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Correlations of fluctuations are essential to understanding many-body systems and key information for
advancing quantum technologies. To fully describe the dynamics of a physical system, all time-ordered
correlations (TOCs), i.e., the dynamics-complete set of correlations are needed. The current measurement
techniques can only access a limited set of TOCs, and there has been no systematic and feasible solution for
extracting the dynamic-complete set of correlations hitherto. Here we propose a platform-universal
protocol to selectively detect arbitrary types of TOCs via quantum channels. In our method, the quantum
channels are synthesized with various controls, and engineer the evolution of a sensor-target system along a
specific path that corresponds to a desired correlation. Using nuclear magnetic resonance, we exper-
imentally demonstrate this protocol by detecting a specific type of fourth-order TOC that has never been
accessed previously. We also show that the knowledge of the TOCs can be used to significantly improve the
precision of quantum optimal control. Our method provides a new toolbox for characterizing the quantum
many-body states and quantum noise, and hence for advancing the fields of quantum sensing and quantum

computing.
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Introduction.—Quantum metrology and sensing uses
quantum resources (coherence, squeezing, entanglement,
etc.) to enhance the acquisition of information from target
systems [1-3]. Numerous works have demonstrated the
advantages of quantum metrology and sensing in detection,
imaging, and spectroscopy [4—7]. A legitimate question is:
Can quantum metrology and sensing achieve tasks that are
beyond the practical capability of their classical counter-
parts? We believe the answer is positive. There are already
stimulating examples, such as the exponential saving of the
number of measurement shots for phase estimation using
quantum algorithm [8], the exponential saving of exper-
imental time in distinguishing different types of quantum
evolutions using quantum instruments [9], and the reali-
zation of physical parameters in the complex plane using
evolution of a quantum sensor [10,11]. In this paper, we
experimentally demonstrate that quantum sensing can
exponentially extend the scope of accessible correlation
functions in a target system.
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Information about a system is essentially the set of
correlations among the observables (say, By, B,,---) at
different locations and times [12—14]. In quantum mechan-
ics, different observables in general do not commute (e.g.,
BB, # B,B,), and different orderings of the observables
correspond to different correlations. A set of N observables
in quantum mechanics would have N! differently ordered
correlations. For observables at times (e.g., Bl, f?z, 33, .
at times #; < f, < t3 < ---), the time-ordered correlations
(TOCs) are particularly important, since the quantum
evolution, captured by a time-dependent density matrix
p(t), can be fully constructed by correlations like
(B,By---ByB,- "Bjéi> = Trp[B;- ”Ejgiﬁ(o)éagh By,
in which the observables are ordered on a contour time
(with time-ordering #; > --->f; > t; and counter-time-
ordering f, < t, <---<ty). The Nth or correlations
contain 2¥~! TOCs and N! —2"~! out-of-time-order cor-
relations (OTOCs). While the OTOCs are of their own
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interest, the TOCs are dynamics complete. The knowledge

of TOCs in an environment is critical to understanding the
dynamics of an open quantum system and to optimizing its
quantum control, which is relevant to quantum information
technology [15-17].

However, the selective extraction of different types of
TOC:s is still elusive. The existing techniques such as noise
spectroscopy and nonlinear spectroscopy can only extract
some special types of TOCs [18-21]. In classical noise
spectroscopy [19,21], the correlations like (BB, - - By)
are obtained by measuring the observables at different
times. For quantum observables, such noise correlations
should be replaced with the expectation values of sym-
metrically ordered observables, such as %({Bl,f%b and
L({{B,.B,},B;}), where the anticommutator {A, B} =

A B +B A reduces to the usual product for classical quan-
tities. On the other hand, in classical nonlinear spectros-
copy [18,20], under the perturbation by a weak classical
force, the response of a target quantum system to a certain
(say, the third) order of the force corresponds to correla-
tions like i*({Bj, [B,, [B,, By]]}), in which the commuta-
tors [A, B] = A B—B A result from the quantum evolution
of the target system under the classical force. These
conventional techniques can extract only two types of
TOCs, leaving exponentially more correlations (2¥=! —2
types in the Nth order) inaccessible.

