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Quanta splitting is an essential generator of Gaussian entanglement, exemplified by Einstein-Podolsky-
Rosen states and apparently the most commonly occurring form of entanglement. In general, it results from
the strong pumping of a nonlinear process with a highly coherent and low-noise external drive. In contrast,
recent experiments involving efficient trilinear processes in trapped ions and superconducting circuits have
opened the complementary possibility to test the splitting of a few thermal quanta. Stimulated by such small
thermal energy, a strong degenerate trilinear coupling generates large amounts of nonclassicality, detectable
by more than 3 dB of distillable quadrature squeezing. Substantial entanglement can be generated via
frequent passive linear coupling to a third mode present in parallel with the trilinear coupling. This new
form of entanglement, outside any Gaussian approximation, surprisingly grows with the mean number of
split thermal quanta; a quality absent from Gaussian entanglement. Using distillable squeezing we shed
light on this new entanglement mechanism for nonlinear bosonic systems.

DOI: 10.1103/PhysRevLett.132.210201

Introduction.—Entangled systems form the backbone of
many fields of quantum physics and applications in
quantum technology. Since the introduction of the funda-
mental Einstein-Podolsky-Rosen (EPR) states [1], the most
frequently occurring entanglement seems to be Gaussian
entanglement. In such cases, a coherent and low-noise
external drive is used to linearize nonlinear systems and,
therefore, the covariance matrix provides a full descrip-
tion [2]. However, it is widely anticipated that strongly
nonlinear quantum interactions exhibit a much richer and
exciting variety of phenomena which can potentially
produce entanglement from low thermal energy, although
typically at the cost of ease of detection, simple explan-
ations, and analytical descriptions. Such novel entangle-
ment might be much more common than anticipated and
even appear more autonomously via small local thermal
excitation without the need for a strong, coherent, and low-
noise external drive.
In this Letter, we analyze the deterministic and thermal

creation of just such a new form of entanglement, arising
from the splitting of a few thermal quanta in trilinear
interactions, with the logarithmic negativity (LN) increas-
ing with increasing thermal occupation. We use distillable
squeezing instead of conventional squeezing as a new and
proper diagnostic tool to analyze such hidden entanglement
beyond the Gaussian approximation. We thus begin our
discussion from the lowest order nonlinear interactions
between linear oscillators, usually the most feasible in
experiments. Nondegenerate trilinear couplings, while
producing the EPR type of Gaussian entanglement under
a classical pump [3], do not produce bipartite entanglement
from a thermal pump among any combination of the
modes [4,5] [see also Supplemental Material (SM) [6] ].

Hence, we focus on a degenerate trilinear interaction
generating significant nonclassicality from splitting just
a few thermal quanta. When the degenerate interaction is
continuously combined with a linear coupling to an
auxiliary mode, the resulting enhancement of logarithmic
negativity can unconditionally reach ∼0.77, saturating the
entanglement potential (EP) [22]. Thermally induced
entanglement (TIE) thus materializes straightforwardly
via the splitting of a few thermal quanta in a regime very
different from the Gaussian regime involving a strong
coherent pump. To investigate the difference in these
regimes we examine in detail the distribution and concen-
tration of distillable squeezing [23] in such entangled states
and compare with conventional squeezing from Gaussian
entangled states.
Trilinear interactions in bosonic platforms.—The

mechanical motion of trapped atoms is an excellent candi-
date for a proof-of-principle investigation of TIE due to
several properties: (i) the strong nonlinear coupling of
highly linear mechanical oscillators, (ii) low damping and
substantial shielding from ambient background noises, and
(iii) the potential scalability of the trapped atoms [24,25].
For the mechanical motion of electrically trapped ions, the
intrinsic nonlinearity of the Coulomb coupling can be
leveraged into several multimode versions of a trilinear
Hamiltonian [26] of the type historically studied to inves-
tigate generalizations of squeezing to higher order mo-
ments [27]. The trapped ion versions of such Hamiltonians,
both partially degenerate and nondegenerate, comprising
two-mode and three-mode nonlinearities, respectively,
have been experimentally achieved [28] and shown to be
effective for tasks such as quantum simulation [29] and
quantum refrigeration [30]. For these reasons, we prefer to
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frame our discussion around systems of trapped ions. In
the microwave domain, however, superconducting circuits
may take advantage of the nonlinearity of Josephson
junctions to generate parametric amplification [31], three-
photon down-conversion [32], and to induce trilinear
Hamiltonians (SNAILs) [33–35] outside the rotating wave
approximation. Furthermore, the TIE we describe may
stimulate new nonlinear optics experiments using second-
and high-harmonic generation [36,37], three and four wave
mixing [4,38,39], or multiphoton Kerr processes [40,41].
Thermally induced nonclassicality and entanglement.—

