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Transition Metal Dichalcogenides, and Topological Antiferromagnets

Hong Liu

and Dimitrie Culcer

School of Physics and Australian Research Council Centre of Excellence in Low-Energy Electronics Technologies,
UNSW Node, The University of New South Wales, Sydney 2052, Australia

® (Received 27 August 2023; revised 6 March 2024; accepted 2 April 2024; published 30 April 2024)

The theory of the orbital Hall effect (OHE), a transverse flow of orbital angular momentum (OAM) in
response to an electric field, has concentrated on intrinsic mechanisms. Here, using a quantum kinetic
formulation, we determine the full OHE in the presence of short-range disorder using 2D massive Dirac
fermions as a prototype. We find that, in doped systems, extrinsic effects associated with the Fermi surface
(skew scattering and side jump) provide ~95% of the OHE. This suggests that, at experimentally relevant

transport densities, the OHE is primarily extrinsic.
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Introduction.—The electrical manipulation of magnetic
degrees of freedom has been continuously investigated
since Qersted discovered the deflection of a compass
needle by a current-carrying wire. Modern research has
focused on the magneto-electric coupling provided by the
spin-orbit interaction [1-4], while an energetic recent effort
has been geared toward the electrical operation of orbital
degrees of freedom in systems without spin-orbit coupling
[5-12]. This effort centers on the realization that Bloch
electrons possess an orbital angular momentum (OAM)
about their center of mass [13], which is in part related to
the Berry curvature [14—18]. The OAM affects semiclass-
ical quantization [15,17,18], contributes to the magnetiza-
tion in certain materials [19-21], affects the Zeeman
splitting of Dirac materials [22,23] and contributes to the
nonlinear magnetoresistance, valley-Hall effect [19,24,25],
and anomalous Nernst effect [26].

In a time-reversal symmetric system a finite OAM
density can be generated by an electric field via the orbital
Edelstein effect [27-31] or by separating electrons with
different OAMs on different sides of the sample using an
electric current. This is the orbital Hall effect (OHE)
[7,10,32-39], which has received considerable attention
recently [11,12,20,34,40-43]. The OHE has been proposed
as the mechanism behind the valley Hall effect observed in
graphene and transition metal dichalcogenides (TMDs)
[33,44]. Injection of an orbital current into a ferromagnet
generates an orbital torque on local magnetic moments
[11,12,20,34,40-43], and the OHE may likewise be respon-
sible for the large spin Hall effect observed recently [10,35—
39]. Remarkably, all recent theoretical work has focused on
intrinsic OHE mechanisms [45-49], while neglecting
extrinsic disorder contributions. This absence is puzzling
since extrinsic scattering mechanisms such as skew scatter-
ing and side jump are known to contribute to the anomalous
and spin-Hall effects at the same order in the disorder
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strength as the intrinsic contribution [37,50-57]. It is
natural to expect a substantial disorder contribution in
the OHE. This has enormous implications for experiment: a
signal may appear to be intrinsic, that is, independent of the
disorder strength, yet our work shows it can still be almost
entirely due to disorder.

In this Letter, we calculate the full OHE, including
intrinsic and extrinsic contributions, for two-dimensional
(2D) massive Dirac fermions, using graphene, TMDs, and
topological antiferromagnets as prototype systems. We
employ a quantum kinetic equation for the density matrix
p, derived from the quantum Liouville equation, following
the blueprint of Refs. [53,58]. Our main finding is that,
remarkably, the extrinsic OH conductance overwhelms the
intrinsic OH conductance in doped systems and provides
the dominant contribution to the OHE when the Fermi
energy lies in the conduction or valence bands. This finding
overhauls the conventional interpretation of experimental
data and suggests that what is measured experimentally is
overwhelmingly the extrinsic contribution. For the model
studied here of massive Dirac fermions, and assuming
short-range impurities, the extrinsic contribution is 21 times
the intrinsic one. Our central result is summarized in Fig. 1
with the total, intrinsic, and extrinsic OH conductance oy
vs Fermi energy plotted separately. The orbital Hall current
operator j = 1 {L, ¥} where L is the OAM operator and ¥
the velocity operator. With the applied electric field E,
along the % direction, the orbital Hall current j; for the z
component of the OAM flows along the y direction, and
oon = 05, = J5/E,. The total OH conductance

eg,q, m, 22A3
127 m* (viq% + A2)3/2°
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FIG. 1. The total, extrinsic, and intrinsic OH conductance

oog Vs the Fermi energy E for the 2H-phase monolayer
MoS,. The parameters are Fermi velocity vy = 3.6 eV A and
energy gap 2A = 1.766 eV.