A recent proposal of quantum nonlinear spectroscopy
has the potential to selectively detect all types and orders of
TOCs [22]. However, the experimental implementation of
this scheme is challenging for two main reasons. First,
multiple shots of quantum measurement with high fidelity
and high speed are required. Second, the scheme applies
only to single quantum sensors since in many (say, K)
independent sensors, the correlations of N shots of meas-
urement would scale as 1/K"~!, which vanishes for large
K and N > 1. A previous experiment on quantum nonlinear
spectroscopy uses three shots of measurement to detect the
fourth-order correlations but still cannot separate different
types of TOCs [23].

In this Letter, we present a novel protocol for selectively
extracting a dynamics-complete set of TOCs by utilizing
quantum channels that are synthesized through controllable
physical processes. Compared to previous techniques
[18-23], this protocol is applicable for a wide range of
quantum systems. As an example, we experimentally
demonstrate the selective extraction of a specific fourth-
order TOC, C™~—7, that has never been measured before.
Further, we numerically demonstrate that this type of TOC
can be utilized to optimize the quantum logic gates within
a strongly coupled quantum environment, leading to a
significant enhancement in the final state fidelity. It should
be mentioned that the previous experiments measuring the
second-order TOCs [18,24] can be understood as the lower-
order prototypes of our general scheme.
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FIG. 1. Protocol for extracting time-ordered correlations.
(a) Time-ordered correlations of the quantum many-body target.
The evolution of the system gives rise to a variety of TOCs,
whose number exponentially grows with the orders. (b) General
quantum circuit to measure arbitrary Nth order TOCs. The sensor
and target are initially at pg and pg, respectively. N quantum
channels P; (i=1,2,...,N) are interleaved before N brief
interaction processes. Uy is the free evolution of the target.
Finally, the observable O is measured on the sensor.

General theory.—Consider a quantum sensor (S) that
interacts with a quantum target (B) via

A A

V(1) =5 ® B(r). (1)

The protocol depicted in Fig. 1 is used to measure arbitrary
Nth-order TOC:s. Firstly, the quantum sensor is prepared to
an initial state pg. Then the coupled sensor-target system
undergoes N interaction processes (each with a duration
of 6f) at times fy,1,,...,ty, respectively. Between the
(i — 1)-th and the ith interaction processes, the quantum
channel P; is applied to the sensor, and the target, de-
coupled from the sensor, is undergoing free evolution. The
quantum channels P; are constructed through the linear
superposition of controllable physical processes, such as
spin rotations of different directions [25-27]. Finally, the
observable O is measured on the quantum Sensor.

Theoretically, the measured signal can be formulated in
superoperator form [28]

N .
Sy =Tr [OTH (U§1)7’,~)(ﬁs ® pp) |- (2)
i=1

Here Z/IY),& =T exp{~i [[7"[V(t,),p|dt} describes the
evolution of the sensor-target system in the duration of
t; to t; + &t, and 7 is the time-ordering operator. We can

expand M%") to its first order of ¢ [22]:

U ~ SOB(1)) +261[S~ @ B (1) + ST @ B~(1)].  (3)
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where the superoperators B*(¢) are defined as B=p =
[B,p]/(2i) (commutator) and B*p = {B,p}/2 (anticom-
mutator). For convenience, we also set S” = B%(t;) = 1.
Therefore, Sy can be calculated up to the order of &V,
which is the linear sum of different types of TOCs (C'v"):

Sy= Y SCANTCNn 4 (SN, (4)
n; €{£,0}

Here 7, = —n;, and © = >°  |n;| (7 €{0,+,=}) is the
order of each term. If 7, n #0, then CW'h =
Trg[B™ (ty) - - - B (t;)pg] is the Nth order TOCs. While
if there are k instances of n; = 0, it reduces to TOCs with
order N — k. Since S* are always adjoint with B¥(t;) in
Eq. (3), the coefficient multiplied with C""" in Eq. (4) is
always A which reads as

N
AﬁNmﬁl = TI'S |:OT H (8'7"735)/35] . (5)
i=1

In order to measure the Nth order TOC C"~"71 a set of
quantum channels {P;, P,, ..., Py} is designed to ensure
A =0, unless ny---1n; =yy---7;. Consequently,
only one term in Eq. (4) is retained, and the signals of
the desired correlation are selectively extracted.

