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Measurement of Small Photon Numbers in Circuit QED Resonators
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Off-resonant interaction of fluctuating photons in a resonator with a qubit increases the qubit dephasing
rate. We use this effect to measure a small average number of intracavity photons that are coherently or

thermally driven. For spectral resolution, we do this by subjecting the qubit to a Carr-Purcell-Meiboom-Gill
sequence and record the qubit dephasing rate for various periods between qubit 7 pulses. The recorded data
is then analyzed with formulas for the photon-induced dephasing rate derived for the non-Gaussian noise

regime with an arbitrary ratio of the resonator dispersive shift to decay rate. We show that the presented
Carr-Purcell-Meiboom-Gill dephasing rate formulas agree well with experimental results and demonstrate

measurement of thermal and coherent photon populations at the level of a few 107,
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Introduction.—In state-of-the-art circuit QED setups,
dispersive interaction [1] between qubits and residual
photons in readout microwave cavities has been recognized
as an important source of decoherence [2-8] that can
prevent 7, times from reaching the no-pure-dephasing
limit of 27 in flux [5] and transmon [8] qubits, even at
the flux-insensitive point. Such residual photons can be
thermal (due to, e.g., improperly filtered or attenuated
blackbody radiation [7,8]) or coherent (due to, e.g., uni-
ntended driving of readout cavities), or both. To suppress
but not eliminate photon-induced dephasing [2], dynamical
decoupling (DD) techniques, such as the Carr-Purcell-
Meiboom-Gill (CPMG) sequence [9], can be used [10].
Additionally, DD sequences have been used to probe
dephasing noise spectra [11,12].

Characterization of very small intracavity photon num-
bers with superconducting qubits is of practical interest to
the circuit QED community. Recent works have demon-
strated measurement of a few 107 to a few 1073 thermal
photons on average [5,7,8]. This measurement capability
has been used in microwave radiometry [13] and in recent
improvements of microwave attenuators aimed at therma-
lizing microwave cavities [6,8]. Two experimental methods
have been previously used to characterize average thermal
or coherent intracavity photon numbers (7iy, Or 7i.y,). The
first method uses a superconducting qubit subject to
Ramsey or spin-echo sequences [8,13]. An upper bound
for ny can be inferred by assuming that measured pure
dephasing rates are only due to thermal photon shot noise
[14,15]. It has been reported that this method can detect
thermal photon numbers of the order of a few 107 [7,8];
however, it cannot distinguish between thermal and coher-
ent photon populations, and it can be applied to tunable
qubits only at flux-insensitive points. The second method
uses a spin locking protocol that probes photon shot-noise
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spectra [5,7]. This method can distinguish between thermal
and coherent photon populations since the spectral line of
the photon shot noise has a half-width of x for thermal
photons and «/2 for coherent photons [7,16], where « is
the cavity mode decay rate. The spin locking method has
been used to measure average thermal photon numbers of
6 x 1073 and below [7].

Here, we present a method for measuring ultrasmall
average photon numbers in a resonator that is based on the
dephasing rate of a qubit subject to a CPMG sequence. We
demonstrate this metrology technique and measure inten-
tionally added average thermal and coherent photon num-
bers at the level of 5 x 107*. We also show that the ambient
thermal photon number of our resonators is below 2 x 107,
In this method, the qubit’s CPMG dephasing rate I’ is
measured for various periods At between consecutive qubit
7 pulses of the CPMG sequence (see Fig. 1). The specific
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FIG. 1. Experimental procedure. The qubit is subject to a

CPMG sequence with N qubit z pulses, separated by the period
At (total duration is f.pm, = NA?). At the same time, the reso-
nator is continuously driven with a microwave tone of constant
amplitude or by effectively white noise in order to add coherent or
thermal photons, respectively (the resonator reaches steady state
before the CPMG sequence begins at ¢ = 0).
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dependence of I';"™ on At allows us to find contributions

to the qubit dephasing from thermal or coherent intracavity
photons and to infer the corresponding average photon
numbers iy, and 7i.,. For this purpose we derive analytical
formulas for the photon-induced dephasing rate in CPMG,
which are applicable for arbitrary ratios between the
dispersive shift 2y and resonator decay rate k. Since the
noise is significantly non-Gaussian when 2/« is not small,
the standard filter-function approach is not applicable (as
shown later). Our formulas are also useful to calculate the
reduction factor of the photon-induced dephasing rate
by periodic DD sequences such as CPMG and XY-4 in,
e.g., quantum error correction applications [17]. The
formulas show good agreement with numerical results
and experimental data. Our results are also relevant to
hybrid quantum systems such as vibrational modes [18]
(e.g., surface [19] or bulk [20] acoustic waves) coupled to
superconducting qubits or nitrogen-vacancy centers, or spin
qubits dispersively coupled to microwave resonators [21].

