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Correlated electron systems may give rise to multiple effective interactions whose combined impact on
quasiparticle properties can be difficult to disentangle. We introduce an unambiguous decomposition of the
electronic self-energy which allows us to quantify the contributions of various effective interactions
simultaneously. We use this tool to revisit the hole-doped Hubbard model within the dynamical cluster
approximation, where commonly spin fluctuations are considered to be the origin of the pseudogap. While
our fluctuation decomposition confirms that spin fluctuations indeed suppress antinodal electronic spectral
weight, we show that they alone cannot capture the pseudogap self-energy quantitatively. Nonlocal
multiboson Feynman diagrams yield substantial contributions and are needed for a quantitative description

of the pseudogap.
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Introduction.—Interacting electrons can be described
as noninteracting ones modified by a self-energy which
renormalizes the excitation energy, provides a finite life-
time, and sometimes even splits excitations into multiplets.
The self-energy thus carries the imprint of the bare and
effective interactions. Hence, from a suitable protocol for
the analysis of the self-energy one may draw conclusions
about these interactions. A paradigmatic example is the
electron-phonon coupling, which famously gives rise to
superconductivity in, e.g., lead. In this case, the cel-
ebrated Migdal-Eliashberg theory [1,2] directly connects
the electron-phonon coupling to the two-particle vertex and
the electronic self-energy. The representation of the self-
energy through a phonon propagator explains the manifes-
tation of the Debye energy in the photoemission spectrum of
the normal and superconducting states of lead [3]. From the
perspective of physical understanding, it is helpful to identify
the boson mediating the effective interaction, which in this
case is the phonon.

However, the electron-phonon problem is one of particu-
lar transparency, since the effective interaction arises from
the weak coupling of two separate subsystems with different
energy scales. A perturbative treatment is thus possible and
allows for Migdal’s approximation [1], which neglects the
renormalization of the electron-phonon coupling. In other
cases, such as in unconventional superconductors, the
effective interaction may itself arise from electronic corre-
lations. Not surprisingly, the dominant effective interaction,
if it exists, is often unknown and we frequently witness
the competition of multiple effective interactions. While
there may be a candidate for the dominant effective
interaction, e.g., spin fluctuations (paramagnons) in the case
of unconventional superconductivity [4], an unequivocal
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identification and a quantification of the contribution of this
leading boson is hitherto not possible. Moreover, vertex
corrections may play a role, leading to the challenging task
of disentangling the impact of multiple effective interactions
(or bosons) in the absence of Migdal’s theorem [1].

A step in this direction is the method of fluctuation
diagnostics in the Hubbard model [5,6]. In this approach, the
electronic self-energy is represented in terms of the four-
point vertex function F, which encapsulates the complete
two-particle correlation information. Via the equation of
motion, the self-energy is expressed in terms of F' as shown
at the top of Fig. 1. Here, arrows and filled circles represent
the electronic Green’s function and bare interaction, respec-
tively. Because of a decoupling ambiguity of the Hubbard
interaction Uny ity [7,8], where 7, is the density of electrons
with spin 6 = 1, |, one can exactly represent the self-energy
either in terms of the charge, spin, or singlet (particle-
particle) vertex function Fh/sP/si, By comparison of these
pictures one may deduce whether the self-energy is “better”
described through charge, spin, or singlet fluctuations [5,6].
Namely, the self-energy is obtained from the vertex
function F(k,k',q) through summation over fermionic
and bosonic momentum-frequency variables k' = (k’, /)
and ¢ = (q, w), respectively. Then, the summation over the
bosonic momentum may be peaked around a characteristic
momentum Q, indicating a well-defined bosonic mode in the
given picture, see the center row of Fig. 1.

This protocol is, however, based on the ambiguity
of the Hubbard interaction and thus it does not reveal
the diagrammatic origin of the observed self-energy
unequivocally. Thus, it cannot guide the formulation of
analytic approximations to the self-energy, such as the
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Fluctuation diagnostics according to Ref. [5] (top, center) and the fluctuation decomposition (1) (bottom). Arrows, wiggly

lines, triangles, and dots denote the Green’s function, susceptibilities, Hedin vertices, and the Hubbard interaction, respectively. The top
row shows the three equivalent diagrammatic representations (“pictures”) of the self-energy in terms of the charge (blue), spin (red), and
singlet (green) four-point vertex. In the pseudogap regime the integrand is peaked around the momentum Q = (z, ) in the spin picture,
while it is flat in the charge and singlet pictures (center row diagrams). The right-hand-side of Eq. (1), shown at the bottom, allows us to
evaluate the contribution of spin fluctuations quantitatively and unambiguously. An exemplary two-boson exchange diagram is shown

on the right. For details, cf. Supplemental Material [9].

