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Objective Eulerian coherent structures (OECSs) and instantaneous Lyapunov exponents (iLEs) govern
short-term material transport in fluid flows as Lagrangian coherent structures and the finite-time Lyapunov
exponent do over longer times. Attracting OECSs and iLEs reveal short-time attractors and are computable
from the Eulerian rate-of-strain tensor. Here, we devise for the first time an optimal control strategy to
create short-time attractors in compressible, viscosity-dominated active nematic flows. By modulating the
active stress intensity, our framework achieves a target profile of the minimum eigenvalue of the rate-of-
strain tensor, controlling the location and shape of short-time attractors. We show that our optimal control
strategy effectively achieves desired short-time attractors while rejecting disturbances. Combining optimal
control and coherent structures, our work offers a new perspective to steer material transport in
compressible active nematics, with applications to morphogenesis and synthetic active matter.
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Large-scale coherent dynamics where global collective
behaviors arise from local interactions, individual anisot-
ropies, and activity are ubiquitous. Bird flocks, bacterial
swarms or ensembles of cells exhibit macroscopic patterns
whose length scale is orders of magnitude larger than the
individual size [1-6]. The macroscopic dynamics of these
systems of active individuals—or active matter—exhibit
nonstandard physical properties such as self-organization,
symmetry breaking, and nonreciprocity [2,7—10]. There are
several descriptions of active matter [11], including agent-
based models, coarse-grained continuum models, and
data-driven models [12]. Besides studying the emergent
properties of active matter, it is natural to ask how to control
such systems.

The main possibilities rely on distributed or boundary
control techniques [13]. Experimentally, Ross et al. [14]
generated desired persistent fluid flows by regulating light
patterns on a mixture of optogenetically modified motor
proteins and microtubule filaments. Also controlling light,
Lemma et al. [15] achieved spatiotemporal patterning of
extensile active stresses in microtubule-based active fluids.
By controlling an external electric field affecting cellular
signaling networks, Cohen et al. [16] steered the collective
motion of MDCK-II epithelial cells. From a theoretical
perspective, Shankar et al. [17] propose a new framework
to steer topological defects—the localized singularities in
the orientation of the active building blocks [2]—by
controlling activity stress patterns. Norton et al. [18]
devised an optimal control problem (OCP) to achieve a
target nematic director field by controlling either an
applied vorticity field or the active stress magnitude in
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incompressible active nematics. Alternative control strate-
gies use surface anchoring at the boundaries and substrate
drag to rectify the coherent flow of an active polar fluid in a
2D channel [19].

Existing theoretical methods target a desired configura-
tion of the nematic director field, topological defects, or
fluid velocities. While defects’ dynamics drive large-scale
chaotic flow [20-22], they may not be enough to predict
spatiotemporal material transport. For instance, Serra et al.
[23] show in experimental and numerical active nematics
that the director field alone cannot predict if different
domain regions will mix over a desired time interval or
remain separated by a transport barrier, as well as predict
where transport barriers are. In fact, even the knowledge of
the velocity field and typical streamline or vorticity plots
are suboptimal to studying material transport in unsteady
flows, as shown in experimental and simulated velocities
[24-26] and Fig. 1.

A natural framework to quantify material transport is the
concept of coherent structures (CSs), see, e.g., [24,25,38],
which serve as the robust frame-invariant skeletons shaping
complex trajectory patterns. CSs such as attractors, their
domain of attraction, and repellers are widespread in embry-
onic development across species [39—41] and active nematics
[23]. Here, we devise for the first time an optimal control
strategy to create short-time attractors in compressible,
viscosity-dominated active nematic flows [40,42]. While
most theory literature on active matter control assumes
incompressible flows, in gastrulation and morphogenesis,
flows are highly compressible, accounting for the internali-
zation of cells to start organogenesis.
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FIG. 1. Short-time attractors in an experimental multicellular flow. (a) Fluorescence image of the chicken embryo’s epiblast,
containing ~60000 cells during gastrulation. AP denotes the anterior-posterior axis. Velocities are reconstructed from light sheet
microscopy [27]. The scale bar is 500 pm, and ¢ = 0 corresponds to the beginning of gastrulation. (b) Velocity field v(x, 520) (black
vectors). (¢) Instantaneous Lyapunov exponent field s; (x, 520) (color map), consisting of the smallest eigenvalue of the rate-of-strain
tensor of v. Negative values of s;(x,520) mark short-time attractors. To visualize the effect of short-term attractors, green dots in panel
(c) mark the current = 520 position F322(xy) = X + [32 v(F};5. 7)d7 of short-time trajectories of v(X, 7), starting at # = 475 from a
uniform spatial configuration. Within this short time (45 min /12 h~ 6% of gastrulation time), trajectories accumulate on the
s51(x,520) trench. The inset shows both v(x,520) and s,(x,520), highlighting how attractors remain hidden to v but are correctly

