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We explore the relationship among the magnetic ordering in real space, the resulting spin texture on the

Fermi surface, and the related superconducting gap structure in noncollinear antiferromagnetic metals

without spin-orbit coupling. Via a perturbative approach, we show that noncollinear magnetic ordering in a

metal can generate momentum-dependent spin texture on its Fermi surface, even in the absence of spin-

orbit coupling, if the metal has more than three sublattices in its magnetic unit cell. Thus, our theory

naturally extends the idea of altermagnetism to noncollinear spin structures. When superconductivity is

developed in a magnetic metal, as the gap-opening condition is strongly constrained by the spin texture, the

nodal structure of the superconducting state is also enforced by the magnetism-induced spin texture. Taking

the noncollinear antiferromagnet on the kagome lattice as a representative example, we demonstrate how

the Fermi surface spin texture induced by noncollinear antiferromagnetism naturally leads to odd-parity

spin-triplet superconductivity with nontrivial topological properties.

DOI: 10.1103/PhysRevLett.132.196602

Introduction.—The pairing symmetry of superconduc-
tivity is governed by the symmetry which constrains the
relative spin directions of electron pairs at opposite
momenta on the Fermi surface (FS) [1]. Time-reversal T
and inversion P symmetries are the representative exam-
ples, both of which guarantee the presence of energetically
degenerate electrons at opposite momenta while they
constrain the spin directions of the electron pairs in an
opposite way. When both 7 and P exist simultaneously,
spin-singlet superconductivity which can open a full gap on
the spin-degenerate FS is mostly favored, unless the
Cooper pairing with higher angular momentum is naturally
favored due to the spatial modulation of repulsive inter-
action [2] or the pairing glue allows only spin-triplet
channels [3,4]. Thus, to achieve unconventional pairing
symmetries, such as spin-triplet superconductivity (STS),
breaking either T or P is normally considered.

For instance, various unconventional superconducting
states are proposed in T-symmetric metals with broken P
symmetry [5-10]. In such noncentrosymmetric metals, as
parity-mixing occurs due to P breaking, superconducting
states can contain spin-triplet components. Moreover, when
spin-orbit coupling (SOC) is present, the 7-symmetric spin-
split FS can host a spin-momentum locked winding spin
texture, which leads to STS with intriguing nodal structure
[6]. Because of the Kramers’ degeneracy at T-invariant
momenta, such winding spin texture carries a topological
charge and appears robustly [11]. However, unless the
superconducting state is dominated by spin-triplet compo-
nents, observing nodal STS is not easy to achieve.
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On the other hand, in centrosymmetric magnetic metals
preserving P but breaking 7', equal-spin triplet pairing can
naturally arise because P enforces electron pairs at opposite
momenta to have the same spin direction. Thus, if the FS is
spin split, P-symmetric magnetic metals are promising
candidates to achieve STS. Interestingly, as shown in
Ref. [12], such a spin-split FS with fixed spin polarization
can appear not only in ferromagnets but also in collinear
antiferromagnets when P is broken locally but preserved
globally [12-15]. Thus, centrosymmetric collinear mag-
netic metals can also host odd-parity STS. However, in
such systems, the FS generally does not have robust spin
texture even when SOC exists. This is because, as the
Kramers’ degeneracy is lifted due to broken 7', winding
spin texture with topological stability does not appear in
general [11,16]. Therefore, to achieve nodal STS in
centrosymmetric magnets, a distinct mechanism to protect
winding spin texture is necessary.

In this Letter, we study how real space magnetic ordering
of a centrosymmetric non-collinear antiferromagnetic
(AFM) metal induces winding spin texture on the FS
without SOC, which in turn constrains the gap structure of
its superconducting state. Through a perturbation approach,
we show that if the number of sublattices in a magnetic unit
cell is larger than two, the FS can have momentum-
dependent, winding spin texture. Thus, our theory extends
the idea of altermagnetism proposed recently [14,15,17—
23] to the cases of noncollinear antiferromagnets without
SOC. We demonstrate our theory in a kagome noncollinear
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FIG. 1. (a) The FSST of a collinear antiferromagnet in the

square lattice (m; = —m,). The FS is spin degenerate while the
spin direction is parallel to the AFM ordering direction. (b) The
FSST of a canted antiferromagnet (m; + m, # 0). The FS is spin
split while the spin direction on each FS is uniform. (c) The
kagome AIAO AFM structure (left) and the corresponding FSST
(right) computed when m = 0.2 and u = —3.0. (d) The energy
eigenvalues of Hyapy (k) calculated along high-symmetry mo-
mentum directions. The FSST for u = —3.0 (—1.5) at which the
FS encloses the I' (K and K') is also plotted. The solid (dotted)
black horizontal line indicates the Fermi level at y = —3.0 (—1.5).

antiferromagnet with three sublattices. As a result of
magnetism-induced winding spin texture on the FS, we
find various types of topological superconductors (TSCs)
with the odd-parity spin-triplet pairing, including nodal
TSCs, and first-order and second-order TSCs.