Migdal-Eliashberg theory mentioned above. More specifi-
cally, all two-particle correlations are conflated into F* and
therefore the quantitative contribution of a given fluctuation
(or boson) to the self-energy cannot be estimated. As a
result, the role of vertex corrections, which may alter the
momentum dependence of the self-energy qualitatively, is
difficult to assess [17]. Finally, the approach introduced in
Ref. [5] is restricted to Hubbard models and cannot be
straightforwardly generalized to, for example, nonlocal
interactions or the electron-phonon coupling.

A second approach, which could in principle guide
analytic approximations and which is applicable beyond
the Hubbard model, is the parquet decomposition of the
self-energy [18]. Here, the vertex is decomposed into one
irreducible and three reducible classes of Feynman dia-
grams. Unfortunately, this approach breaks down at strong
coupling, where some of these vertices develop mutually
canceling divergences. It is therefore unsuitable for the
purpose of fluctuation analysis in this regime, which is
relevant, e.g., for unconventional superconductivity. Hence,
the question of a quantitative fluctuation decomposition has
hitherto remained an open problem.

In this Letter, we introduce an unambiguous decompo-
sition of the self-energy which remedies these shortcomings.
It is based on the recently introduced single-boson exchange
(SBE) decomposition of the vertex function [19]. As shown
in Supplemental Material [9], this allows us to recast the self-
energy into the form shown at the bottom of Fig. 1, where the
self-energy is given as a sum of charge, spin, and singlet
fluctuation exchange diagrams, as well as a remainder.
Triangles denote the three-legged fermion-boson (Hedin)
vertex including all vertex corrections. This decomposition
allows for an unequivocal identification of the relevant
boson, with the remainder containing genuine multiboson
(mb) contributions.

Although similar, this representation of the self-energy
is different from the Hedin equation [20], which does
not resolve the decoupling ambiguity of the Hubbard
interaction [7]. Instead, the decomposition of the self-
energy is unambiguous, that is, it can be derived from the
equation of motion in any of the three pictures defining the
fluctuation diagnostics approach (see Supplemental
Material [9]). However, special care has to be taken of
the diagram arising at the second order in the interaction U
(see Fig. 1, bottom left), which is recovered from the
charge, spin, and singlet channels, respectively. Since these
channels yield distinct Feynman diagrams only beyond
O(U?), we consider this diagram separately.

The self-energy decomposition defined below is exact
and the various components can be calculated within exact
or approximate frameworks. As an exemplary application,
we consider here the hole-doped Hubbard model at strong
coupling within the 8-site dynamical cluster approximation
(DCA [21]). For suitable temperatures and dopings the
Hubbard model exhibits the so-called pseudogap, a sup-
pression of antinodal electronic low-energy excitations;
see, for example, Refs. [5,17,22-31]. Investigations using
fluctuation diagnostics [5,30,32] showed that only the spin
picture (F*P) reveals a well-defined bosonic mode peaked
around the momentum Q = (z,x), as indicated by the
center row of Fig. 1. On closer inspection the bosonic
Matsubara frequency @ = 0 dominates, indicating a ther-
mal spin fluctuation [5]. Here, we revisit the pseudogap
self-energy with the approach depicted at the bottom of
Fig. 1, which allows for an unambiguous quantitative
estimate of the various contributions. Our main finding
is that while qualitatively spin fluctuations are responsible
for opening the pseudogap, multiboson Feynman diagrams
are of the same magnitude and partially compensate for
these (single-boson) spin fluctuations. Hence, an effective
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interaction mediated by spin fluctuations alone cannot
describe the pseudogap quantitatively.

Fluctuation decomposition.—We introduce the follow-
ing decomposition of the self-energy,

T —Z =4 TP T4, (1)

where X# = U(f,) is the Hartree self-energy, X" =
-U*y ok GiyqOrGryg 1s the self-energy at second order
in U, and G} denotes the electronic Green’s function. Here
and in the following, summations over momentum and
frequencies imply a factor T/ N, with T being the temperature
and N the number of lattice (or cluster) sites. The individual
contributions of single-boson exchange read as follows:

U? 1
I =) Gurgrigtd — 5% (2a)
q
‘ 3U? o oo 3
) =- — > Giigriond - 3 =, (2b)
q
I = —U) Griips — = (2¢)
q

Here, y, denotes the susceptibility and yj, the Hedin
vertex [9]. The numerically exact calculation of the quantities
in Egs. (1)-(2c) within DCA calculations is described in
Supplemental Material [9]; without loss of generality, here k
and q correspond to cluster momenta.

