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The dielectric response of liquids reflects both reorientation of single molecular dipoles and collective
modes, i.e., dipolar cross-correlations. A recent theory predicts the latter to produce an additional slow peak
in the dielectric loss spectrum. Following this idea we argue that in supercooled liquids the high-frequency
power law exponent of the dielectric loss β should be correlated with the degree of dipolar order, i.e., the
Kirkwood correlation factor gK. This notion is confirmed for 25 supercooled liquids. While our findings
support recent theoretical work the results are shown to violate the earlier Kivelson-Madden theory.

DOI: 10.1103/PhysRevLett.132.206101

Supercooling a liquid below the melting temperature
towards the glass transition while avoiding crystallization
results in a dramatic slowing down of the molecular
motions. Along with this slowdown it is observed that
relaxation spectra of supercooled liquids significantly
deviate from a Lorentzian shape, and are instead asym-
metrically broadened with a high-frequency power law ν−β,
β ≤ 1, a phenomenon called relaxation stretching. As both,
the pronounced slowdown and the relaxation stretching, are
universal manifestations of glassy dynamics, correlations
between the two phenomena were suggested [1], but a
microscopic understanding is still lacking. Probably the
most common picture to rationalize relaxation stretching is
dynamical heterogeneity [2–5], meaning that the dynamics
in different spatial regions contributes with a Lorentzian
centered at different frequencies to the overall spectrum,
which leads to the observed broadening. However, this
is by far not the only explanation and theories exist that
arrive at stretched structural relaxation without explicitly
incorporation dynamical heterogeneity [6,7]. Additionally,
it was found in computer simulations that—although
dynamical heterogeneity exists—the relaxation curves
are already intrinsically broadened when evaluated in small
spatial regions [8,9]. Thus, clarifying the origin of the
relaxation stretching can be considered of utmost impor-
tance for the understanding of the glass transition.
Over the years, relaxation stretching in molecular glass

formers has been studied for a broad selection of super-
cooled liquids using dielectric spectroscopy, revealing a
variety of high-frequency power law exponents β. Some
years ago, Paluch et al. [10] showed that for the dielectric
loss, β is correlated with the dielectric relaxation strength
Δε ¼ εs − ε∞, where εs and ε∞ are the zero and high
frequency limits of the dielectric permittivity. Large Δε

values are associated with higher values of β, i.e., highly
polar liquids display less relaxation stretching than less
polar ones, an observation which we refer to as Paluch
correlation hereafter.
Initially, the Paluch correlation was rationalized by

arguing that strong dipole-dipole interactions increase
the harmonicity of the intermolecular potentials, which
is thought to affect the distribution of relaxation times and,
thus, the relaxation stretching [10]. Following this line of
ideas, the same degree of relaxation stretching observed for
the dielectric loss should be observed in other experimental
techniques. However, this conjecture is in stark contrast to
recent experimental results: For instance, in depolarized
dynamic light scattering (DDLS) [11] and nuclear magnetic
resonance [12–14], both methods that probe molecular
reorientation, a generic value β ≈ 0.5 is observed for
many supercooled liquids with very different polarities.
Therefore, it can be concluded that the broad variety of
dielectric relaxation shapes cannot primarily be a result of
differences regarding the distribution of local relaxation
times between more and less polar liquids.
Instead, recent results suggest that rather dynamic

signatures of dipolar cross-correlations are responsible
for the broad variety of relaxation stretching observed in
dielectric experiments. This idea emerged from a careful
comparison of dielectric and DDLS spectra [11,15–17],
where it was found that the overall relaxation shape
is a superposition of a rather generic distribution of self-
correlation times with an additional slow and narrow
process. The origin of the latter was traced back to dipolar
cross-correlations. The suggested qualitative picture is that
the self-part of dipolar dynamics in supercooled liquids has
a generic high-frequency power law exponent of β ¼ 0.5
but is in many cases superimposed by a slow and narrow
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cross-correlation process effectively resulting in a steeper
high-frequency power law exponent β > 0.5. And indeed,
the existence of the slow cross-correlation contribution in
highly polar liquids was recently confirmed by computer
simulations [18,19]. Nevertheless, the correct interpretation
of the dielectric relaxation shape and the relevance of
dipolar cross-correlations is still subject of controversial
discussion [20–23].
In an attempt to solve this important ongoing debate, we