captured by s;. See Supplemental Material, Fig. S2 for the same analysis at a different time [28].

Material transport.—Long-term material transport is a
Lagrangian phenomenon, originally studied by tracking the
redistribution of individual trajectories. In that setting, the
finite time Lyapunov exponent (FTLE) and Lagrangian
coherent structures (LCSs) successfully predicted material
transport [23,24,38,39,43,44]. An alternative to Lagrangian
approaches is to find their instantaneous limits purely from
Eulerian observations, avoiding the pitfalls of trajectory
integration. Additionally, LCSs are impractical to control—
no literature exists—because they are defined as nonlinear
functions of fluid trajectories, which are integrals of the
Eulerian velocity v.

Short-time attractors—originally defined as attracting
objective Eulerian coherent structures (OECSs) [25]—
govern material transport in fluid flows over short times,
revealing critical information in challenging problems such
as search and rescue operations at sea [26] and oil-spill
containment [45]. A simpler, more controllable alternative
to attracting OECSs for locating short-time attractors is the
instantaneous Lyapunov exponent (iLE) [46], defined as
the instantaneous limit of the well-known FTLE. The iLE
locates short-time attractors as trenches—or negative
regions—of the smallest eigenvalue s; of the rate-of-strain
tensor of the fluid velocity. For example, Fig. 1 shows
short-term attractors marked by trenches of s; (scalar field)
in an experimental velocity field (black vectors) describing
the motion of thousands of cells during chick gastrulation
[27]. A strong trench of s; marks a short-term attractor
along the anterior-posterior (AP) axis corresponding to the
forming primitive streak [39] [panel (c)], while remaining
not identifiable from the inspection of the corresponding
velocity field [panel (b) and inset]. Similar results hold in
different flows (e.g., Fig. 1 of [25] and Figs. 4 and 5
of [26]).

This example shows that inspection and control of the
velocity field v is suboptimal to create material traps in

general unsteady flows. First, because the velocity field and
its streamlines are not objective, i.e., they depend on the
choice of reference frame used to describe motion (see also
SM, Sec. 6 and Figs. S1-S2 [28]). By contrast, the location
of material accumulation is frame invariant [24,25].
Second, it might be an unnecessarily strong requirement,
or uncompliant with boundary conditions, to prescribe
v(x, 1) directly.

Active fluid model.—We adopt a simplified version of the
mechanochemical model developed in [40] consisting of an
active stokes flow characterized by the viscous stress 6, =
—pI + 2uS, and active stress 6, = m(B — 1/2), where S,
1s the deviatoric rate-of-strain tensor, B = e @ e character-
izes the orientation of active elements e = [cos(¢p) sin(¢)] ",
m denotes the intensity of active stress, and I the identity
tensor. To account for flow compressibility, we use a simple
continuity equation V- v = ¢(=2p — pgm) where positive
isotropic viscous stress (p > 0), and isotropic contractile-
type (m > 0) active stress contribute to negative flow
divergence via the bulk viscosity 1/c and a nondimensional
parameter p,. Biologically, p, modulates the cell propensity
to ingress into the third dimension given active isotropic
apical contraction. The resulting system of PDEs in non-
dimensional form [40] is

2p1AV+ V[V .v] +g(m,¢) =0,
g=p2BVm+mV-B)+ (po—1)Vm| =V - (Am),

u +U}C v _ux .
b =—(v-Vp+ 2+ [T cos 2 + 2 Fsin2g ).
2 2 2
m, = —(v-V)m+ py(1—me™2") + pyAm, (1)

where p; = uc is a second nondimensional parameter
characterizing the ratio of the shear to bulk viscosity,
g(m, ) is the active force, and A=2p,B+p;(po—1)L.
The last two equations—not used here—model the dynamics
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of the active stress intensity and orientation coupled to the
tissue velocity in chick gastrulation [40,42].

