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Many eukaryotic microorganisms propelled by multiple flagella can swim very rapidly with distinct
gaits. Here, we model a three-dimensional mutiflagellate swimmer, resembling the microalgae. When the
flagella are actuated synchronously, the swimming efficiency can be enhanced or reduced by interflagella
hydrodynamic interactions (HIs), determined by the intrinsic tilting angle of the flagella. The asynchronous
gait with a phase difference between neighboring flagella can reduce oscillatory motion via the basal
mechanical coupling. In the presence of a spherical body, simulations taking into account the flagella-body
interactions reveal the advantage of anterior configuration compared with posterior configuration, where in
the latter case an optimal flagella number arises. Apart from understanding the role of HIs in the
multiflagellate microorganisms, this work could also guide laboratory fabrications of novel micro-
swimmers.
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Swimmers propelled by multiple slender appendages are
ubiquitous in nature, from microorganisms [1,2] to macro-
scopic ones including crustaceans and feather stars [3].
These examples trigger numerous research interests in the
emergence of collective motions, mediated via hydrody-
namic [4–13] and steric [14] interactions, and mechanical
couplings through cell body motion [15,16] and intra-
cellular fibers [17–20]. Meanwhile, searching for optimal
swimming gaits improves the understanding of biological
locomotions [21–23] and inspires diverse designs of
artificial microswimmers [24–29].
There are two main classes of multiflagellate micro-

organisms: prokaryotic cells, like bacteria Escherichia coli
[30], and eukaryotic cells, like microalgae [18]. One
fundamental question is why these microorganisms grow
multiple flagella. Intuitively, cells could swim faster with
more flagella. But at low Reynolds number (Re), the long-
range decay of flow velocities results in strong hydro-
dynamic interactions (HIs), and emerging evidence indi-
cates that HIs have a complex effect on cell motility. For
prokaryotic cells, many studies have reported on the effect
of HIs (see, e.g., [31] and a recent comprehensive work
[32]). However, for eukaryotic cells, studies have been
limited to the idealized case of two coplanar flagella [33–
35]. Yet, eukaryotic cells can have more complex configu-
rations, exemplified by algal species Pyramimonas
[18,36,37], where up to 16 flagella are anchored at the
anterior pit of the cell body beating in different crossing
planes [Fig. 1(a)]. These algal cells also display distinct
swimming gaits [18,38,39], including a synchronous gait
with all flagella in phase and an asynchronous gait with
neighboring flagella out of phase. Additionally, in an

experiment of a rotating multiflagellate swimmer, an
optimal flagella number arises [25].
This accumulated evidence indicates that the HIs in

multiflagellate swimmers are nontrivial and challenge the
first intuition that growing more flagella would simply
result in fast swimming. In this Letter, we model a micro-
swimmer propelled by multiple eukaryotic-type flagella at
low Re, combining numerical simulations and a small-
amplitude analytical theory. We first show that the HIs due
to the flagella motion can either enhance or impede the
swimming, determined by the intrinsic flagella orientation
and the phase difference between neighboring flagella.
We then demonstrate the effect of the flagella-body

FIG. 1. (a) Swimming hexadecaflagellate P. cyrtoptera with
synchronous gait (side view, left panel), and octoflagellate P.
octopus with asynchronous gait (front view, right panel), adapted
from [18]. (b) A multiflagellate microswimmer model with lab
frame fe1; e2; e3g. (c) Front view. (d) The filament frame fx; yjg
lies in each beating plane. The filament oscillates around x̂. For
θ0 ¼ 0, x̂ aligns with ê1.
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interactions. Together, they determine the hydrodynamic
advantage of multiflagellarity.
Microswimmer modeling.—We model the flagella as

slender filaments of radius a, length L (a=L ≪ 1), and
bending rigidity B, moving in a Stokesian fluid of viscosity
μ. We first consider a body-free swimmer, where the
filaments are anchored on a frictionless circle of radius
r0 [Fig. 1(b)]. We neglect the small nonplanar component
of the flagella beating for simplicity, which is responsible
for the slow rotation of the cell during swimming [40], and
constrain the filaments to evenly spaced two-dimensional
planes [Fig. 1(c)]. To ensure a straight trajectory, the
opposed filaments are always kept in phase, i.e., mirror-
symmetric about the central axis, but neighboring filaments
can be out of phase. The supporting circle transmits forces
and constrains the ends of the filaments to move at the same
velocity, resembling the mechanical coupling via the cell
body [15].
The filaments are modeled as Euler-Bernoulli beams

with force density fj ¼ −B∂4srj þ ∂sðTpjÞ, where rjðs; tÞ is
centerline position with s the arc length, pj is the tangent
vector, and T is the filament tension. From a nonlocal
slender-body theory, the filament dynamics is governed by
a set of coupled equations [41,42],