Experimental demonstration.—As an example, we
experimentally demonstrate the measurement of a specific
fourth-order TOC, C*~—7, which has never been obtained
by conventional methods. Consider a spin-1/2 quantum
sensor that interacts with the quantum target via V(1) =
S. ® B(t). The quantum sensor is initially prepared at pg =
(1 + pé6.)/2 (p denotes the polarization of the sensor). To
measure CT~— of f?(z), we choose the observable O = by,
and design four quantum channels as follows [28]:

Pia=[Ry(n/2) = Ry(-7/2)]/2,
Py = [Rx(”/z) - Rx(_”/z)}/l
Py = [Ru(n/2) + Ri(-n/2)]/2. (6)

Here R, (0) is the spin rotation around the « axis by the @
angle. The scheme can be illustrated by the channel
diagram depicted in Fig. 2(a). In the Liouville space
spanned by complete Pauli basis {1,6,.6,.6,}, the initial
state pg and observable O can be represented by four-
dimensional vectors, and the superoperators like S* and P;
are represented by 4 x 4 matrices. For example, the con-
struction of Py is shown in Fig. 2(b). Thus in Fig. 2(a), the
nonvanishing coefficient A=**~ that is associated with
C*=~7 corresponds to a connected path (in solid line) that
starts from the 6, component of the initial state pg and ends
at the final observable 6,. The coefficients associated with
other paths vanish. Since A="*~ = p, the final measure-
ment signal Sy = (6,) in Eq. (2) is given by [28]

St

FIG. 2. Experimental scheme for measuring C*~~". (a) Quan-
tum channel diagram for measuring the fourth-order TOC
C*t==". The thick line represents the connected path that survives
through the interactions and the quantum channels defined in
Eq. (6) which isolates the signal C*~~*. (b) An example of
quantum channel constructed by spin rotations Y ;, and Y_, ;.
The green lines illustrate the matrix elements of the super-
operators in the representation of Pauli basis. (c) Factorization
of the measurement sequence into superposition of the unitary
sequences. The label index s; (i =1,...,n + 3) can take two
values +1 or —1; thus there are totally 2"*3 unitary sequences.
The operations in the red box make the sequence robust against
/2 rotation error.

S, =8t pCT== + 0(51%). (7)

As a result, Ct—=" can be measured via Ct——tx

S4/(pot*).

The scheme proposed above is experimentally demon-
strated by using nuclear spins at room temperature on a
Bruker Avance III 400 MHz nuclear magnetic resonance
spectrometer. The sample is carbon-13 labeled acetic acid
(3CH;COOH) dissolved in heavy water (D,0). The 3C
nucleus serves as the central spin sensor, while three H
nuclei in the methyl group (-'*CH;) comprise the quantum
target to be detected. In doubly rotating the frame of '3C
and 'H nuclei, the interaction between the sensor and
target is V = JS’S ® >3, ﬂfz (J =27 x 129.6 rad/s).
The free evolution of the target is realized by applying
a radio frequency (RF) field along the x axis on 'H
spins. During the period of free evolution, the interaction
between the sensor and the target is negligible, as com-
pared to the Hamiltonian of the target A = Q>3 | It
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(Q ~ 27 x 24000 rad/s). As a result, in the interaction pic-
ture of Ay, the total Hamiltonian takes the form of Eq. (1),
where B(1) =J 33 I (r) and 1P (1) = e/far]H e=iflut,
Figure 2(c) depicts the experimental quantum channel
sequence used to measure the fourth-order TOC, C*=~F.
Initially, the sensor is polarized to the thermal equilibrium
state pg = (1 4 2pcS8S)/2 with pe ~8.0 x 107°, which
creates the z polarized state. Next, the quantum channels in
Eq. (8) are implemented by superimposing the measure-
ment signals with rotation pulses R, (+x/2) along various
rotating axes a. The signals are acquired by measuring the
expectation value (65) on the sensor spin.