Magnetic ordering and FS spin texture.—To model a
generic AFM metal with n sublattices in its magnetic unit
cell, we construct a tight-binding Hamiltonian H =
S« éiH(k)é; where we take the basis & = (6};”,6;;“,

AT At N _
Crar Crags -oos Chnps Ckni)' When n = 2, we have

g (M1

s )
oy (k) > M

h22 (k)

where £;;(k) (i, j =1, 2) are 2 x 2 block Hamiltonians.
The diagonal blocks h;;(k) = —m; -6 describe mean-
field approximated local spin orders represented by a
constant vector m;, while the off-diagonal blocks 4, (k) =
han(k)og = h}, (k) describe the kinetic part of the
Hamiltonian coming from the nearest-neighbor (NN)
hopping between different sublattices.

The Green’s function of H(k) is given by G(k,¢) =
[el4s — H(k)]™', where e is the energy and Iy, is the
identity matrix of dimension / [24]. From g;;(k, €), the 2 x
2 diagonal blocks of G(k,e), we extract the effective
Hamiltonian A’y (k,€) projected onto the ith sublattice
by using the equation g;;(k,e) = [elyen — hig(k,€)]™".
For instance, we obtain

hig(k, &) = hyy (k) + hya(k)[elrxo — hoy (k)] by (k)

= —m; -6 + |hnn (k) [*[elh, +my - 6]7!

han (K)|?
= —m ‘O"i‘%[dzxz—mz xd (2)
m2—€

fori = 1.

If we separate the effective Hamiltonian into spin-
independent and spin-dependent parts as hly(k,e) =
Ri(k,e)oy + R'(k,¢) - 6, Eq. (2) gives R'(k, &) = —[m,+
m; |y (k)[?/(m3 — €%)]. Since the FS is an equienergy
contour, |hxx(k)|? and e are constant on the FS. Hence
R'(k,&) =R'(k,€)/|R"(k,€)| is uniform on the FS for a
given Fermi level as shown in Figs. 1(a) and 1(b). One can
see that when m, { m, the correction term from £, (k) in
Eq. (2), proportional to m, -6, tilts R'(k,e) away from
(towards) m; (m,).

In the presence of additional terms such as the next-
nearest-neighbor (NNN) hopping that enters A, (k) and
hy, (k) in the form of Ay (K)o, the direction of R!(k, €)
may depend on k. Nevertheless, m; and m, cannot generate
smooth “winding” FS spin texture (FSST) when n = 2.
This is because, to achieve winding FSST, there should be a
momentum k' that satisfies R'(k’,e) = —R'(k, ¢) for an
arbitrary k. However, this condition can never be fulfilled
unless m; and m, are either parallel or antiparallel. If they
are parallel or antiparallel, Eq. (2) gives R (K', €)||m, ||m.,.
The recently proposed altermagnets belong to this case
[14,15].

On the other hand, when n > 3, the FS spin direction
can be momentum dependent in general. For n = 3, we
obtain R'(k.e)=—m, —f(k)m,—g(k)ms—b(k)(m,xm;),
where f(k), g(k) and §(k) are k-dependent functions whose
explicit forms are provided in Supplemental Material [25].
Since Ri(k) for a given ¢ is a real vector field in the
momentum space, it can have a winding number w on the
FS if (i) R(k) is confined in a two-dimensional plane and
(i) the FS is a closed curve enclosing singular points
k.15 , where R'(k. &) =0.Then,w =) " v. where
v, is the vorticity of the cth singular point. This condition
can be satisfied with an appropriate choice of £;;(k) terms.
Notably, the presence of the §(k) term, which originates
from the higher-order correction term, proportional to
(m, - 6)(m; - 6), indicates that the dimension of R'(k)
can be higher than what m;_;,5 can span in general
[46]. However, if it is possible to choose the real gauge
for the kinetic part of the Hamiltonian owing to symmetries
such as C,,T in two-dimensions (2D) where C,,, is the
m-fold rotation about the a axis or PT in two- or three-
dimensions (3D), (k) vanishes for a generic k [25,47,48].
Because of this, especially in 2D, the winding number of
FSST is well defined only when (i) C,.T or PT is present
[so h(k) = 0] and (ii) m;_; »; are linearly dependent, or,
equivalently, m;_, ;5 are coplanar but not parallel to each
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other. The kagome noncollinear antiferromagnet is an
example that satisfies the above conditions.