A pair of ions with equal massm and charge e, contained in
a harmonic trap, are coupled via the Coulomb interaction. If
the radial trapping frequencies ωx and ωy are assumed to be
much greater than the axial trapping frequency ωz, then the
ions distribute themselves along the z axis. The Coulomb
interaction can be expanded to second order, inducing a
natural transformation to the normal modes of the motion,
wherein the collective vibrational modes are decoupled
from each other. The first step beyond this harmonic
approximation, involving third order terms in the expan-
sion, removes the decoupling of the spatial motion leading
to interactions involving both the radial and axial modes.
Components of these nonlinear interactions are resonant
properties of the collective motion of the ions. From here,
we will assume that the most significant components of the
potential are those contributing to the interaction between
the x and z spatial components. In the rotating wave
approximation, the interaction Hamiltonian takes the tri-
linear form,

H ¼ ΩT

�
ab†2 þ a†b2

�
; ð1Þ

where ΩT ¼ ð3e2=4jQ0j4Þ. For a more detailed
Hamiltonian analysis see, for instance, Refs. [42,43] or
the SM [6]. This is a partially degenerate trilinear inter-
action in which the creation (annihilation) of a phonon in
the axial direction results in the annihilation (creation) of a
pair of phonons in the radial direction.
The quanta splitting and ensuing nonclassicality (neces-

sary for entanglement) from the nonlinear dynamics may
proceed from a small amount of classical thermal noise
present in one of the subsystems. By initializing the axial
(a) or radial (b) components of the motion in thermal states
while the remainder is initialized in the ground state,
the degree to which the nonlinearity converts the initial
resource of thermal noise into nonclassical behavior can be
examined (Fig. 1). In general, if the radial mode is used as a
thermal pump of the axial mode, then the nonclassicality
and corresponding entanglement potential is small. In
contrast, our starting point is that a, using the small in-
coherent energy of a thermal pump, can drive nonclassi-
cality in b.
In the ideal case, the nonclassicality of mode b can be

immediately seen from the phonon distributionPk ¼ hkjρjki;

the reduced state of mode b is nonclassical due to its
population of only even Fock states irrespective of the
strength of the thermal pump. This is verified directly by
Klyshko’s criteria [44,45]. The nonclassicality is phase
insensitive, reflecting the incoherent phase of the thermal
pump (see SM for comparison with a coherent pump [6]).
Simultaneously, the position probability density, despite
having a variance greater than the ground state, displays
sub-Planck structure [46] around the global maximum
verified by the presence of universally distillable squeezing
[23], with the degree of squeezing available increasing with

FIG. 1. Nonclassical quanta statistics: The coupling of mode a
to mode b through the trilinear coupling [Eq. (1)] dynamically
splits thermal quanta in a into pairs in b, generating phase-
insensitive nonclassical phonon distributions, verified by
Klyshko’s criteria. Here, b is in the ground state (for thermal
occupation of b, see SM [6]). Increasing n̄makes the nonclassical
effects more pronounced. Purple and orange correspond to
n̄ ¼ 1 and 3, respectively, while green corresponds to a squeezed
state with 3 dB of squeezing. Sub-Planck structure: The prob-
ability densities PðqxÞ, of the dimensionless quadrature q̂x ¼
½ðbþ b†Þ= ffiffiffi

2
p �, are compared for the ground state (dashed black

line) and with thermally induced nonclassicality, n̄ ¼ 3 (red line),
demonstrating the sub-Planck structure around the origin gen-
erated by the nonlinear interaction, with the colors corresponding
to the resulting distilled distributions on the right. Distillable
squeezing: The nonclassicality of mode b can also be quantified
in a phase-sensitive manner via distillable squeezing. Universal
distillation of squeezing from multiple copies of the nonclassical
state in mode b is shown on the lower right, with the asymptotic
limit in gray [23] and the 3 dB squeezing limit in dashed green
line. Consuming progressively more copies produces a variance
moving toward and then below the shot-noise level (dashed
black line). The distillation procedure saturates (blue line),
limited by the nonclassicality present in mode b after the trilinear
interaction.
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the thermal energy. Notably, despite the presence of such
sub-Planck structures, the Wigner function is positive at the
level of the nonclassical state of b. The impurity of such
non-Gaussian states precludes detailed categorization of
the quasiprobability distribution [47,48] and is another
motivation to use distillable squeezing. The lower right-
hand panel of Fig. 1 shows that the degree of distillable
squeezing stimulated by quanta splitting is enhanced by
increases in n̄ beyond 3 dB. The nonclassicality is remark-
ably robust, remaining detectable by both Klyshko’s criteria
and distillable squeezing despite an initial thermal occu-
pation greater than one phonon in the quanta splitting mode
(see SM [6]).
The amount of nonclassicality capable of being con-