Photon-induced dephasing in CPMG.—We consider a
qubit subject to a conventional CPMG sequence that includes
N 7 pulses, separated by a period At¢. Tt also includes two /2
pulses at the beginning and end of the sequence (see Fig. 1)
and has a duration 7, = NAt. During execution of the
CPMG sequence, fluctuating photons in a microwave cavity
(the qubit readout resonator in our experiments) induce
additional dephasing onto the qubit due to dispersive inter-
action Hamiltonian H,;, = —yo.i1, where o, = |0)(0] —
|1) (1| acts on the qubit and 71 is the resonator number operator.

We focus on the qubit coherence, defined as

: (1)

where po; = (0|p|1), p is the qubit-resonator density matrix,
and the trace is over the resonator degrees of freedom. The
qubit coherence is evaluated at the moment 7.y, immedi-
ately before the second /2 pulse. Experimentally, the
coherence is obtained from the qubit population difference
measured after the second 7/2 pulse with six equidistant
values of the microwave phase ¢, which is then fitted
sinusoidally as a function of ¢, so that C is the visibility
(amplitude) of the oscillation. In the absence of decoherence,
C = 1. For analytics, we assume that the only source of qubit
decoherence is dephasing from photon shot noise and that
the qubit pulses are ideal and instantaneous.

Using the standard filter-function approach [12,22-24]
based on the Gaussian approximation, for N > 1 and
dephasing due to thermal photons in the resonator, we
obtain exponential decay of C with dephasing rate

Fth,ff74)(2ﬁth | tanh(kAt/2)
Y« kA2 )

C(tcpmg> = 2|Trresp01 (tcpmg)

(2)

while for resonant coherent photons, x in this formula
should be replaced by «/2 and the average photon number

ng, replaced by 7., [see Supplemental Material (SM) [25] ].
These formulas assume |2y| < « and, as shown later, are
very inaccurate (even with a prefactor) in the experimentally
relevant regime of moderate or strong dispersive coupling
(|2x] Z k), where the qubit frequency noise cannot be
approximated by a Gaussian process.

Instead of using the filter-function approach, we describe
the coherence evolution C(¢) in the way that is rigorously
derived in SM [25] but can be understood physically [33] as
replacing the qubit state (|0) + |1))/v/2 after the first z/2
pulse with either |0) or |1). Then there is no qubit-resonator
entanglement, and the resonator field evolves as either
ao(t) or a(t), given by simple evolution equations. The
coherence C then can be found via quantum overlap of the
corresponding leaked resonator fields. The qubit coherence
is [16,25,33]

Cltepme) :‘<exp [ A dzzi;;(t)ao(t)af(z)b

where 7(f) = +y is a piecewise constant function that flips
sign after each z pulse, and the complex-valued dynamical
variables oy () and a,(z) evolve as

. (3)

a1 (1) = =701 (1) o1 + VKén(1) + VKFq4(1),  (4)
74(t) =x/2 —i[dwg + (-1)77(1)]. q=0.1. (5)

Here, F4(t) is the complex amplitude of the coherent
resonator drive with frequency wg (which defines the
rotating frame), dwy = wy — W, 1S the detuning, and
W 18 the average of the resonator frequencies when the
qubit is in state |0) or |1). Note that the decay factors 7,(¢)
and 7, (¢) are complex-valued piecewise constant functions,
which include detunings for the two paths of resonator
evolution. Intracavity thermal population is driven by a
complex-valued Gaussian white noise &y, (1),

{Gn(1)) =0, (6)

where 71, is the average intracavity thermal photon number.
The notation (-) indicates averaging over noise realizations.
We assume a((0) = a;(0) = 0, though this is not impor-
tant. If there is no coherent drive, then Fy = 0 and dwy = 0.
Note that Egs. (3)—(6) are also valid for DD sequences with
7 pulses applied at arbitrary times [34].