where m, is the electron mass and m* = h*A/v% is the
effective mass of massive Dirac electron, v is the Fermi
velocity, and 2A is the energy gap and g,, g, are spin-
valley degeneracy. g is defined by the Fermi energy

Ep = \/v:q% + A%. The extrinsic contribution is Fermi
surface effect o8y = (21/22)0};. The extrinsic contribu-
tion is shown in Fig. 2, where the 6g; vs Ey is plotted for
three different band gaps. The intrinsic contribution is
ot = (1/22)6%}. It is a continuous Fermi sea effect and
attains the maximum absolute value when E is within the
energy gap ot = —(eg,g,/12x)(m,/m*). Physically, the
dominance of extrinsic mechanisms reveals the strong role
played by disorder-induced interband coherence in the
transport of OAM. The OAM is an interband effect, and
its intrinsic part is large in systems exhibiting large Berry
curvatures, in other words, strong intrinsic interband
coherence. On the other hand, skew scattering and side
jump are sources of interband coherence mediated by

o™ on(e/2n)
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FIG. 2. The extrinsic OH conductance g vs the Fermi energy
E for different energy band gaps. For graphene the parameters

are vy =3at with a = 1.42 A and t = 2.8 eV.

disorder. Our calculation shows that, in the case of the
OHE, this disorder-mediated contribution is one order of
magnitude larger than the intrinsic terms, suggesting the
best method to maximize the orbital Hall current may be to
harness extrinsic mechanisms. Importantly, to obtain a
large OHE it is not necessary for the Berry curvature to
be large, a finding that has profound implications for the
electrical manipulation of magnetic moments.

Kinetic equation.—We start with the quantum Liouville
equation for the single-particle density operator p,

P s
5 T7H.21=0. (2)

where the total Hamiltonian A = H, + V + U. H, is the
band Hamiltonian, V = ¢E - # is the external longitudinal
electrical field, and U represents the disorder scattering
potential, which we take to be scalar and short range. We
decompose the density matrix as p = (D) + gy, where (D)
is averaged over disorder configurations, while g, is the
fluctuating part [58]. As shown in Supplemental Material
[59], the disorder-averaged part (p) satisfies

9(p) L [Ho, (p)] + Jo((p)) = _%

=t V. (00 = J6((p)). (3)

where the electrical field corrected scattering term Jz((p))
is given in Supplemental Material [59].

Graphene and TMDs.—H, of monolayer graphene or
TMDs has the form in momentum Pauli basis

HO(q) = UF(yTxCIx - T_vqy) + ATZ' (4)

2A represents a gap that can be induced by inversion—time
reversal symmetry breaking, v = =1 is the valley index for
materials with valley degree, 7, , . are the Pauli matrices: in
graphene or TMDs these represent the sublattice pseudo-
spin, and arctan¢ = ¢q,/q,. The band dispersion Ej =

mE, with m=+ and E, = Vv2q* + A% The sym-
metrized OAM operator is given by L = (mq/4)(F x »—
¥ X F), where my = —h/ (g pp) with g factor g; = 1 and
Bohr-magneton g = (eh/2m,). The Berry connection is
defined as T\’,j]””’/ = i(ul|V,ul') with |ulf) the lattice
periodic part of Bloch eigenstate wave function. The
position operator is (u2[Flull’) = i[05(q — q')/ 0G5+
’R,{I”’”/é(q —¢') and the velocity operator is <u{1”|fx|u{{’/) =
(1/h)(OED /0G)8, e + (i/R)(EX — EX)RI™ . Only the z
component of OAM for 2D massive Dirac model survives,
L, = —(1/gpup)(viA/2E2)zy [60].

The disorder averaged density matrix (p) = pg + pg
with p, the density matrix in equilibrium and correction
by external electrical field pp = ng + Sg. The kinetic
equation is solved in terms of band-diagonal contribution
ng and band off-diagonal contribution S. The expectation
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value of the orbital Hall current is calculated asj = Tr[(p)/]
and Tr represents the full operator trace, and we focus on
j; =1/2{L,, y}. Transport theory requires Epz/h > 1,
where 7 represents a characteristic momentum relaxation
time that can be used as a measure of the disorder strength.
The theory is formulated as an expansion in the small
parameter 7/(Ep7). The first term leads to the Drude
conductivity « 7, formally of order (—1) in the small
parameter. The next term is of order zero in the disorder
strength. Therefore, one finds pyp = nfg_l) + Sg)) + n%o) up
to zero order in the impurity density. The leading diagonal

nih representing the shift in the Fermi surface induced by
the electric field is found from the band diagonal scattering