verted to entanglement in a particular mode can be further
characterized through the EP [22], denoted E. The EP of
mode a or b is evaluated through its capacity to produce
LN [49] via passive interactions with the ground state of an
oscillator; fully classical states will not produce entangle-
ment this way. The LN is calculated by determining
LðρÞ ¼ log2kρTAk, where TA denotes the partial transpose
with respect to a subsystem A. For the EP, the LN should be
calculated for the following state:

ρE ¼ U†
BSðρ ⊗ j0ih0jÞUBS; ð2Þ

where UBS ¼ eðπ=4Þðc†A−cA†Þ, c is an auxiliary mode pre-
pared in the ground state j0i, and ρ is the reduced state
corresponding to the mode A ¼ a, b. EP links the non-
classicality produced by the trilinear interaction to the
upper bound [50] on the entanglement generated between
the nonclassical mode b and an auxiliary classical mode c
and will allow us to directly compare the EP with the
dynamically achievable TIE [51].
With this in mind, the nonclassicality converted from the

thermal noise resource can be leveraged to create entan-
glement with another mode c which interacts simultane-
ously with b via the passive linear interaction:

Haux ¼ H þ gðbc† þ b†cÞ: ð3Þ

In our analysis, we have selected g ¼ ΩT , which appears to
give the best performance. Deviation from equality simply
results in reduced LN, although the qualitative effects
remain the same. The rise in LN is not a short-term effect,
in the sense that it arises after an initial quiescent period in
the dynamics, and optimization of the interaction time
necessarily occurs over anharmonically oscillating dynam-
ics. To compromise we select the first peak of LN in order
to balance finding significant entanglement while remain-
ing closer to the short times available to experimental
settings, where decoherence will be less relevant.
The EP generated in b by a thermal pump in a is shown

in Fig. 2(a) as the blue line. If a Gaussian squeezed state
is prepared with the asymptotic value of the distillable

squeezing (Fig. 1), then this squeezed state generates
similar EP (black line) to the non-Gaussian state from
the trilinear interaction. The auxiliary mode c simultane-
ously coupled to b, as in Eq. (3), results in LN, Lb∶c, that
dynamically fulfills the EP of b. This can be seen as the red
line in Fig. 2(a) achieves at least the value of Eb. This
persists even though residual LN is generated with the
thermal pump mode (La∶c and La∶b) and is subsequently
traced out. The Gaussian entanglement, extracted from the
covariance matrix of the state, is always zero during the
evolution due to the thermal pump, indicating that the TIE
involves correlations beyond the covariance matrix and is
properly referred to as non-Gaussian entanglement.
For Gaussian entanglement either quadrature squeezing

or a generalized squeezing emerging from concentration of
squeezing via linear interference can always be used to
detect the nonclassicality of the correlations. To analyze
non-Gaussian entanglement beyond the covariance matrix
in an operational and systematic way, backward compatible
with Gaussian entanglement and quadrature squeezing, we
have relied on distillable squeezing. We have dedicated a
detailed discussion in the SM [6] to support the use of this
new and extendable tool while this Letter focuses on the
significant result that substantial non-Gaussian entangle-
ment can arise from feasible and thermally driven nonlinear
interactions.