Note the similarity of Eqgs. (2a)—(2c) to the fluctuation
exchange (FLEX) approximation [33], where y", y*, y*
are set to their noninteracting values 1, 1, and —1. The
unique prefactors %,%, 1 for the charge, spin, and singlet
channels in the exact expressions (2a)—(2c) also arise
naturally in crossing-symmetric approximations to the
self-energy, such as, for example, FLEX or in the dynami-
cal vertex approximation (DI'A [34]).

Considering the noninteracting limits of y and y it is easy
to see that O(U?) contributions cancel from Egs. (2a)—(2¢).
The quantities P/"/s! are analogous to the three pictures
of the fluctuation diagnostics [5] where a charge, spin, or
singlet fluctuation, peaked at a characteristic momentum Q,
coincides with a peak in the respective integrand
(cf. Fig. 1). However, in striking contrast to the mutually
exclusive choice of a picture within fluctuation diagnostics,
these terms contribute to the full self-energy in the
unambiguous decomposition (1) through their sum.

Finally, ™ includes Feynman diagrams that cannot
be cast in terms of the exchange of a single boson; it is
fundamentally of a multibosonic character and correspond-
ing Feynman diagrams include at least two or more
fluctuations, as indicated on the right of Fig. 1. It is
not possible to bring these diagrams into the form of
Egs. (2a)—(2c). Therefore, Z™ represents an independent

class of Feynman diagrams. We show in the following that
its contribution is sizable in the hole-doped Hubbard model
at strong coupling and that it differs qualitatively from X°P,
which captures the spin fluctuations. This may explain the
difficulty in understanding the strongly correlated regime
of the Hubbard model in terms of simple analytic
approximations.

Results.—As an application, we analyze, in light of the
unambiguous decomposition (1), the hole-doped Hubbard
model with parameters t = 1,U = 7¢, = —0.15¢ using
the 8-site DCA [21]; the temperature is fixed to 7 = 0.1z.
The top panel of Fig. 2 shows the imaginary part of DCA
self-energy at the nodal [k, = (z/2,7/2); filled black
square] and antinodal point [k,, = (z,0); filled black
dot]. For the chosen density (i) = (fty) + (7)) = 0.95
and temperature, the difference between the self-energy
at the second and first Matsubara frequencies, AImZ(k) =
ImX2(k, 32T) — ImX(k, zT) (see bottom panel of Fig. 2),
and thus the slope of the self-energy on Matsubara
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FIG. 2. Top: 8-site DCA self-energy in the pseudogap regime at
the nodal (squares) and antinodal (circles) points. The full self-
energy is shown in black; the decomposition into channels in
color; and the second order term in gray. Bottom: Slope of the
self-energy at small Matsubara frequencies along a high-
symmetry path through the Brillouin zone. Physically, this slope
yields an estimate for the enhancement of the effective mass
m*/m =1 — AImZ(k)/(2%T) if negative, while positive slopes
indicate insulating behavior. Parameters: (i) = 0.95, U =71,
' =-0.15¢, T =0.11.
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frequencies is negative (positive) at the node (antinode),
indicating the dichotomy of the pseudogap regime [35], see
also Fig. 9 of Ref. [26].

To verify the correctness of Eq. (1), the top panel of
Fig. 2 also shows the sum of all the terms on its right-hand-
side (open black symbols), which lies on top of the directly
computed DCA self-energy (i.e., the left-hand-side), as it
should. Next, we consider the various contributions to ImX~
one by one. In the chosen strong-coupling regime the
second-order self-energy ImX?"¢ (gray) is irrelevant for
small Matsubara frequencies, however, it determines the
(1/v) asymptote of the self-energy [36], as shown in
Supplemental Material [9].

Likewise, the charge and singlet single-boson exchange
contributions ImZ" (blue) and ImZ*' (green) are negligible
for small Matsubara frequencies, and hence for the pseu-
dogap in the full self-energy. These quantities have a finite
(1/v) asymptote, but ImX" and ImX* cancel asymptoti-
cally with ImX%® [9]. A major contribution at small
Matsubara frequencies stems from single spin-fluctuation
exchange. ImZ*P (red) indeed exhibits the nodal-antinodal
dichotomy, similar to the full self-energy, but its absolute
value is much bigger. Remarkably, ImX™ (orange) is of
similar magnitude but has the opposite sign compared
to ImX*P,

We therefore arrive at the following twofold result:
(i) Spin fluctuations open the pseudogap through their
contribution X to the self-energy, as is clear from
inspection of the bottom panel of Fig. 2, which yields
the only significant positive contribution to AImX at the
antinode. This is consistent with conclusions drawn in
previous studies [5,17,30]. (i) Nevertheless, the self-
energy cannot be described quantitatively through spin-
fluctuation exchange alone, even if all Feynman diagrams
for the spin-fermion vertex y*P are taken into account, as we
have done here. The multiboson exchange =™ is of similar
magnitude as XP. The two quantities largely cancel each
other out, but the full self-energy inherits the suppression of
antinodal spectral weight from ZP.