integral J(')S‘[ngl)]. Next one feeds n'-" into the band off-

diagonal scattering integral J(l)“[ngl)] to determine the

anomalous driving term D', and ultimately the band off-

diagonal density matrix S,(EO). At last, we feed ngo) into

J('i‘f;[S,(EO)] to get the zero-order ng». This contribution is

contained in vertex corrections in the diagrammatic for-
malism [53,58]. These corrections represent spin-pseudo-
spin—dependent scattering commonly termed skew
scattering and side jump. They are associated with the
Fermi surface, and occur because the scattering potential
also contributes to band mixing and interband coherence. In
this connection, an alternative interpretation is that disorder
mixes the bands in the crystal, giving a correction to the
wave function, and this results in a correction to the band-
expectation values of certain physical observables, which is
proportional to the disorder strength. At the same time, an
electric field shifts the Fermi surface away from equilib-
rium, and this shift is inversely proportional to the disorder
strength. The net result in the average of physical observ-
ables is the product of the correction to the band-expect-
ation value and the shift in the distribution function, and
this product is formally independent of the disorder
strength.

The intrinsic OHE arises from the intrinsic driving
term D = (eE/h) - (iR [fO(Ep) - fO (E5)]}
with f(©)(El) the Fermi distribution function in equilib-
rium. The intrinsic OH conductance is

2 3
int _ _gsgu emeUF A 5
700 T T 4r 3R2A (v2q% + A2 ®)

The side jump is further separated into two contributions:
one is from anomalous driving term D', and another is from
Je((p)) [58]. The total side jump contribution is

i __Gsgyemevp 1207
OH 4z 3h%A (Vg% + A2)3/2°

(6)

The skew scattering contribution stems from —J(I)S‘[S,(EO)]
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FIG. 3. The skew scattering and side jump contributions to OH
conductance ogy vs the Fermi energy Er: (a) For the 2H-phase

monolayer MoS, with the parameters v = 3.6 eVA and
A = 0.883 eV; (b) For the tilted 2D massive Dirac model with

vp=1eVA and A =0.1 eV and v, = 0.1v,. The small tilt
correction to the Fermi energy is neglected for small wave
vectors.

o _Gsguemevy A7
o 4 3RPA (vigr + A?)Y?

(7)

The total extrinsic OHE is 63 = o8 + o8, = 2101,
The individual contributions are plotted in Fig. 3.

Topological antiferromagnets.—These are important for
orbital torque applications: (i) an external electric field can
interact directly with orbital degrees of freedom without
requiring the spin-orbit interaction, electrical generation of
OAM can rely on light atomic elements [62-65], widening
the material choice for the electrical control of magnetism
[20,66,67]. (ii) The absence of spin-orbit coupling could
result in long-lived magnetic information [5], the orbital
torque is investigated as an alternative to the spin torque,
which has applications in data storage and nonvolatile logic
[4,68,69]. Topological antiferromagnets are described by a
tilted Dirac Hamiltonian [19]:

Hoy(q) = vv,qs70 + vr(q.7: —vgy7y) + Az, (8)

where v, introduces a tilt along the g, axis. This Hamiltonian
breaks both 7" and P symmetry. With v = 1, the dispersion
is Ef = v,q, + E,. The tilt will get into the energy con-
servation function in the scattering integral and Fermi
distribution function, while the tilt does not get into the
eigenstates. To determine the OHE for the tilted 2D massive
Dirac system one can expand the tilt up to first order in the
energy function by assuming v,/ vy < 1. Soin the scattering
process, the energy conservation function can be expanded
asd(Eg —Ey) ~8(E, — Ey) + v,q(cos ¢ —cos¢')[05(E,—
E,)/0E,]. The Fermi distribution function in equilibrium
and at the absolute zero of temperature can also be expanded
SONE;)~O(Er—E})=O(Er—E,) + v,gcos[00(Ep—
E,)/0E,]. Then the density matrix can be decomposed as
PE + PEw, With pp, the correction to first order in the tilt.
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The expansion involves an angular factor, which, in the
operator trace, is further multiplied by angular factors in the
density matrix and velocity operator. The product of these
three angular factors causes the correction to the OHE to first
order in the tilt to vanish. Therefore, our calculation of the
OHE in the 2D massive Dirac model applies to the tilted 2D
massive Dirac model as well, up to terms of second order in
the tilt. Based on the values in Refs. [70,71], we expect such
terms to account for < 5% of the total.

Experimental observation.—In systems with topological
textures disorder yields contributions formally of zeroth
order in the disorder strength, which are hard to distinguish
experimentally from the intrinsic terms in the dc regime.
However, it should be possible to distinguish the intrinsic
and extrinsic contributions to the OHE using ac techniques.
This would be the orbital transport analog of the magneto-
optical Kerr effect [72], which was shown to be a strong
probe of intrinsic transport in the anomalous Hall effect of
topological insulators. Since disorder effects are suppressed
as 1/(wr), with @ the light frequency, one requires wz > 1.
Taking 7 ~ 0.1 ps places the wavelength in the ultravio-
let range.