We consider the experimentally relevant regime where
the qubit coherence C decays exponentially with N (and
therefore sequence duration .y, ), while still not being too
small. As shown in SM [25], this occurs for CPMG
sequences longer than ~3x~! (or ~6x~!) for dephasing
due to thermal (or coherent) photons, with a sufficiently
small average photon number. Then evolution of a(#) and
a,(t) reaches a quasi-steady-state regime, in which all
averages are practically periodic with period 2A¢ and the

<§t*h(t)§th(t/)> = ﬁthﬁ(t - t’),
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roles of a(7) and a; () are exchanged after Az. Only in this
regime we can introduce the photon-induced qubit dephas-
ing rate I,

We first discuss photon-induced dephasing due to
thermal photons, focusing on the limit of small average
photon numbers, 713, < 1. In this limit, using Eq. (3), the
photon-induced dephasing rate can be approximated as

t,+At
I = —Re { / T dr2ig(n)A(n) | /At (7)

p

A(r) = (a(1)ai (1)), (8)

where 7, indicates the moment of one (any) of the 7 pulses
after reaching the quasi-steady-state regime. Since in this
regime a, and a; exchange their roles after Az, we can use
the approximation

A(t+ Ar) = A*(1). 9)

Equation (7) assumes i3, << 1; a more general result is
given in SM [25].

Without loss of generality, let us assume that y(7) = y for
t € (t,. t, + At). Using Eqs. (4)~(6), it is straightforward to
show that A(7) evolves as

A(r) = —(k = 2¢i) A + ki, (10)

Solving this equation and using the condition A(t, + At) =
A*(t,) following from Eq. (9), we find

A(1) = e*-t-1) {A(tp) —%] 50
KA ~ Im[x=l(1 = e *-An)*
Alty) = K‘—_th — M £inh]((mz)e—'<m E (12)

where k_ =k —2yi. Using this solution for A(z), we
evaluate the integral in Eq. (7) with (¢) = y and obtain
the thermal-photon-induced dephasing rate (i1, << 1),

4)(2’71th
K[1 4+ (2r/x)?]

_ . cosh(kAt) — cos(2yAt)
Ru(Ar) =1 (kAt/2)[1 + (2y/x)?] sinh(kAz) (14)

Az, Ag) = Run(At), (13)

where the first term in Eq. (13) is the low-frequency limit
(At — o) of the qubit dephasing rate, which agrees with
Egs. (11),(12) of Ref. [14] and Eq. (44) of Ref. [15], while
R, 1s the reduction factor (0 < Ry, < 1) due to the CPMG
sequence with interpulse period Atz (note that Ry, — 1 as
At — o0 and Ry, — 0 as At — 0). Equations (13) and (14)
are our main result for the dephasing rate from thermal
photons; it reduces to Eq. (2) when 2y/k < 1.

We now discuss dephasing due to coherent photons,
using Egs. (3)—(5) without the noise term, &; = 0, and
without averaging in Eq. (3). We assume a constant
coherent drive amplitude, F4(f) = F¥.

In the regime of exponential decay of the coherence, the
photon-induced dephasing rate [ from coherent photons
can still be obtained from Eq. (7), in which A(r) =
ag(t)a;(t) no longer requires averaging, but the time
interval (z,.t, + At) should still assume reaching the
quasi-steady-state regime, for which we can use approxi-
mation

ao(t + At) = ay(1), a)(t+ At) = ag(r).  (15)
Note that for coherent driving 7i., is not necessarily small,
as long as the resulting dephasing rate is sufficiently
small: T < min(1/At, k).

Proceeding as in the case of thermal photons, we solve
Eq. (4) to obtain the trajectories ay(z) and () within the
time interval (.1, + At) and use the condition Eq. (15)
with ¢ = 1, to find the initial values. Substituting the result
into Eq. (7) and calculating the integral, we obtain the
dephasing rate F;°h due to fluctuating coherent photons in
the resonator. In the case of no detuning, dwy = 0, the final
result is

8)(2ﬁc0h

m&m(m), (16)

b (AL, figep) =

cosh(kAt/2) — cos(yAt)

Reon(Af) =1~ (kAt/4) sinh(kA1/2)[1 + (2 /x)?]
x sin(yAr) x\?
@) o

where 7i.on = k|F$°|?/[(k/2)* + x*] is the average intra-
cavity photon number for both qubit states |0) and |1)
(without CPMG), while the factor R, (Ar) is due to the
CPMG sequence with period At. In the limit At — oo, we
get Reon — 1 and our result for Ff,,"h agrees with the
dephasing rate given by Eq. (69) of Ref. [15], Eq. (5.20)
of Ref. [16], and Eq. (17) of Ref. [35]. When Af — 0, we
get Reon — 0. Note that Ry, can exceed 1 when 2y/x >
1.393 and (2y/2x)At is near an odd integer. It is easy to
check that the result Eq. (16) approaches the filter-function
result [Eq. (2) with k — /2] when 2y/k < 1. In the case
of a nonzero detuning Sey, the formula for I (A#, 7io ) is
given in SM [25].