Abstracting morphogenesis as a control problem, one can
ask how embryos control their active stress to bring the right
cells to specific spatiotemporal coordinates. This is precisely
the case shown in Fig. 1, where mesendoderm precursor
cells converge to the attractors, marking the primitive streak
[40]. As afirst step, we consider a simplified dynamic where
the orientation of active elements ¢(x) is prescribed and
time independent, and use the active stress intensity m(X, 1)
as the control input. A time-independent ¢ is a simplification
that could be experimentally enforced by steady morphogen
concentration inducing planar cell polarity or by imposing
directional tension at the boundary [47]. How one might
control m experimentally is system dependent. In micro-
tubule-based active fluids, m can be controlled with light
patterns [15]. By contrast, in the context of gastrulation—the
most pertinent for our approach, given the viscous, com-
pressible active nematic model [Eq. (1)]—we were able to
indirectly control m in vivo in chick embryos by adding
FGF2 (fibroblast growth factor 2) (see, e.g., Fig. 4 of [42],
and SM S8 [28]). In Drosophila, m can be modulated
by optogenetic activation or inhibition of Rho signaling
[48-51].

Results.—To control short-time attractors, the OCP
involves steering the minimum eigenvalue of the rate of
strain tensor toward a target function while minimizing the
overall control effort and its gradient:

1
min J, = /(s1 —2)%dQ 4—'6/(1712 + ||Vm||?)dQ,
m,v 2 Q 2 Q

—2pAv—=V[V .v| = +d inQ
such that ! [V-v] = g(m) (2)
v=20 on 0%,

where z(x) represents a scalar target for the minimum
eigenvalue s (x) of the rate-of-strain tensor S, d(x, 7) is an
imposed known force (or disturbance), and Q, 0Q denote
the domain and its boundary, where we impose v = 0. In

@ =0

morphogenesis, d could arise from external forces imposed
on, rather than controlled by, the embryo. The optimal pair
(v, m) for the OCP (2) should satisfy the following system
of first-order necessary conditions

—2pAv—VI|V-v]=g(m)+d inQ,

v=0 on 0Q,
—2piAA=V[V A==V ((s; =), ®E) inQ,

A=0 on 09,
—pAm+pm—-Vi: A=0 inQ, (3)

where €, is the eigenvector field associated with s; (see
SM, Secs. 2—4 for details [28]; SM includes Refs. [29-34],
with additional information about the analysis and numeri-
cal solver of our OCP). Practically, at any ¢, given an
imposed force distribution d(x, ), boundary conditions
and desired short-time attractor z(x), (3) generates the
optimal m(x,t) to achieve z. See SM, Sec. 8 for an
algorithmic summary of (3) and a concrete application
to avian-embryos morphogenesis [28]. Equation (3)
requires an iterative method due to the complex nonlinear
relationship between v and the forcing term of the adjoint
equation involving s, and &;. We solve (3) using a finite
element method and a gradient-based algorithm (SM,
Sec. 5 [28]) on a circular domain, and note that our
algorithm applies to arbitrary domains.

We set the target shape z as a scaled indicator function of
a rectangle so that the target value is —10 inside the
rectangle and zero elsewhere. We set the cable orientation
to a constant value ¢ = (z/4) from the x axis and choose
the control weighting parameter = 107 and the non-
dimensional model parameters p, = 10, p; =0.5. p,
modulates the overall fluid compressibility while high
po induces high negative divergence in regions with higher
m [40]. We select the space-time varying disturbance force
as d(x,7) = de‘(’(’)/")z{—[y —y(D)], x—x.(1)}, where
X.(1) =[-0.54+1,0.5], r(t) = ||x —x.(7)||, and set the
intensity d =50, and standard deviation o =0.2.

=1

t=0 t=10.025

>

Visualization of short-time attraction

t=1.025

FIG. 2. Optimal solution of the OCP generating short-time attractors. The target minimum eigenvalue z(x) is the indicator function of
a rectangle at the center of the domain. The optimal eigenvalue field s} (x) is shown by the color map. (a),(b) correspond to different
initialization times ¢; and show the effect of short-time attractors by initializing a uniform set of fluid tracers (yellow dots) at each ¢#; and
displaying their later positions integrating v(x, ¢) over short times, as in Figs. 1(c).
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FIG. 3.