Kagome noncollinear antiferromagnet.—As an example
demonstrating the relation among the FSST, real space
magnetic ordering, and pairing symmetries [10,12,49,50],
we consider the kagome lattice noncollinear antiferromag-
net whose structure is intrinsically P symmetric globally
but P asymmetric locally.

The ground state of the classical Heisenberg AFM
with Dzyaloshinskii-Moriya interaction on the kagome
lattice is known to have coplanar 120° ordering lying in
the lattice plane, in which the angles between NN spins are
all 120° [51]. Among the infinitely degenerate coplanar
120° ordered states, we choose the so-called all-in-all-out
(AIAO) order [Fig. 1(c)] that has three in-plane twofold
rotation symmetries which are the elements of the D5,
point group.

We construct a tight-binding Hamiltonian Hy sy (k)
describing the kagome AIAO antiferromagnet as in Eq. (1)
but with n = 3. Explicitly, we have hj, = —t(1 + e**1),
h13 = —t(l + e—ik~e3)’ h23 = —f(l + eik~e2)’ and h”(k) =
—u—m;-6 where e =(1,0), e, =(-1/2,v/3/2),
e; = (—1/2,—\5/2), m; = m(—\/§/2,—1/2), my =
m(\/§/2,—1/2), and m; = m(0,1). Here, t =1, m, and
u indicate the NN hopping amplitude, local magnetic mo-
ment, and chemical potential, respectively. In Fig. 1(d), we
show the corresponding band structure for m = 0.2 and
u = —3.0. The R’ field of the kagome AIAO antiferro-
magnet has singular points with total vorticity —2 (4-1) near
the " point (K and K’ points). Therefore, the two Fermi
pockets that enclose I" carry w = —2 FSST as in Fig. 1(c),
while the pockets that enclose K or K’ carry w = 1. The
relevant FSSTs are also shown in Fig. 1(d). This example
clearly demonstrates that FSST can be generated by real
space magnetic ordering in the absence of SOC [52-54].

In addition, the vanishing R’ field at the singular points
implies possible twofold degeneracies of spin bands. In
Fig. 1(d), among the nodes at C; -invariant momenta
protected by Cs, and C,, T symmetries, the gap closings
between the first and second lowest bands at I" and the fifth
and sixth lowest bands at K (K’) are such nodes. We note
that the band touching between the second and third lowest
bands at K (K’) shows quadratic dispersion, even though
the FSST winds only once. This happens because the
physical spin (winding once) is different from the pseu-
dospin (winding twice) defined in the projected two-band
space related to the band crossing.

FSST and superconducting gap structure.—The spin
structure of spin-triplet Cooper pairs can be described by
the so-called d vector [1]. Thus, the effect of the FSST on
Cooper pairs can be understood from the relation between
the d vector and the FS spin direction. With Pauli matrices
0,y that act on spin degrees of freedom, the mean-field
pairing interaction can be written in a simple form

(a) Inversion Time-reversal  (b)

f( .

FIG. 2. (a) Schematic diagram describing the FS spin direction
with P (left) and T (right) symmetries. (b) The FSST of H,g that
corresponds to Fig. 1(c). The in-plane twofold rotation axes and
the mirror invariant lines are represented by dashed and solid
lines, respectively. The black dashed arrow connects the electron
pair at opposite momenta for each case.

Hin="ksy Akéz‘séik’s,%—H.c., where Ag =y (k)(ioy)+
d(k)-o(icy,) and s (s) denotes the spin. For a given spin
basis, the d, component indicates opposite-spin triplet
pairing, while the d, and d, components describe equal-
spin triplet pairing. As shown in Fig. 2(a), if P is present
while T is absent, the equal-spin Cooper pairing is forced in
the weak-coupling limit, because electron pairs at opposite
momenta have the same spins. Therefore, for the spin basis
aligned to the FSST direction, d(k) should have a compo-
nent perpendicular to the FSST to open a gap on the FS. On
the other hand, if 7 is present while P is absent, the
opposite-spin Cooper pairing is forced, so the pairing
interaction should have a d(k) component that is parallel
to the FSST to open a gap.