While the analytical results (13), (14) and (16), (17)
assume instantaneous 7z pulses, they agree well (somewhat
surprisingly) with numerical simulations even when pulse
duration occupies up to half of A¢ and is comparable to 1/x
[25]. We emphasize that the results for [" and T'f hold for
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an arbitrary ratio 2y/k, in contrast to the filter-function
result, Eq. (2), which is valid only if 2y/x < 1.

Experimental results.—To benchmark our formulas and
to measure photon-induced dephasing rate due to thermal
and coherent photons in a resonator with metrological
precision, we perform experiments using the procedure
depicted in Fig. 1. Our experiments are conducted in the
moderate dispersive coupling regime with a ratio
2x/k~0.7, where xk = (19.4 ns)~! = 2z x 8.2 MHz and
2y = 27 x 5.7 MHz. The qubit pulses have a duration of
25 ns, which limits the minimum period A of 7 pulses (we
use Ar > 40 ns, so that the CPMG sequence frequency
fs=1/2At is limited to 12.5 MHz). We use a tunable 2D
transmon with frequency wy = 2z x 4.1 GHz (nonlinearity
is 7 =229 MHz and T;~60 ps), set near the flux-
insensitive point, and a resonator with frequency @, =
27 x 5.2 GHz. Fabrication, qubit control and readout are
similar to that of the Sycamore processor [17,36]. An
important feature of our metrology method is its simpler
calibration and implementation compared to the spin
locking [5,7].

We first discuss experimental results for qubit dephasing
from thermal photons. Ambient thermal population in the
resonator is too small for a confident fit with our formula.
Therefore, we controllably add thermal photons to the
resonator by driving it with an engineered broadband noise
as in Refs. [3,5,7,8]. The correlation time of the applied
noise is roughly 1 ns, much shorter than the resonator decay
time k!, which sets the correlation time of the thermal
photon number fluctuations inside the resonator. By vary-
ing the applied noise power Py;c, We vary the total average
photon number, 7y, = 7334 + 73, where 3™ denotes the
ambient thermal photon population in the resonator and

71399 oc Pyive denotes the added photon number. The
proportlonahty coefficient between nddd and Py 18 cali-
brated by using spin-echo dephasing data as discussed in
SM [25].

The CPMG dephasing rates I'5?™ are obtained from
measurements of the qubit coherence C, fixing At and
changing N in the CPMG sequence. The number N of qubit
7 pulses is chosen to be N > 2 and we check that kNAt > 4
to avoid the initial nonexponential decay regime of the
qubit coherence (ideally N > 1 and xNAt> 1); the
chosen N are even and correspond to NA¢ separation by
about 1 ps. We find that C decays exponentially with the
sequence duration (see Fig. S3 in SM [25]), and then an
exponential fit yields the sought I;"™ for a given At. For
our method, it is important to have good exponential fits;
see dashed lines in Figs. S3 and S4 in SM [25].

Figure 2 shows the measured dephasing rate I';"° as a
function of the CPMG sequence frequency [, = 1/ 2At (in
the filter-function approach, the noise at f, gives the main
contribution to I';’™® [25]) for added thermal photon
populations 739 = 0 (blue), 5 x 10 (orange) and 1073
(green). The experimental data is indicated by symbols and

Ccpmg
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FIG. 2. CPMG dephasing rate in the presence of thermal
photons. The CPMG dephasing rates as functions of the CPMG
sequence frequency f, = 1/2Ar are shown for added thermal
populations of 734 =0 (blue), 5x 10™* (orange), and 1073
(green). Symbols mdlcate the experimental data and solid lines
are fits based on Egs. (13) and (14) with a pedestal AIl',. The
dashed lines show the filter-function theory [Eq. (2)] and the
dotted lines show numerical results that include the shape and
duration (25 ns) of the experimental qubit pulses.