8πμð∂rj=∂t − vjÞ ¼ Λ½fj� þ K½fj�; ð1Þ

where Λ½fj� and K½fj� capture the local and nonlocal effects
within each filament, respectively. The interflagella HIs, or
direct HIs [43], vj include the nonlocal Stokeslet flows
generated by all other filaments. Motivated by the bending-
wave deformation of natural flagella, we assume a
simple actuation mechanism by oscillating the tangent
angles at the anchored points [44–46], θjðs ¼ 0; tÞ ¼
θA sinð2πt=τ þ ϕjÞ þ θ0, where θA is the amplitude, τ is
the period, ϕj is the initial phase, and θ0 is the intrinsic
tilting angle relative to the swimming direction [Fig. 1(d)].
The importance of viscous stress compared with elastic
stress on the filament is characterized by the elastoviscous
number η ¼ L=ðBτ=8πμÞ1=4; by considering physical

parameters of natural flagella, we take η ¼ 3 for most
simulations. Equation (1) is solved numerically, subjected
to the mechanical coupling at s ¼ 0 and the zero-force and
zero-torque constraints at s ¼ L (see Supplemental
Material [47]).
Synchronous gait.—In the synchronous gait, all fila-

ments have the identical planar deformations and bending
forces. From numerical simulations based on Eq. (1), we
observe that the instantaneous swimming speed UðtÞ,
measured as the speed of the supporting circle, oscillates
with time, but on time average the swimmer translates with
a net speed hUðtÞi along the −e1 direction.
To analyze the swimming behavior, we first consider the

case of θ0 ¼ 0. As shown in Fig. 2(a), hUi increases with
the filament number N; but the swimming speed without
incorporating HIs hU0i does not change with N, since the
total propulsion increases in proportion to the total viscous
drag as N increases. In our model, the swimming dynamics
is affected by the direct HIs in two ways: the drift flow
along the swimming direction vjðs ¼ 0; tÞ · ê1 contributes
directly toUðtÞ, and the flows perpendicular to the filaments
change the filament deformations and bending forces. One
can easily identify that for small tilting angles θ0 ≪ 1, the
drift flow is small due to the small filament forces along ê1.
Therefore, the key to understanding the effect of HIs lies
with the perpendicular flow. In order to characterize this
effect, we consider the small-amplitude limit θA ≪ 1.
Denote the frame translating with the filament as fx; yjg
[Fig. 1(d)]. At the leading order in θA, s ≈ x, and the planar
deformations yjðx; tÞ satisfy the linear equations [48,54],
ξ⊥ð∂yj=∂t − v⊥j Þ − fj ¼ 0, where the perpendicular drag
coefficient ξ⊥≈4πμ=lnðL=aÞ, v⊥j ¼vj · ŷj, and the filament
bending force fjðx;tÞ¼−B∂4yj=∂x4.
To fully describe yjðx; tÞ, we further approximate the

nonlocal Stokeslet flow using a local velocity-force rela-
tion: for the flow velocity at filament j generated by
filament k,

v⊥k→jðx; tÞ ¼ vk→j · ŷj ≈ Γjk lnðL=r0Þfkðx; tÞ=ð4πμÞ; ð2Þ

FIG. 2. Effects of HIs for synchronous gait with r0=L ¼ 0.2 (Γ0 ≈ 0.2). (a) hUi=θ2A (dark circles, left axis), hU0i=θ2A (open triangles),
and Γ (red circles, right axis) versus N for θ0 ¼ 0. (b),(c) hUi=θ2A, hU0i=θ2A, and Γ (b) versus θ0 with fixed N ¼ 8 and (c) versus N with
fixed θ0 ¼ 0.8. Insets of (a) and (b) show the schematics of Γjk for (a) θ0 ¼ 0 and (b) θ0 > 0. The red arrows indicate the filament forces
fk, represented as point forces, and the cyan arrows indicate vk→j. (d) ðE − E0Þ=E0 versus θ0 and N. In (a)–(c), θA ¼ 0.2; in (d) θA ¼ θ0.
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where Γjk denotes the coupling strength. Equation (2) is
valid for r0=L ≪ 1. Different from the previous coplanar
case [55,56], Γjk accounts for the relative orientation
between the beating planes of filaments j and k. Denote
λjk ¼ cosðβj − βkÞ with βj the angle between the beating
plane and the e1 − e2 plane [Fig. 1(c)]. The coupling
strength can be derived as [47]