Comparison with previous work.—The total OH con-
ductance calculated here also reflects knowledge built up
during earlier studies of the anomalous and spin-Hall
effects [50-53]. In the spin Hall effect disorder corrections
cancel the intrinsic contribution altogether, while in the
anomalous Hall effect they overwhelm the intrinsic con-
tribution by a factor of 7 [52,58]. Here, the extrinsic OHE is
21 times the intrinsic contribution. Recalling that for Dirac
fermions the velocity and spin operators coincide, these
factors are understandable in light of the qualitative differ-
ence between the orbital and spin angular momentum
operators [73]. The intrinsic and extrinsic terms discussed
here form the main contributions to the OHE in the good
metal regime, in the sense used in Ref. [1] for the
anomalous Hall effect. Disorder effects beyond the first
Born approximation, including correlations, may be impor-
tant in certain regimes [74—76]. In particular, an additional
skew scattering term appears in the second Born approxi-
mation, yielding a contribution to the OH conductance
o« (U3 /2zn,U3)[m, v%A%/ (g2v% + A?)], which dominates
as the ballistic limit is approached. The large extrinsic OHE
in graphene and monolayer TMDs systems is due to their
Dirac dispersion [77] and inversion symmetry breaking.

The extrinsic OHE, including skew scattering and side
jump, has been considered theoretically by Bernevig et al.
in hole-doped Si [32]. The effect of impurities in the Kubo
linear response theory of Ref. [32] is twofold: through the
vertex correction to the current operator and the self-energy.
Bernevig et al. showed that vertex corrections from
impurity scattering vanish for a low-energy model for
hole-doped Si. However, a recent work [78] shows this
is not the case in generic inversion symmetric systems.

Application of the theory.—Some words are in order
regarding the range of applicability of our theory. First,
since most of the orbital moment contribution comes from
the valley points [79], we considered the OHE from the K
and K’ points, without including the contribution from the
remainder of the Brillouin zone. Second, we approximate
the Fermi-Dirac function as a step function which is the
zero-temperature limit, whereas orbital Hall measurements
are performed at room temperature, i.e., 25 meV [7,41].
Our main assumption is that the fermion system is
degenerate, i.e., Er > kzT. However, based on realistic
values for 7, our theory requires the Fermi energy to be
away from the band edge by at least 50 meV in order to
satisfy Ept/h> 1. This is twice room temperature:
whereas the assumption of degeneracy is not perfect, the
system is still approximately degenerate. Third, we have
assumed short-range disorder. For a more generic disorder
model, although we do not expect the results to change
qualitatively, the rhs of Egs. (6) and (7) will depend on the
angular characteristics of the scattering potential. Finally,
but most importantly, the theory requires Epz/h > 1,
which excludes the low-density regions in the vicinity of
the conduction and valence band edges. These regions are
virtually impossible to capture by most theoretical
approaches. This is one of the fundamental paradoxes of
transport theory: disorder is needed on physical grounds,
but it needs to satisfy Epz > 1 (alternatively grpl> 1,
where [ is the mean free path) for the theory to be
applicable. The appearance of a term « 7 (i.e., « 1/n;)
is understood on physical grounds: it represents the shift in
the Fermi surface induced by the electric field. The fact that
this shift is « 7 reflects the need for disorder to be present
so as to keep the Fermi surface near equilibrium. If disorder
is removed entirely and 7 formally tends to infinity this
would imply that an infinitesimally small electric field can
shift the Fermi surface infinitely far away from equilibrium.
Such a process is unphysical, therefore the limit 7 — oo is
not captured in this formulation of transport theory. The
resolution is that the size of the sample now needs to be
considered and it is assumed that the mean free path is
larger than the size of the sample, so the system transitions
into the Landauer-Buttiker regime. This regime can also be
captured in our density matrix language [80], but is
unlikely to be relevant to the materials studied in the
present work, where transport is diffusive. The opposite
limit, g — 0, is equivalent to Er7 < 1, which represents
the transition to the localised regime. The transport theory
first needs to be augmented with the Cooperon in order to
describe weak localization [81].

Conclusions.—We have determined the disorder contri-
bution to the OHE of 2D massive Dirac fermions and
shown that it exceeds the intrinsic contribution by an order
of magnitude, using graphene, transition metal dichalco-
genides and topological antiferromagnets as proto-
types. The calculation offers an approach to tuning and
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maximizing the orbital torque and can be extended to other
classes of materials, such as Weyl and Dirac semimetals,
topological insulators, and van der Waals heterostructures,
as well as opening future perspectives on graphene-based
orbitronics and twistronics [82].
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