analyze in this Letter the relation between the high-frequency
power law exponent β of the dielectric loss and the existence
of dipolar cross-correlations for a broad variety of super-
cooled liquids. In this regard we consider the Kirkwood
correlation factor gK [24] to quantify the strength of static
dipolar cross-correlations. Simply speaking, gK > 1 indicates
that orientations of neighboring dipoles tend to show parallel
alignment, while gK ¼ 1 is attributed to the absence of
dipolar order, i.e., no static cross-correlations exist.
Our analysis considers dielectric data of 25 different

supercooled liquids. As far as crystallization could be
avoided, each liquid was studied at several temperatures in
the deeply supercooled regime, i.e., 10−1Hz<νpeak<105Hz.
The reason for restricting the study to deeply supercooled
liquids is that at these temperatures different processes have
the maximum dynamic separation. Moreover, possible
molecular interactions leading to cross-correlation effects
are strongerwith respect to the thermal energy. Consequently,
the impact of cross-correlations is stronger at deeply super-
cooled temperatures compared to the mildly supercooled
or liquid regime, where most likely additional effects control
the shape of the relaxation spectrum.
The main result of our analysis is displayed in Fig. 1,

revealing a strong correlation between the stretching
parameter β and the Kirkwood correlation factor gK.
In order to determine β, we apply a model-free approach

instead of using model functions, which are known to
produce results depending on the exact procedure used.
Instead, we follow Nielsen et al. [26] and define β as the
logarithmic slope at the frequency of steepest ascent on the
high-frequency flank of ε00ðνÞ:

β ¼ min

�
d log ε00ðνÞ
d log ν

�
: ð1Þ

Full derivative spectra of several analyzed liquids are
shown in the Supplemental Material [25].
The values of gK were calculated as

gK ¼ 9kBε0MT
ρNAμ

2

ðεs − ε∞Þð2εs þ ε∞Þ
εsðε∞ þ 2Þ2 ; ð2Þ

where T is temperature,M molar mass, ρ density, and μ the
gas-phase molecular dipole moment [24]. Importantly, the
molecular dipole moment μ needs to reflect the conforma-
tional states of the molecule in the liquid phase, thus μ

should be determined via dilution experiments. Typically,
no such data are available in the literature for more exotic
molecules, like, e.g., most pharmaceuticals considered in
Ref. [10]. One of the reasons is that these molecules are
quite large, flexible, and consist of several functional
groups that carry a substantial dipole moment. In this case,
the total molecular dipole moment strongly depends on the
conformational state of the molecule, making it impossible
to assign one single value of μ in order to calculate gK, let
alone to determine μ in a dilution experiment. Thus, in the
present study, we focus on smaller molecules, for which μ
is readily available, which is the reason why our consid-
erations include a smaller number of substances compared
to the work by Paluch et al. in Ref. [10].
In brief, gK is calculated by extracting εs from either our

own dielectric measurements or in few cases from dielectric
data received from other groups (cf. Refs. [27–29]).
ε∞ðTÞ ¼ nðTÞ2 at optical frequencies was calculated from
the refractive index nðTÞ, the temperature dependence of
which was included via the Lorentz-Lorenz equation from
ρðTÞ, obtained by linear extrapolation of literature data to