Γjk ¼
1

2 lnðr0=LÞ
�
1þ λjk ln

�
1 − λjk
2e

r20
L2

��
; ð3Þ

which essentially quantifies the alignment of v⊥k→jŷj with
the motion of filament j itself: they are opposite for Γjk < 0

but aligned with each other for Γjk > 0. Then the total
velocity v⊥j ¼ P

k v
⊥
k→j ¼ Γ lnðL=r0Þfj=ð4πμÞ, where the

total coupling strength Γ ¼ P
N
k≠j Γjk < 0. A schematic of

Γ is shown in the Fig. 2(a) inset for θ0 ¼ 0 and N ¼ 8,
where Γ is negative.
By substituting v⊥j , we can solve for yjðx; tÞ; with the

solution, we deduce that at large η [47]

hUi ∼ ðL=τÞθ2Aη−2ð1þ Γ0ΓÞ−1=2; ð4Þ

where we define the intrinsic coupling strength Γ0 ¼
lnðL=r0Þ= lnðL=aÞ. From Eq. (4), hUi increases as Γ
decreases, which is verified by numerical simulations
[Fig. 2(a)]. For Γ < 0, the filaments are moving against
an opposing flow generated by all other filaments during
both the recovery and power strokes and are bent more than
those in a quiescent fluid. Consequently, the projection of
the bending forces onto the swimming direction leads to an
enhanced propulsion and swimming speed.
To characterize the swimming efficiency, we introduce

E ¼ DfhUi2=hPi [57,58], where Df is resistivity of a trans-
lating filament with fixed tangent angle θðsÞ ¼ θ0 and the
average power against the viscous fluid is hPi ¼ hR L

0 ∂rj=
∂t · fjdsi. For θA ≪ 1 and θ0 ¼ 0, hPi ≈ hR L

0 fj∂yj=∂tdxi;
at large η, hPi ∼ θ2AηBðτLÞ−1ð1þ Γ0ΓÞ−1=4. Thus the vis-
cous dissipation is increased by HIs for Γ < 0 and decreased
for Γ > 0. Combining the scaling of hUi, we obtain
E ∼ θ2Aη

−1ð1þ Γ0ΓÞ−3=4, and therefore E is also enhanced
when Γ is negative.
For cases of θ0 > 0, hUi decreases with increasing θ0

and becomes smaller than hU0i when θ0 is larger than a
critical value θc0 ≃ 0.5 [Fig. 2(b)]. This result coincides with
the geometrical dependence of the coupling strength. Since
the coupling strength between neighboring filaments is
always positive, the total coupling strength Γ is mainly
affected by the opposed filaments. As depicted in the
Fig. 2(b) inset, for an opposed pair j and k, vk→j induced by
fkŷk is more aligned with the orientation of filament j as θ0
increases, and at sufficiently large θ0, v⊥k→j turns posi-
tive. To estimate Γ in this case, we assume constant

perpendicular force of density B=L3 and compute vj
numerically. Then, Γ ¼ ½2 lnðL=r0Þ�−1η4τL−2

R
L
0 v⊥j ds,

which increases and turns positive as θ0 increases
[Fig. 2(b)]. Meanwhile, for fixed θ0 > θc0, e.g., 0.8, hUi
decreases with N, accompanied with an increase in Γ
[Fig. 2(c)]. Figure 2(d) compares E with E0, the efficiency
without HIs. Across a wide range of N, E > E0 for small θ0
and E < E0 for large θ0. In the above analysis, we have
neglected the drift flow along the swimming direction,
which can be important for large θ0 and r0=L → 0. In this
work, we focus on the case of r0=L≳ 0.1, where the effect
of HIs is mainly encapsulated in Γ [47].
Asynchronous gait.—In the asynchronous gait, we set