FIG. 2. TIE from a compound trilinear and linear process.
(a) For the trilinear coupling given by Eq. (1), the entanglement
potential Eb (blue line) of mode b increases as the thermal noise is
increased. After passively interacting [Eq. (3)] with an auxiliary
mode c, entanglement measured by logarithmic negativity L is
shown between b and c (red line), a and b (dashed yellow line),
and a and c (dashed green line). Both b and c are initially in their
respective ground states. The values plotted here correspond to
the first peak in the temporal evolution of their respective
quantities E and L which otherwise undergo rather complex
evolution. Lbc closely mimics the behavior of Eb, indicating that
the entanglement potential of b can be realized dynamically,
despite residual entanglement among the remaining modes. Eb is
further compared against the EP of a squeezed vacuum state
(black line), whose degree of squeezing is selected in accord with
the asymptotic distillation of squeezing available for the corre-
sponding trilinear state. (b) Entanglement potential Eb (solid
curves) and Lb∶c (dashed curves) generated by incoherent
thermal noise in a for Hamiltonians HNL. The entanglement
extracted by the auxiliary linear coupling ceases to closely follow
the EP for N > 2.
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To illustrate the robustness of these phenomena we
examined the deviation of mode b from the ideal ground
state. Thermal occupation of mode b, while reducing the
absolute value of the EP, maintains the enhancement of
nonclassicality due to increasing the thermal energy in a.
Remarkably, this occurs even when the thermal occupation
of b is greater than 1 and can occur when the thermal
occupation of b is greater than that of a. This allows
experimental tests of these phenomena without being
bound to the ground state of mode b. Additionally, we
examined the effect on the EP and LN when the trilinear
interaction occurs outside the deep-strong coupling regime,
so that the free evolution of the oscillators contributes,
something not present in trapped ions [42]. While the EP
is robust to these effects, the LN decreases, while still
retaining the property that it increases with n̄. Finally, we
also examined the effect of coupling the modes to a thermal
environment. While both EP and LN are reduced by the
interaction with the environment, significant values of both
quantities remain (see SM [6]).
Higher order nonlinearities.—It is possible that higher

nonlinearities will exhibit diverse phenomena, and so we
examine highly nonlinear Hamiltonians of the form HNL ∝
aðb†ÞN þ a†bN , where N > 2. Continuing the logic, the
internal thermal driving of a will drive higher order quanta
splitting, resulting in generalized squeezing [27] in b and
producing highly nonclassical and non-Gaussian states
with large entanglement potential.
In Fig. 3 we show the probability densities in qx for the

nonclassical states produced by these higher order non-
linearities. They are clearly non-Gaussian, with embedded
sub-Planck structures. However, the distillable squeezing
shows features distinct from the N ¼ 2 case considered

above. The universal method of distillation [23], which
extracts nonclassical features from the curvature around the
global maximum of the distribution, does not produce
squeezing for odd N. Indeed, this is reflected in the
distributions which have low curvature around their
maxima. Instead, the nonuniversal method [23,52], which
optimizes the distillation around arbitrary features of the
distribution, can extract squeezing even from the odd parity
Hamiltonians. However, the distillable squeezing found
through the nonuniversal method does not increase with n̄,
in contrast with the universal method analyzed in detail
in Fig. 1.
This nonclassicality can again be used to generate

entanglement, again using the simultaneous linear coupling
as used in Eq. (3). Figure 2(b) shows the entanglement
potential and logarithmic negativity via coupling to an
auxiliary state for various N. Increasing N tends to increase
the nonclassicality generated by the same thermal energy;
however, the anticipated generation of entanglement fails to
reach the EP for larger values of n̄. This suggests that
among these the trilinear Hamiltonian of Eq. (1), combined
with a linear coupling to another mode, is the most effective
in terms of generating non-Gaussian entanglement from
small thermal energy.
Discussion.—We have singled out the simplest non-

linearity coupling linear oscillators, the degenerate trilinear
interaction, combined with a linear coupling in order to
transmute the thermal energy of a few quanta into non-
classicality and non-Gaussian TIE, taking us simultane-
ously beyond the more common Gaussian EPR-type
states and non-Gaussian pure states understood by
Hudson’s theorem [47,48]. Remarkably, the quantum
non-Gaussianity manifests differently and positively as
entanglement which grows as the thermal energy is
increased. Other possibilities among three mode inter-
actions are surprisingly limited in their capacity to generate
bipartite entanglement [4,5] (see SM [6]). That larger
thermal fluctuations are converted into larger coherent
quantum phenomena, such as entanglement [53–56], func-
tions as a direct proof of genuine nonlinear quantum
effects, as it cannot happen for linearized dynamics within
the Gaussian approximation provided by the covariance
matrix. While such dynamics intrinsically involves higher
than quadratic interaction terms, and shows quantum non-
Gaussian effects [28], such a direct experimental proof is
yet to be demonstrated. In the past, such features were
predicted in systems taking advantage of discrete non-
linearities in the level structure of atoms or superconducting
circuits with very strong saturation [55–57] while here
entanglement materializes without the direct use of satu-
ration in such discrete nonlinearities. It is also conceptually
different from TIE using controlled-SWAP gates [58,59].
The thermally induced nonclassicality and entanglement
studied here arises purely from the natural Coulomb force
between trapped ions. Analogous effects from the direct