the solid lines show the theoretical fit for the CPMG
dephasing rate,

9" =T (At iig,) + AT, (18)
where T} is given by Eqs. (13) and (14) and AT, is the
dephasing rate contribution not related to photon shot
noise, assumed to be independent of Ar. We fit all
experimental data points of Fig. 2 using four fitting
parameters: three values of iy and common AI,. Then
we obtain A, = (101.0 ps)~! and the photon populations
i, = (1.0+£0.4) x 1074, (6.3 +£0.4) x 1074, and (1.15 +
0.04) x 1073 for the blue, orange, and green lines, respec-
tively. These values of 71y, are consistent with intended
values of 729 and additional contribution from ambient
population namb of crudely 1.3 x 107 If we fit only the
blue points (n*‘d“l 0), we get 3™ = (1.5+£0.8) x 107*
and AT, = (106.9 ps)~!. From these results we conclude
that the ambient thermal photon number is below 2 x 107
and the inaccuracy of our method for 72™ is crudely 107,
We emphasize a very good agreement in Fig. 2 between
the experimental data and our analytical theory (orange and
green solid lines). This is in sharp contrast with the
Gaussian-approximation-based  filter-function  theory,
Eq. (2), depicted by the dashed lines, for which we use
the same values of 71y, and Al', that were obtained from the
above fits. If in Eq. (2) we replace 71y, with g /[1 +
(2x/x)?] to get agreement with Eq. (13) in the low-
frequency case, 1/(2At) — 0, then there will be a signifi-
cant disagreement for 1/(2Ar) comparable or bigger than .
The dotted lines in Fig. 2 show numerical results, which

203601-4



PHYSICAL REVIEW LETTERS 132, 203601 (2024)
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FIG. 3. CPMG dephasing rate in the presence of coherent
photons. The experimental data (symbols) correspond to added
coherent photon populations of 724 =0 (blue), 5x 10~
(orange), and 103 (green). Solid lines depict our theory pre-
diction while the dashed lines indicate the filter-function theory
prediction. The dotted lines depict numerical results that include

the shape and duration of experimental z pulses.

take into account the shape and duration of the z pulses. We
see that these lines practically coincide with the solid lines,
so our analytics works very well, only slightly under-
estimating the dephasing rate for short A comparable with
the pulse duration.

The symbols in Fig. 3 show the measured CPMG
dephasing rates 5™ for various interpulse periods Ar
(converted to frequency 1/2A¢) for added coherent photon
populations 7299 = 0 (blue), 5 x 10 (orange) and 107
(green) due to applied on-resonance drive, dwy = 0. Note
that blue symbols are different from those in Fig. 2 (a
different experiment a few hours apart). We now fit the
experimental data in Fig. 3 as [ (A1, i) + AL, (solid
lines), where FZ,"h is given by Egs. (16) and (17) and we
have neglected contributions due to thermal photons. Using
four fitting parameters (three values of 7., and a common
AT,), we obtain i, =2 x 1078, 49 x 107, and
1.03 x 1073, which are very close to the intended values
of 7%, and AT, = (84.8 ps)~!. The difference in AT,
compared with fitting data in Fig. 2 is due to 7™ Note that
if in Fig. 3 we include /3™ as the fifth fitting parameter, we
obtain 73 ~ 107'9, while if we fit only the blue symbols
(with 7,y = 0), we obtain 7™ = (0.5 +0.4) x 107,
These results are consistent with the method inaccuracy
of about 1074,

In Fig. 3 we again see very good agreement between
experiment and our analytical theory (orange and green
solid lines), which is in sharp contrast to the filter-function
theory shown by the dashed lines (using the same 7., and
AT). The dotted lines depict numerical results where we
include the shape and duration (25 ns) of the experimental
qubit pulses; numerics practically coincide with analytics.

Conclusions.—We have derived and validated formulas
for the CPMG dephasing rate of a qubit due to thermal and
coherent photons inside a resonator. These formulas are
valid for an arbitrary ratio 2y/k, accounting for non-
Gaussian noise. We have also demonstrated that these
formulas and CPMG data can be used to measure average
thermal and coherent intracavity photon populations at the
level of ~10~* photons. This level of accuracy is probably
limited by fluctuations of the qubit 7; and other
parameters.

We thank the Google Quantum Al team for fabrication of
the measured device and for building and maintaining the
hardware and software infrastructure used in this work. We
also thank Mark I. Dykman for a significant contribution
during the early stage of this work and for useful
discussions.
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