ϕj ¼ ϕjþ2, and neighboring filaments beat with a phase
difference, Δϕ ¼ jϕj − ϕjþ1j ≠ 0. The simulation results
show that the swimming speed incorporating HIs hUi is
strongly affected by Δϕ. As shown in Fig. 3(a), for large
θ0 ¼ 0.6 and 0.8, hUi increases with Δϕ; for small θ0 ¼ 0

and 0.2, hUi decreases with Δϕ; for intermediate θ0 ¼ 0.4,
hUi remains nearly unchanged.
The first mechanism responsible for the Δϕ dependence

is the mechanical coupling arising from the force-free
condition and the rigid constraint imposed by the support-
ing circle, which is absent in the synchronous gait and
independent from HIs. Compared to the synchronous case,
the oscillatory motion of the swimmer is significantly
suppressed by the mechanical coupling [Figs. 3(b) and
3(c)], consistent with experiments [28]. Physically, this is
reminiscent of Huygens’ coupled pendulums [59], with the
difference that in our model the phase difference is fixed
rather than evolving through a synchronization process. To
quantify this effect, we consider a simple model of rigid
filaments (η → 0) without HIs, which cannot achieve net
motion and only oscillates given imposed angular dynam-
ics θjðtÞ. Integration of Eq. (1) relates the total filament
force Fj with UðtÞ and θjðtÞ. By enforcing

P
j Fj · ê1 ¼ 0,

we obtain the oscillation amplitude of the swimming speed
ΔU; in the leading order of θA,

FIG. 3. Effect of asynchronous gait on swimming. (a) hUi=θ2A
and hU0i=θ2A versus Δϕ for different values of θ0 (θ0 ¼ 0, 0.2,
0.4, 0.6, and 0.8) with fixed N ¼ 8 and θA ¼ 0.1. (b),(c) Time
lapse of a swimmer with N ¼ 8 over an actuation period for
(b) Δϕ ¼ 0 and (c) Δϕ ¼ π with θA ¼ θ0 ¼ 1.0. Because of
symmetry only two filaments are shown. Dark dots indicate the
anchored positions. See Ref. [47] for simulation videos.
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ΔU ≈ 2πθAðL=τÞð1þ sin2θ0Þ−1 sin θ0 cosðΔϕ=2Þ: ð5Þ

As Δϕ increases from 0 to π, ΔU decreases to zero. Note
that ΔU ¼ 0 for θ0 ¼ 0, which indicates that the effect of
mechanical coupling is small for small θ0. With reduced
oscillations, the speed without HIs hU0i increases with Δϕ
for θ0 > 0, as shown in Fig. 3(a).
By comparing hUi and hU0i, it is now evident that the

enhanced swimming speed at large θ0 by the asynchronous
gait is mainly due to the mechanical coupling. However, it
cannot explain the decreasing of hUi observed at small θ0,
where HIs dominate. Intuitively, the antiphase gait with
Δϕ ¼ π turns part of the negative coupling strength Γ at
small θ0 [Fig. 2(a)] to positive by reversing the beating
directions of half the filaments; since hUi is inversely
related with Γ [Eq. (4)], it is decreased. An analytical
calculation can be performed based on the small-θA
approximation to quantitatively account for the effect of
Δϕ in the full range ½0; π� [47].
Loaded microswimmers.—We now examine the perfor-

mance of the microswimmer with a spherical body of
radius b. To satisfy the no-slip condition on the sphere, we
evaluate the direct HIs vj using the spherical image system
[53]. The body speed Ub is determined by balancing the
filament forces with the Stokes drag 6πμbUb and the
additional drag due to the filament-induced flows
[47,60]. Each filament also feels the flow generated by
the translating sphere vbjðUbÞ. Therefore, following [43],
the filament-body interactions, i.e., vbj and the additional
drag on the body, can be viewed as indirect HIs between
filaments mediated by the body motion.
When filaments are attached at the posterior side of the

body, hUbi attains a maximum with an optimal N for the
synchronous gait at a tilting angle θ0 ¼ 0.8 [Fig. 4(a)],
where the HIs have been shown to impede swimming
without the sphere [Fig. 2(b)]. This is attributed to the
competition between the reduced viscous load shared by

each filament as N increases and the decreased propulsion
per filament due to the direct HIs. Surprisingly, hUbi is
significantly enhanced and monotonically increases with N
for the anterior configuration.
To convey physical intuition, we extend the