FIG. 3. (a) The probability densities PðqxÞ from HNL ¼
ΩTða†bN þ ab†NÞ with N ¼ 2 (red line), 3 (blue line), 4 (green
line), and 5 (yellow line) are compared at the optimal time (see
text), compared with the ground state distribution (dashed black
line). (b) Universal (squares) and nonuniversal (crosses) squeez-
ing distillation as a function of number of copies of the state. For
odd N the universal method does not find distillable squeezing
around the global maximum of the distribution, unlike the case of
even N. Instead, the nonuniversal method searches the whole
distribution for nonclassical structures and distills them to find
distillable squeezing. In both panels mode a is initially in a
thermal state with n̄ ¼ 1 and mode b is in the ground state.

PHYSICAL REVIEW LETTERS 132, 210201 (2024)

210201-4



coupling, without any assisting drive, for fully discrete
variable systems remains to be investigated.
This spearhead analysis, inspired by recent experimental

achievements regarding trilinear interactions in trapped
ion [28–30] and superconducting circuit platforms [32,35],
provides a clear example of the hidden power of multimode
nonlinear systems to achieve, autonomously and uncondi-
tionally, increasing nonclassical quantum behavior lever-
aging only small thermal energy. Furthermore, the linear
coupling required to directly test the parallel generation of
entanglement has already been proposed for optical sys-
tems [60] and is likely to be easily adapted to phononic
systems and superconducting circuits.

The authors acknowledge funding from Project No. 21-
13265X of the Czech Science Foundation. This project has
received funding from the European Union’s 2020 research
and innovation programme (CSA–Coordination and sup-
port action, H2020-WIDESPREAD-2020-5) under Grant
Agreement No. 951737 (NONGAUSS).

*pradip.laha@upol.cz
†darren.moore@upol.cz
‡filip@optics.upol.cz

[1] A. Einstein, B. Podolsky, and N. Rosen, Can quantum-
mechanical description of physical reality be considered
complete?, Phys. Rev. 47, 777 (1935).

[2] Samuel L. Braunstein and Peter van Loock, Quantum
information with continuous variables, Rev. Mod. Phys.
77, 513 (2005).

[3] Z. Y. Ou, S. F. Pereira, H. J. Kimble, and K. C. Peng,
Realization of the Einstein-Podolsky-Rosen paradox for
continuous variables, Phys. Rev. Lett. 68, 3663 (1992).

[4] E.-A. Rojas González, A. Borne, B. Boulanger, J.-A.
Levenson, and K. Bencheikh, Continuous-variable triple-
photon states quantum entanglement, Phys. Rev. Lett. 120,
043601 (2018).

[5] A. Agustí, C. W. Sandbo Chang, F. Quijandría, G.
Johansson, C. M. Wilson, and C. Sabín, Tripartite genuine
non-Gaussian entanglement in three-mode spontaneous
parametric down-conversion, Phys. Rev. Lett. 125, 020502
(2020).

[6] See Supplemental Material at http://link.aps.org/
supplemental/10.1103/PhysRevLett.132.210201 for further
details, which includes Refs. [7–21].

[7] W.Wang, Y. Wu, Y. Ma, W. Cai, L. Hu, X. Mu, Y. Xu, Zi-Jie
Chen, H. Wang, Y. P. Song, H. Yuan, C.-L. Zou, L.-M.
Duan, and L. Sun, Heisenberg-limited single-mode quan-
tum metrology in a superconducting circuit, Nat. Commun.
10, 4382 (2019).

[8] Katherine C. McCormick, Jonas Keller, Shaun C. Burd,
David J. Wineland, Andrew C. Wilson, and Dietrich
Leibfried, Quantum-enhanced sensing of a single-ion
mechanical oscillator, Nature (London) 572, 86 (2019).

[9] C. Flühmann, T. L. Nguyen, M. Marinelli, V. Negnevitsky,
K. Mehta, and J. P. Home, Encoding a qubit in a trapped-ion
mechanical oscillator, Nature (London) 566, 513 (2019).

[10] P. Campagne-Ibarcq, A. Eickbusch, S. Touzard, E. Zalys-
Geller, N. E. Frattini, V. V. Sivak, P. Reinhold, S. Puri, S.
Shankar, R. J. Schoelkopf, L. Frunzio, M. Mirrahimi, and
M. H. Devoret, Quantum error correction of a qubit encoded in
grid states of an oscillator, Nature (London) 584, 368 (2020).

[11] Julien Laurat, Gaëlle Keller, José Augusto Oliveira-Huguenin,
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