FIG. 1. High-frequency power law exponent β of the dielectric
loss as function of the Kirkwood correlation factor gK for
different supercooled liquids. Liquids with similar molecular
structure share the same colors. Each data point represents the
temperature-averaged values of gK and β; the temperature
resolved version of the figure can be found in the Supplemental
Material [25]. Error bars consider the estimated uncertainty due to
the uncertainty of parameters used in Eq. (2) (see Supplemental
Material [25] for details), as well as the variation of gK and β as
function of temperature.
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lower temperatures [30]. Further details and all necessary
parameters extracted from the literature [31–59] are given
in the Supplemental Material [25].
It is important to note that both, gK and β are

temperature-dependent quantities [26,60]. However, the
temperature dependence of both is weak in the considered
temperature range, and thus we plot in Fig. 1 one single
temperature-averaged point per liquid. Temperature-resolved
results are shown in the Supplemental Material [25].
From Fig. 1 it is immediately clear that higher values of β

are associated with larger gK, i.e., higher dipolar order.
Around gK ≈ 1 and β ≈ 0.5, a clustering of data points from
different substances is observed. This agrees with several
recent results from different experimental techniques
identifying β ¼ 0.5 as the generic high-frequency power
law exponent. In accordance with the ideas discussed
above, the generic power law exponent is observed in
dielectric spectroscopy as soon as dipolar cross-correlations
are absent (gK ≈ 1).
At the other extreme are 1-propanol and 2-ethyl-1-

hexanol, two monohydroxy alcohols for which we find
gK ≈ 5 in agreement with their strong tendency to form
supramolecular structures via hydrogen bonding. In the
dielectric loss spectrum this is manifested by the appear-
ance of an additional strong and slow Debye process that
superimposes the α process. In contrast to most other
classes of liquids, it is well established for monohydroxy
alcohols that dipolar cross-correlations due to formation of
supramolecular structures are the origin of the additional
Debye process [61]. Thus, the Debye process in mono-
hydroxy alcohols is treated in the same way as the cross-
correlation contribution in any other liquid.
In between both extremes, at 1 < gK < 5, we find a broad

variety of different substances with increasingly large values
of β. These liquids have very different chemical structures
and can be sorted into different subcategories, namely,
nonhydrogen bonding liquids with and without aromatic
groups, hydroxy aromatics, polyhydric alcohols, as well as
monohydroxy alcohols with and without aromatic groups.
Obviously, the physical origin for dipolar cross-

correlations must be fairly different among these liquids,
e.g., hydrogen bonding, dipole-dipole interactions,
π-π-interactions, and possibly also steric effects might be
relevant. Remarkably, the relation between gK and β seems
to be identical for the different subclasses and even
includes monohydroxy alcohols, which were excluded
from the Paluch correlation [10]. Therefore, the presented
results support the qualitative picture that dipolar cross-
correlations lead to a steeper high-frequency power law in
the dielectric loss of supercooled liquids.
The fact that the relation between gK and β is the same

for different classes of liquids suggests that gK, quantifying
static dipolar cross-correlations, also determines dynamic
dipolar cross-correlations and how they relate to the self-
correlations of dipolar molecules.

These results are in good agreement with the results
derived recently from the theory of dielectrics by Dejardin
et al. In particular, for liquids with gK > 1, a distinct slow
cross-correlation process is predicted in the dielectric
spectrum in addition to the peak reflecting the self-
correlations of dipole moments [62]. While their theory,
at least in the current state, does not consider dynamical
heterogeneity, one can rationalize what is expected in a
scenario when molecular dynamics is heterogeneous
following the well-known line of argument by Anderson
et al. [63]: In the limit of the cross-correlation process being
significantly slower than the self-correlations, the former is
also slower than structural relaxation. Therefore, it would
contribute to the dielectric loss as a narrow peak associated
with only a single average relaxation time, reflecting an
average over different heterogeneous environments.
In Fig. 2(a) we illustrate how the additional slow and

narrow cross-correlation contribution does affect the
shape of the dielectric loss spectrum. The blue curve
reflects the dielectric loss spectrum found for a supercooled
liquid without any cross-correlations (gK ¼ 1), thus it is
assumed to have β ¼ 0.5 as commonly found in experi-
ments [11–14]. To obtain the red and the green curve, the
blue curve is superimposed with an additional slow and
Debye shaped process as indicated by the gray dashed line