Optimal control state pair (m*, v*) and moving imposed (or disturbance) d associated to the OCP described in Fig. 2. d and v*

are vector fields (arrows) with their magnitude also displayed in the color map. The v* vectors are normalized to ease visualization. Each
row (a),(b) corresponds to different initialization times ¢; as Fig. 2. The velocity dynamics v are strongly affected by the presence of the

disturbance.

Figure 2 shows the resulting optimal s, along with a grid of
particles advected over short times for two different
initialization times. Figure 3 shows the optimal state-
control pair and its associated disturbance d. The control
m acts through g(m) =V - (Am), and therefore both m
and Vm contribute to the state dynamics. Overall, the
disturbance strongly influences the optimal velocity.
Figure 4 shows the interplay between the control weight
p, the disturbance d, and the accuracy of the tracking
objective. To present an additional test case, we select a

uncontrolled

weak control (high B)

different disturbance compared to Figs. 2 and 3, generating
two vortex-shaped force-field streamlines (Fig. 4, first
column) using the same functional form in the previous
test case. The target eigenvalue z is the same as in Figs. 2
and 3. The uncontrolled dynamics (m = 0) does not
generate attraction (Fig. 4, second column), while weak
and strong control (third-fourth columns) steer s; toward the
target, generating a material trap while rejecting d. In SM, S7
[28], we provide an extensive sensitivity analysis and show
that our control scheme can generate any attractor geometry

strong control (low B)

SI [n.as
Y

— 2

-~

l-ss

(b) 1,=1

t=1.025

t=1025

FIG. 4. Controlled and uncontrolled dynamics for two spatiotemporal disturbances d(x,¢#;) (first column). Columns 2-4

show s,(x) for no control, weak (f =0.1), and strong (f =
starting from a uniform initial grid at ;. Here, d(x, ) =
X2 (1) = 0.5[cos(0.5x1), cos(0.571)], and d[x.;(1)] = {-[y —

dfx(t)]
yci(t)]’ [)C -

107%) control along with fluid tracers advected for a short time
—d[x.,(1)], where x.(t) = 0.5[cos(0.5z¢ + x), cos(0.5xt + )],

xi(1)]}500 exp{—[(x — x¢; (1)]* + [y = yei(1)°]}/0.2%.
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and is robust to changes in control and model parameters, the
orientation of active elements ¢, and the disturbance d. In
SM, S8, we illustrate our approach in the context of avian
gastrulation control, where d represents a traction force
imposed on the embryo by extraembryonic cells, and the
embryo develops a ring-shaped, short-time attractor by
modulating its active myosin distribution m, consistent with
in vivo experiments in the chick embryo [40,42] (see
Supplemental Material [28], which includes Refs. [35-
37], for additional information on chick gastrulation).
Conclusion.—We have proposed an optimal control
problem that generates, for the first time, material short-
time attractors at desired locations in compressible, highly
viscous active nematics using the active stress intensity as
the control input. Short-time attractors predict the correct
location of material attraction, which may be undetected
from the inspection of frame-dependent velocity fields
(Fig. 1, [25,26]). Additionally, several configurations of
the frame-dependent v can generate the same frame-
invariant attractor configurations (see, e.g., Figs. S3-S5
[28]). Similarly, one can control material repellers, which,
together with attractors, shape complex motion in synthetic
active matter [23] and living embryos [39,41]. Our results
demonstrate how to achieve these aims in principal. As
experimental techniques to manipulate m increase in their
precision and availability in more systems, this theoretical
technique may enable the creation of material traps for
medical applications as well as enhance our ability to
control morphogenetic flows. For example, it will shed
light on how myosin activity (active stress intensity)
generates the required motion that compartmentalizes the
embryo, segregating distinct cell types (repellers) and
steering specific cells to precise locations (attractors). In
future work, we plan to consider the explicit orientational
dynamics of the active stress anisotropy, the effect of
inertial forces, and the control of Lagrangian coherent
structures that shape fluid motion over longer times.
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Fig. 1 and SM S8, and Alex Plum for his comments on
the manuscript. M. S. acknowledges financial support from
the Hellman Foundation.
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