To deal with the nonideality of experimental parameters,
we design an error-robust quantum channel. In experi-
ments, the error of z/2 rotation pulse (6¢p, relatively
2%-3%) will introduce an error of order 6¢p to the Ps
channel, which mixes the lower-order TOCs into the
fourth-order signals C*==" [28]. In order to address this
issue, we iterate the P; channel for n times, yielding
(P3)" = [Ru(n/2 + 0¢) + Ru(=m/2 = 6¢)]"/2". This
enables us to achieve a quantum channel that exponentially
converges toward the ideal P5 channel [28]. Therefore, the
final signal S, can be constructed as a weighted sum of the
measured signals ((65)) obtained from the 2" unitary
processes,

1
Sy = W Z sls2sn+3ssl,,.4,s,,+3' (8)
{Sl ,,,,, Sn+3}

Here s; = £1, and S,

,,,,,

., represents the signal associ-
ated with the indices {sy, ..., 5,3} that control the rota-
tion angle.

Figure 3(a) shows the measured fourth signal S, versus
the evolution time 7,; = t, — t; for 6t = 0.5 ms, with blue
and black scatters representing the cases of n =1 and
n = 3, respectively. Here, 730 =13 — 1, and 743 =1, — I3
are fixed at 10 ps. To obtain the absolute value (63) of a
single '3C, the signal has been normalized with respect to
the free induction decay signal of the '3C nuclear spin in the
equilibrium state. For comparison, we present the ideal
signal in Fig. 3(a) in the green dashed line, and it is
expressed as follows [28]:

. N
Si‘deal — _g5t4j4 sin (0)121) sin (an43) + 0(5t6)~ (9)

Here Ny is the number of protons. The measured
signal (S4) for n = 1 (blue scatters) exhibits a significant
deviation (with a relative error of 112.2%) from the
ideal result. In contrast, the measured signal for n =3
(black scatters) exhibits better convergence (with a relative
error of 23.5%) to the ideal signal (green dashed line).
This demonstrates the robustness of our protocol against
the pulse error. Another notable source of error is the
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FIG. 3. Experimental results. (a) Measured signal of S, versus
751 for n = 1 (blue scatters) and n = 3 (black scatters) when 6t =
0.5 ms and 73, = 743 = 10 ps. The green dashed line denotes the
ideal signal with high-order contributions [see Eq. (9)]. The red
line denotes the theoretical signal of C*~~*. (b) Logarithm plot
of the measured amplitude of S, versus Jot, which is obtained by
the measured signal at 7,; = 73, = 743 = 10 ps. (c) Green dots in
the left figure represent the measured C*~~* as a function of
evolution time 7,;, 743, with 73, fixed. The mesh surface
corresponds to the theoretical values. The 2D spectral structure
of C*==* with respect to 7,; and 743 is shown in the right figure.

decoherence caused by RF inhomogeneity, which leads to a
reduction of signal amplitude and degradation of spectral
resolution [28,31].

To demonstrate that the signal obtained by the scheme in
Fig. 3(a) is dominated by fourth-order TOCs, we plot the
amplitude of S, as a function of Jot in Fig. 3(b). The
amplitude is measured by the maximum value of S, at a
fixed evolution time, 7,; = 73, = 743 = 10 ps [indicated
by the red arrow in Fig. 3(a)]. As shown in the inset of
Fig. 3(b), the linear fitting yields a slope of k = 3.5, which
is close to the ideal power exponent k = 4 given by Eq. (9).
This indicates that the measured S, is dominated by the
fourth-order correlations and can therefore be used to re-
construct C*~~*. The slight deviation from the ideal
exponent (k = 4) results from the higher-order contribu-
tions (~8t>*) of the dynamics due to relative long 6.

