon is then glven by

ﬁ(Udata D e enc|0>®N)|l// ) (11)

=2
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for which the above process can be repeated. We have thus
shown the following:

Theorem [.—Universal parity quantum computing is
repeated measurement-based quantum computation using
yz-plane measurements, interleaved with local rotations.

It should be noted that typically, MBQC is done on a
fully pre-prepared graph state where input / and output O
are distinct. However, proposals for repeated MBQC which
de- and re-encode graph codes have been considered
previously [26]; see also [20] for a recent perspective.

In light of the above, it is prudent to demarcate the parity
computing regime with respect to the MBQC regime. One
could reasonably ask if there exist yz-only measurement-
based computations on graphs that are not bipartite.
However, the following theorem demonstrates that this
in fact not the case. The theorem also takes care of any
issues regarding correction of measurements (see Ref. [24]
for more details).

As mentioned above, MBQC on a graph state G typically
includes specifying an input and output set of vertices,
denoted by I and O, respectively. For a deterministic
MBQC to produce a unitary transformation (as opposed
to an isometry), we require |/| = |O)|.

Theorem 2—MBQC on a (simple, connected) graph G
with |I| = |O] and using only yz-plane measurements is
deterministic if and only if G is bipartite with / forming one
partition.

The proof makes use of technical lemmas related to
gflow which are proved along with the theorem in the
Supplemental Material [24].

Discussion.—This Letter has demonstrated that (i) parity
codes are local Clifford equivalent to bipartite graph codes,
(i1) as a consequence, parity quantum computing can be
understood as repeated MBQC where all measurements are
made in the yz plane, supplemented by local rotations, and
(iii) MBQC with equivalent input and output qubits and
using only yz-plane measurements must use a bipartite
graph state.

Interestingly, these results demonstrate that the universal
parity computing regime has effectively singled out yz-
plane unitary MBQC exactly. To the best of our knowledge,
the restriction to having equivalent input and output and
only yz measurements has not been considered before in
the MBQC literature. On the other hand, this is a restriction
of the full MBQC framework, which means that there is
ample scope for future investigation into what other aspects
of MBQC could be brought to bear on the parity computing
regime, and vice versa.

As this Letter connects two previously distinct bodies of
research, there are a number of consequences worth
mentioning here. First, our results provide insight into
recent research in the parity framework. In [21], it was
noted that the parity measurement-based encoding and
decoding procedures can be implemented in constant
depth regardless of architecture size. Since the decoding

procedure corresponds to measuring vertices in one parti-
tion of a bipartite graph, it is clear that all measurements can
be done simultaneously and corrected for in the other
partition. The encoding procedure can be understood as
measuring ancilla vertices of a larger graph state in the X
basis, which in particular produces the required bipartite
graph (see, e.g., [10,11] for a characterization of graph state
deformations under Pauli measurements). It is known that
all Pauli-measurements can be performed simultaneously in
MBQC [18].

Second, there are a number of potential avenues for future
research enabled by the results presented here. In the MBQC
literature, there exist multiparticle entanglement purification
protocols for bipartite graph states which exhibit favorable
error thresholds for realistic scenarios [27-29]. Having
demonstrated the prevalence of bipartite graph states in
the parity framework, similar techniques may be of benefit
for error mitigation in near-term implementations of parity
quantum computations. Furthermore, proposals for fault-
tolerant MBQC [30-33] and universal blind quantum
computation [34] could provide the foundation for fault-
tolerant and cryptographic implementations of the parity
framework. Conversely, developments related to quantum
optimization within the parity framework [35-37] could
inspire similar developments in MBQC where application to
optimization problems remains relatively unexplored. A
number of these avenues are already being pursued in
separate work.
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