This cancellation may be related to similar effects
observed in previous works. Within the parquet decom-
position, a cancellation of the spin channel with various
other diagrams was observed (see Fig. 8 of Ref. [18]),
whose origin could, however, not be determined due to the
ill-behaved (divergent) behavior of this approach in the
strong-coupling regime. Further, within fluctuation diag-
nostics, a cancellation was observed between contributions
from different wave vectors q in the spin picture, see Fig. 2
of Ref. [5], and a cancellation was also observed in the
anomalous self-energy, see Fig. 3 of Ref. [37]. Remarkably,
the fluctuation decomposition (1) implies that these can-
cellations actually occur between quantities of completely
different origins, as we show in the following.

To this end, we consider further aspects of the important
contribution ™. It is large also for larger doping [9] and

k =(m,0),v =7T
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FIG. 3. Bar chart: momentum(q)-resolved fluctuation decom-
position of % and =™ for the antinodal fermionic momentum
and frequency v = zT in the pseudogap regime. Pie charts:
frequency(w)-resolved decomposition.

thus its magnitude is not directly related to the pseudogap.
It appears that a sizable ™ contribution arises directly
from the large Hubbard interaction. Indeed, within the
single-site dynamical mean-field theory [38] this quantity
grows as U approaches the Mott regime, see Supplemental
Material [9]. On the other hand, we find in our DCA
calculations that ™ exhibits a similar strong k depend-
ence as 2P (cf. Fig. 2, top), therefore, a local approximation
would be insufficient.

The origin of ™ differs qualitatively from . To show
this, we refine our fluctuation decomposition of the
antinodal self-energy at v = zT, i.e., we resolve for the
contributions of different bosonic momentum q in the sum
of Eq. (2b) (while the sum over w is still performed). The
result is shown as the bar chart in Fig. 3, denoted as (q).
As anticipated by the red segment in Fig. 1, the contribu-
tions to X*P are indeed peaked at Q = (7, 7). Omitting the
summation over @ (instead of ) results in the frequency-
resolved contributions (). The red (left) pie chart in Fig. 3
confirms the dominance of @ = 0 in the spin channel.

On the other hand, a refined analysis of ™ reveals a
different picture. In fact, although the decomposition in
Eq. (1) identifies the contribution of single charge,
spin, and singlet fluctuations, as well as the multiboson
exchange unambiguously, a residual ambiguity remains in
the representation of ™ through Feynman diagrams, see
Supplemental Material [9]. This means that it can be
analyzed again in three different pictures in the sense of
Ref. [5]. We choose the spin picture and the momentum-
resolved fluctuation diagnostics of Z™ is shown in orange
in Fig. 3. It is not peaked at a particular momentum;
similarly, the orange pie chart on the right shows that ® = 0
1s not dominant either, both in stark contrast to XP. We
conclude that the distributed contributions to ™ were
overshadowed by 2P in previous analyses [5,30]. Choosing
a different picture for ™ does not change this result [9].
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We do not observe divergent or otherwise ill-conditioned
behavior of the remainder ¥™ in this or in any other
investigated regime, overcoming the intrinsic difficulties of
the approach presented in Ref. [18].

Conclusions.—We introduced an unambiguous decom-
position of the self-energy, which allows us to identify the
dominant boson and even to quantify its contributions to
the self-energy. As an important application, we inves-
tigated the quantitative contribution of spin fluctuations to
the self-energy of the hole-doped Hubbard model within
DCA. Our analysis confirms that spin fluctuations open
the pseudogap in the underdoped regime [5,17,22-31]. In
addition, however, we observe a second major source of
nonlocal correlations which cannot be associated with
conventional spin fluctuations or any other bosonic mode.
It is instead a multiboson excitation without the dominance
of a thermal (w = 0) frequency nor an antiferromagnetic
[Q = (7, 7)] momentum which are characteristic of spin
fluctuations. This shows that the picture of a spin-
fluctuation-mediated pseudogap, while capturing the dom-
inant contribution, is incomplete.

It is an intriguing outlook to formulate the fluctuation
decomposition also for the d-wave ordered phase [37,39].
A generalization of the presented approach to multiple
orbitals or nonlocal interactions is straightforward.
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