coupling strength to include the indirect HIs, ΓðUbÞ∼
η4τL−2 R L

0 ½v⊥j þ vbjðUbÞ · ŷj�ds, where Ub is varied to
illustrate the effect of indirect HIs. The presence of the
sphere changes Γ in two ways. First, the direct HIs vj, and
therefore Γð0Þ, are modified by the static hydrodynamic
screening of the no-slip surface. For the posterior configu-
ration, this results in a much lower Γð0Þ than that computed
using the free-space Stokeslet [Fig. 4(b)]. But for the
anterior configuration where the sphere is enclosed by
the filaments, the distortion of the flow streamlines of
neighboring filaments by the curved surface makes Γð0Þ
negative. We demonstrate this effect by a cross-sectional
schematic in Fig. 4(c), where v2→1 · ŷ1 is clearly reversed
by the curved surface. Second, the indirect HIs vbj resist the
motions of filaments for both the posterior and anterior
configurations. Consequently, ΓðUbÞ decreases with Ub
[Fig. 4(b)]. But for the posterior configuration, Ub is
bounded by the oscillation speed without the body
[Eq. (5)], and thus ΓðUbÞ remains strictly positive.
One notable feature of algal flagella is that the waveform

has a static component with a nearly constant curvature
[61]. To approach the actual configuration of algae, we
finally perform simulations using filaments with an intrin-
sic curvature κ0 ¼ −2.0 tilted at a large angle θ0 ¼ 2.0.
Figure 4(d) shows that for the synchronous gait, an optimal
N arises with only direct HIs. This is caused by the
relatively large filament-sphere separation, which results
in a weak distortion of the flow streamlines not sufficient
to turn Γð0Þ negative [Fig. 4(b)]. Incorporating both the
direct and indirect HIs leads to a significantly higher
and monotonically increasing speed. The antiphase gait
further enhances the swimming speed, which agrees with
experiments [28].

FIG. 4. Effect of spherical body for r0=L ¼ 0.2. (a) hUbi for synchronous gait with θ0 ¼ 0.8 and θA ¼ 0.3. Insets show schematics of
the posterior and anterior configurations. For straight filaments, the supporting circle is separated at a fixed distance from the sphere to
avoid overlapping in the anterior case. (b) ΓðUbÞ for θ0 ¼ 0.8 and N ¼ 8. The red solid and dashed lines indicate straight filaments and
curved filaments with κ0 ¼ −2.0, respectively. The dark dashed line indicates the oscillation speed given by Eq. (5). (c) Flow field U
generated by the motion of filament 2. Red arrows indicate point forces. (d) hUbi for filaments with κ0 ¼ −2, θ0 ¼ 2.0, and θA ¼ 0.8.
See Ref. [47] for videos. Circles: Δϕ ¼ 0; triangles: Δϕ ¼ π.
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In conclusion, we demonstrated the effect of hydro-
dynamic interactions between flagella on the swimming
performance of a multiflagellate swimmer. Both impeding
and enhancing effects are found and interpreted analytically
based on the hydrodynamic coupling strength Γ. In the
presence of a spherical body, our results reveal the
advantage of anterior configuration compared with pos-
terior configuration. Importantly, at large tilting angles, the
direct HIs alone may not sustain a monotonic increase of
speed with the flagella number N. The indirect HIs
mediated by the body motion, however, regulate Γ, leading
to a superior advantage of multiflagellarity. Our results
have significant implications for the motility of microalgae
and suggest novel designs of artificial microswimmers
using soft materials [62]. The boundary-driven model
assumed in this work is a significant simplification of
the eukaryotic flagella [63]. While it generates a similar
profile of forces acting on the fluid to natural flagella [47],
combining distributed actuation with swimming dynamics
needs to be addressed in future work.
The theoretical analysis presented in this work could

serve as a pathway for the analysis of optimality of other
multiflagellate configurations. For instance, the optimal
flagella number of the rotating microswimmer [25] may be
explained by computing the hydrodynamic coupling
strength. The microswimmer may benefit from additional
phase-shifted groups, as observed in Pyramimonas [18].
Indeed, asymptotic calculations without HIs have shown
that three pairs of breaststrokes are sufficient to generate a
steady swimming speed [45]. Last, the effect of HIs in our
model of eukaryotic cells is distinct from that in bacteria.
Since the motions of bacteria flagella are coupled positively
via HIs within a bundle, increasing N leads to faster
rotational speeds of flagella due to a relatively constant
motor torque, and therefore a faster swimming speed when
the body size is fixed [31]. But the linear correlation of N
with the body size, combined with the collective load
sharing between flagella, results in a swimming speed
independent of N, or equivalently, the body size [32].

We thank Michael Shelley, Jun Zhang, and Masao Doi
for helpful conversations. We thank Hugues Chaté for
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