To describe the superconducting state of the kagome
antiferromagnet, we introduce pairing interaction A (k) and

rewrite the Hamiltonian in the Nambu basis ‘i‘; = (é;c ¢_p).
Then, the Bogoliubov—de Gennes (BdG) Hamiltonian

becomes > Vi Hpqg (k)P with

Hyarm (k) —H
A'(k)

A(k)

k) = . 3
Haolk) = ( ) @

Since Hyapm (k) is symmetric under Dj; point group
symmetries, the pairing channels can be classified by
corresponding irreducible representations (IRs) [1]. As
the AIAO AFM state is P symmetric but 7 broken,
equal-spin triplet pairing is favored, and thus only odd-
parity spin-triplet IRs (A;,, A,,, and E,) can induce
superconducting instability within the weak-coupling
approximation. The transformation properties of the IRs
under the D5, point group are summarized in Supplemental
Material [25].

To illustrate the relation between the gap structure and
FSST, we consider the FS with w = 2 near I" shown in
Fig. 1(d) as an example. Projecting the Hamiltonian H onto
the lowest energy band of the nonmagnetic kagome lattice
Hamiltonian Hyapm (k)| —o and expanding it up to the
quadratic order of k, and k,, we obtain the effective
Hamiltonian near I' given by
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6

m

Heff(k):(_4+k)2€+k§)+ 12

kokyt,+—(ki—=k3)r,,  (4)
where the Pauli matrices 7,_;, 3 denote the effective spin
that represents the lowest two bands in Fig. 1(d). For
H.sr(k), the matrix representations of the D3, symmetry
generators are given by Cs, = (g — iv/31,)/2, Cy, = it,,
and P = 1.

Let us first consider Af“‘, the pairing inter-
action belonging to the A;, IR. As it satisfies

Czy(k)A,/:‘“(k)ng(k):Aé‘zik, d, and d, components,

which couple to 7,(iz,) and 7,(iz,) in Af‘”, respectively,
are forbidden on the k, axis. As displayed in Fig. 2(b), the
effective spin texture on the k, axis is pointing to the y

direction, parallel to the d vector of A?'”, thus A?‘“ cannot
open a gap on the k, axis. Similar arguments can also be
applied to two other in-plane twofold rotation axes. Thus,

A?'" cannot open a gap at the intersection of the FS and the
I'=M;_, 3 lines.
On the other hand, A, satisfies M, (k) A2 (k)M (k) =

A . . . .
A} where My, = PC,, is a mirror reflection with respect
¥y

to the zx plane. Thus, the d vector of AQZ“ is parallel to the
spin texture on the k, axis, both aligned to the y direction.

As a result, A;:”‘ has nodes along the mirror invariant lines
C—-K, =K', and K — K').

Finally, in the case of the E, IR, there are no such
constraints for the direction of the d vector (see
Supplemental Material [25]).

Topological superconductivity.—Consistent with the gap
structure analysis by comparing the d-vector direction and
FSST, one can find that the superconducting state is always
gapped for the E, pairing. Meanwhile, for the A, or A,,
pairing, the bulk is gapless if the FS intersects high-
symmetry lines where the d vector is parallel to the
FSST, unless the FS avoids such high-symmetry lines.
To reveal the nature of the superconducting states in the
kagome antiferromagnet, we investigate the nodal and
topological structures of the BdG Hamilitonian in
Eq. (3) in weak-pairing limit by varying u and m, as
summarized in Fig. 3. We note that the A,, pairing makes
the system gapless with point nodes on the mirror-invariant
lines in every region of the m — u parameter space where
the normal state is metallic. In contrast, while the A;,
pairing mostly induces gapless superconducting states with
nodes along the C,-invariant lines, it can also induce a fully
gapped superconductor in the green-colored regions in
Fig. 3(a) where the FS does not cross the C,-invariant lines.
In both the A;, and A,, pairings, as the nodes are located
along high-symmetry lines, pair annihilation between
neighboring nodes can sometimes happen when the pairing
interaction is strong enough. The resulting gapped super-
conducting state can become a second-order TSC as shown
in the red region in Fig. 3(a).