200802-4



PHYSICAL REVIEW LETTERS 132, 200802 (2024)

The selection of optimized 6t is a trade-off in experiment,
as shown in the Supplemental Material [28]. We then
measure S, as a function of 7,; and 743 (note that C*——+
does not depend on 73,), and reconstruct C*™~~" by using
Eq. (7). The 2D data of C™=~" are shown in the left graph
of Fig. 3(c) (green dots), which is consistent with the
theoretical results (mesh surface). The Fourier transform of
the 2D data is shown in the right graph of Fig. 3(c), which is
the spectral feature of CT=~,

Application—Owing to the fact that TOCs completely
characterize the dynamical disturbance caused by the
quantum bath, one of the significant applications of this
method is the high-precision quantum optimal control. We
show that the TOC C*~~* measured here can be used to
extraordinarily promote the quantum optimal control.
For example, let us consider the previous model but with
the quantum bath at infinitely high temperature (i.e.,
pp = 1/2V). The nonzero TOCs up to fourth order are
Ct+, C**t+* and C*==", as shown in the Supplemental
Material [28]. Since the commutation in CT~~* always
vanishes for a classical stochastic field, the presence of
nonzero C*~~" then indicates that the bath is a quantum
environment which cannot be described by semiclassical
theory [24,31]. We here numerically demonstrate that the
knowledge about C™~7 detected in this paper can promote
the precision of Hadamard gate and Pauli-X gate.

As illustrated in Fig. 4, the fidelity (F = /{(w|p¢lw))
between the actual final state p; and the ideal state |y) is
approximately 90% when the quantum gates are not
optimized. After optimized based on the second-order

@ 6 99.99994%_ _ - - - 5000000000000
- 99.9997% - - _ - conooooeene00s™ "
R [99.997%  snannn™™™™ I
N iy Vi
o}
| L “—Initial fidelity ~ 90%
(b) 99.99996%- . 50000000000
e 99.9997% - _ pomuanoaaGomEEaa®
*~ 199.987%
| 4- PANDIDSMMANAN, A C++
\E/D 2: ) o+t g cHHH
T - —oCctt gttt & ct—+

0 50 100 150 200 250
Iteration number

FIG. 4. Quantum optimal control assisted by high-order TOCs.
Logarithmic infidelity versus iteration number in the optimization
of quantum state transfer sequences for (a) Hadamard gate and
(b) Pauli-X gate. The initial states of (a) and (b) are both at |0).
The red triangles (stage I), green squares (stage II), and blue
circles (stage III) represent the optimization process with the
master equation including C**, (C** & C***1), and (C** and
CTtt+ and C*~~T), respectively. The initial value of each
optimization stage is set as the final value of the previous stage.

master equation with TOC C** (which is equivalent to
the Redfield master equation), the final state fidelity
converges to 99.99% (see red triangles in Fig. 4). In order
to achieve further breakthroughs in fidelity, the higher-
order TOCs become indispensable. Based on the TOC
CT1+, the fidelity F is optimized to 99.999% (the green
squares in Fig. 4). Further, by incorporating the TOC
Ct==7 detected firstly in this work, the fidelity can reach
an impressive 99.9999% (indicated by the blue circles in
Fig. 4), which achieves a tenfold enhancement and reaches
the requirement of fault-tolerant computing.

Discussion and outlook.—We have proposed and dem-
onstrated a protocol for selectively extracting dynamics-
complete time-ordered correlations. In comparison with the
previous techniques [18-23], our method provides access
to an exponentially enlarged set of correlations and is
feasible for a wide range of quantum sensors. In the future,
the signal-to-noise ratio and spectral resolution of the
measured correlations can be further improved by mitigat-
ing the decoherence effect [32] and utilizing quantum
resources like entanglement and squeezing [33].

Our protocol has potential applications in the fields of
quantum information and quantum many-body physics. In
one aspect, complete access to TOCs of a quantum bath
provides a method to completely characterize quantum
noise [31,34,35], which is important to quantum optimal
control [36,37]. In another aspect, various TOCs have
applications in the characterization of nonequilibrium
quantum many-body states [38,39] and dynamics [40-44].
In addition, the effective measurement of TOCs can also be
applied to the quantum sensing free of classical noise [24]
and the characterization of Bell nonlocality [45], as well as
the loophole-free test of macroscopic realism [46].
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