FIG. 2. (a) Illustration how the slow Debye-shaped cross-
correlation process (dashed line) that superimposes the self-part
(blue line) affects the overall shape of the dielectric loss. The blue
curve is based on a generalized-gamma distribution of relaxation
times with parameters α ¼ 2 and β ¼ 0.5 [11,64]. (b) The
exponent of the high-frequency power law can be determined
in a model-free approach by calculating the minimum value of the
logarithmic derivative, cf. Eq. (1).
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reflecting the slow contribution to the red curve. The
resulting high-frequency power-laws are steeper with
exponents β ¼ 0.6 and 0.8, respectively. Figure 2(b)
demonstrates how β is obtained by Eq. (1). Note that
red and green curve differ only regarding the relaxation
strength of the slow cross-correlation contribution and its
dynamic separation with regard to the self-correlation peak.
Thus, we find that the high-frequency power law of the
combined peak critically depends on the specific properties
of dipolar cross-correlations in each liquid, resulting in a
variety of different values for β.
Based on these results we argue that the observations

in Fig. 1 are well in line with the predictions by Dejardin
et al. [62]: The larger gK, the higher the relaxation strength
of the additional cross-correlation process, thus the stronger
its impact on the dielectric spectrum. As a consequence,
for larger gK the high-frequency power law will be more
and more dominated by the narrow cross-correlation
process compared to the asymmetric self-correlation proc-
ess. Therefore, β is expected to grow with increasing gK, as
it is nicely confirmed by the data presented in Fig. 1 and
illustrated in Fig. 2. Additionally, the clustering of data
points around gK ≈ 1 and β ¼ 0.5 supports the hypothesis
of a generic shape of the structural relaxation process [11].
Moreover, the observed correlation between gK and β

also rationalizes the origin of the Paluch correlation. In the
light of the theory of Dejardin et al. the relation between gK
and β can be understood as being causal: Large values of gK
are associated with dipolar order, which in turn contributes
to the dielectric loss and leads to larger values of β. At the
same time, this implies that the correlation between Δε and
β is more indirect, as it is mediated by gK, with gK > 1
leading to larger values of Δε. Thus, the probability that a

liquid with high Δε also has gK > 1, and therefore β > 0.5,
is enhanced compared to liquids with low Δε.
Having established the correlation between static cross-

correlations and the apparent stretching of the dynamics,
the question arises how the macroscopic dielectric response
and the self-correlations of dipolar molecules are related.
This question was already addressed many years prior to
the theory of Dejardin et al. by Keyes [65] and later by
Kivelson and Madden (KM) [66,67]. In their “micro-
macro” relations the relaxation time of the collective
response, τM and the relaxation times of single dipoles,
τs are related via

τM ¼ gKτs: ð3Þ

Although the validity of the approach by KM was later
challenged by Bordewijk [68], the KM relations are still
discussed in the context of dipolar cross-correlations to
date [69].
In a final step we aim to test the validity of the KM

Eq. (3) for supercooled liquids. In order to do this we
assume that the self-part of molecular dynamics is probed
by DDLS, as suggested by prior experimental work
[11,15,16,70–73] and recent computer-simulation results
[19]. We illustrate the joint analysis of BDS and DDLS
spectra in the inset of Fig. 3(b) for the case of tributyl
phosphate (cf. Ref. [15]). Here, the dielectric loss peaks at a
significantly lower frequency and displays a steeper high-
frequency power law than the DDLS spectrum. As was
extensively discussed in previous publications [11,15], this
discrepancy cannot be solely due to the difference in
timescale caused by the different rank Legendre polyno-
mials l ¼ 1, 2 probed by both techniques. By contrast, and