spin down

FIG. 3. (a) The topological phase diagrams for the A;, IR
obtained in the weak pairing limit. In the black-colored region,
the normal state is insulating. In the white-, green-, and rainbow-
colored regions, the A;, pairing induces nodal, fully gapped (FG),
and gapless but easily gappable (EG) superconductivity, respec-
tively. The yellow- and red-colored regions in the right figure
represent the trivial superconductor (Z = 0) and the second-order
TSC (Z = 1), respectively. (b) The topological phase diagrams
for the E, IR with Cs, eigenvalue @ = w. The yellow, blue,
orange, cyan, magenta, and purple regions represent the phases
withC=0,C=1,C=2,C=3,C=4, and C = 5 modulo 6,
respectively. For a = ?, the sign of C becomes reversed. (c) The
evolution of the phase diagram from the nonmagnetic case to the
ferromagnetic case (left) and the noncollinear AFM case in
(b) (right). To consider a situation where both P and Cj, are
conserved, we assume out-of-plane ordered ferromagnetism in
the left. Then, the ferromagnetic phase diagram can be simply
obtained by superposing spin-up and spin-down phase diagrams,
while the AFM phase diagram shows a more complex structure.

In the case of gapped superconducting states, its topo-
logical properties can be described by using the symmetry
indicators [55-58]. When the pairing interaction is weak
enough, the symmetry representations of the occupied
states of Hpgg(k) at high-symmetry momenta remain
unchanged after the superconducting phase transition.
Thus, regardless of the detailed form of the pairing
interaction, one can draw the phase diagrams using the
symmetry indicator information extracted from the normal
state and pairing symmetry as discussed in detail in
Supplemental Material [25]. This approximation is valid
if the pairing interaction is smaller than the bandwidth of
electron bands at the Fermi level. Since the band structure
of kagome lattice noncollinear antiferromagnet has nearly
flat bands lying between £ = 2 and 2 + m (i.e., m is the
bandwidth for these bands), we expect the weak-coupling
approximation would be valid for y < 2 or large m values.
The distribution of the invariant Z related to the second-
order topology for the A;, IR and that of the Chern number
for the £, IR, obtained by using the symmetry indicators,
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are shown in Figs. 3(a) and 3(b), respectively. The
corresponding Wilson loop and edge spectra are described
in Supplemental Material [25].

We note that the spin texture induced by noncollinear
AFM ordering also affects the topological nature of the
gapped superconducting states. To illustrate this, we
compare the superconducting phase diagram of the kagome
ferromagnet and that of the noncollinear antiferromagnet
considering the E,, IR, as shown in Fig. 3(c). In the case of
the ferromagnet without winding spin texture, the super-
conducting phase diagram can be understood by using the
relevant phase diagram for spinless band structure with
m = 0. Since the ferromagnetism only induces a rigid shift
of spin-up and spin-down bands, the superconducting
phase diagram of the ferromagnet is merely a simple
superposition of two m = 0 phase diagrams for spin-up
and spin-down electrons, respectively. On the other hand, in
the case of a noncollinear antiferromagnet, as the winding
spin texture accompanies normal state band degeneracies
associated with the singular points of the R field, which are
absent in the ferromagnet, the corresponding super-
conducting phase diagram exhibits distinct topological
characteristics.

Discussion.—In this Letter, we have studied the effect of
real space magnetic texture on the FS and its super-
conductivity. Especially, it is shown that spin-momentum
locking on the FS can be generated purely by the real space
magnetism even in the absence of SOC. This magnetism-
induced FSST, together with the d vector, provides an
intuitive understanding of the symmetry-protected nodes
on high-symmetry lines in noncollinear AFM supercon-
ductors. To support our theory further, we have performed
additional first-principles calculation for a kagome
coplanar antiferromagnet Mn;Sn illustrating the FSST,
and mean-field analysis about superconducting instability
arising from phenomenological density-density interaction,
as described in detail in Supplemental Material [25].

We emphasize that the scope of our theory is not
restricted to the kagome lattice in 2D. It can be applied
to a general two- or three-dimensional lattice with an
arbitrary number of sublattices. Indeed, consistent with
our prediction on the requirements to have winding spin
texture, a recent spin-resolved angle-resolved photoemis-
sion spectroscopy measurement reported that MnTe, [59],
a noncoplanar antiferromagnet that has four atoms in the
magnetic unit cell with linearly dependent local spin
moments, shows winding spin texture. Finally, considering
our prediction of various odd-parity spin-triplet super-
conducting states with intriguing nodal structures and
topological properties, we expect that the kagome AFM
is poised to become a crucial arena for Majorana engineer-
ing in magnetic superconductors.
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