FIG. 3. (a) Test of the KM relation [dashed gray line, cf. Eq. (3)] for different supercooled liquids, each studied at several temperatures.
(b) Relation between the quotients of relaxation times and relaxation strengths reflecting the collective dielectric response and the
self-part of the latter, respectively. The properties of the self-part were determined from a combined analysis of the dielectric loss and
DDLS spectra, see the inset. Error bars for τM=τs andΔεM=Δεs reflect the propagation of uncertainty from the assumptionΔτs=τs ¼ 0.5,
to consider, e.g., possible temperature differences between BDS and PCS. In contrast to Fig. 1 the depicted quantities are not
temperature averaged.
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in line with the theory of Dejardin et al. [62], the dielectric
loss is described by adding a slow and Debye shaped cross-
correlation process to the DDLS spectrum, illustrated
by the gray shaded area. We note that recent MD simulation
results support this procedure indicating that cross-
correlations dominate the l ¼ 1 correlation function
(dielectric response) in polar substances and are almost
negligible in l ¼ 2 functions (light scattering). The self-
correlations on the other hand turn out to be almost
identical [18,19,74]. As indicated in the inset of
Fig. 3(b) it is thus straightforward to extract an estimate
of the dielectric relaxation strengths Δεs of the self- and
ΔεM of the collective response and the corresponding peak
relaxation times τs and τM. Note that in contrast to Fig. 1
averaging of values at different temperatures is not applied.
In Fig. 3(a) we test the KM micro-macro relation by

plotting τM=τs over gK for several liquids and at different
temperatures. Almost all points deviate significantly from
the dashed line that indicates the KM prediction. Instead,
the dynamic separation between collective and single-
molecule relaxation is larger for most liquids.
In Fig. 3(b) we instead find a common relation between

τM=τs and ΔεM=Δεs, as in this representation data for all
investigated liquids collapse onto a single curve. Such a
trend was previously reported for monohydroxy alcohols
and rationalized in terms of the transient chain model
[61,75], as both, τM=τs and ΔεM=Δεs, are expected to
increase with increasing length of hydrogen bonded supra-
molecular chain structures. The interesting conclusion from
Fig. 3(b) is that also polyhydric alcohols and liquids that
interact via dipole-dipole interactions display the same
relation and lie on the same common line in the respective
plot. This suggests the relation between τM=τs and
ΔεM=Δεs to be of much more fundamental nature and to
represent a common characteristic shared by dipolar
cross-correlations of diverse origin. In its essence, the
finding from Fig. 3(b) is similar to the identification of a
spectral envelope for dielectric loss spectra reported by
Gainaru [76]. Our results now suggest that the physical
origin of the identified envelope likely is related to the
somewhat universal way how cross-correlations contribute
to the dielectric loss.
To summarize, we have determined the Kirkwood

correlation factor gK and the high-frequency power law
exponent β for 25 different supercooled liquids in order to
answer the question how dipolar cross-correlations affect
the shape of the dielectric loss spectrum. Our analysis
reveals that large values of β are always associated with
large values of gK. Once dipolar cross-correlations are
absent (gK ¼ 1), we find β ≈ 0.5 in line with recent
experimental results from DDLS and NMR. We discuss
our results with regard to the recent theory of Dejardin et al.
that predicts an additional slow cross-correlation process in
the dielectric loss for liquids with gK > 1 [62]. It is shown
that based on this result, the high-frequency power law of

the dielectric loss is expected to be steeper for liquids with
strong dipolar cross-correlations, as it is confirmed by the
experimental data.
Under the assumption that DDLS probes the self-

correlation part of molecular dynamics we test the
micro-macro relation by Kivelson and Madden and find
that it is strongly violated by most of the studied super-
cooled liquids. Instead we find a common relation between
the ratio of time constants and relaxation strengths of the
collective dielectric response and its self-part, which is
obeyed by supercooled liquids with very different molecu-
lar structure.
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Thermodyn. 40, 1645 (2008).
[58] T. Shinomiya, Bull. Chem. Soc. Jpn. 62, 3636 (1989).
[59] S. C. Bhatia, J. Sangwan, R. Rani, and V. Kiran, Int. J.

Thermophys. 34, 2076 (2013).
[60] F. Kremer and A. Schönhals, Broadband Dielectric Spec-

troscopy (Springer Science & Business Media, New York,
2002).

[61] R. Böhmer, C. Gainaru, and R. Richert, Phys. Rep. 545, 125
(2014).
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