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We present a quantum sensing scheme achieving the ultimate quantum sensitivity in the estimation of the
transverse displacement between two photons interfering at a balanced beam splitter, based on transverse-
momentum sampling measurements at the output. This scheme can possibly lead to enhanced high-
precision nanoscopic techniques, such as superresolved single-molecule localization microscopy with
quantum dots, by circumventing the requirements in standard direct imaging of camera resolution at the
diffraction limit, and of highly magnifying objectives. Interestingly, we show that our interferometric
technique achieves the ultimate spatial precision in nature irrespectively of the overlap of the two displaced
photonic wave packets, while its precision is only reduced of a constant factor for photons differing in any
nonspatial degrees of freedom. This opens a new research paradigm based on the interface between
spatially resolved quantum interference and quantum-enhanced spatial sensitivity.
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The Hong-Ou-Mandel (HOM) effect [1,2] is an emblem-
atic quantum phenomenon that proved to be instrumental for
the development of novel quantum technologies [3]. When
two identical photons impinge on the two faces of a balanced
beam splitter, and photodetectors are employed at both the
outputs, no coincidence detection is recorded, as the two
photons always “bunch” in the same output channel. This is
caused by the quantum interference occurring between the
two possible, but indistinguishable paths undertaken by the
two identical photons through the beam splitter. Instead, for
nonidentical photons, e.g., in their emission times, polar-
izations or central frequencies, the coincidence rate changes
with the distinguishability between the photons at their
detection [1-3]. For this reason, HOM interferometry has
been largely employed for high-precision measurements,
e.g., of optical lengths and time delays [1,4,5], polarizations
[6,7], and for quantum-enhanced imaging techniques, such
as quantum optical coherence tomography [8,9]. Further-
more, the analysis of the bounds on the precision achievable
in an estimation protocol given by the Cramér-Rao bound
(CRB) [10,11], and of the ultimate precision achievable in
nature through the quantum Cramér-Rao bound (QCRB)
[12,13], has become a useful tool to determine the sensitivity
of two-photon interferometry techniques for metrological
applications [4,14-16].

Interestingly, it has been recently shown that inner
variables resolved two-photon interference, in which two
delayed or frequency-shifted photons impinging on the two
faces of the beam splitter are detected by frequency- or
time-resolving detectors, respectively, circumvents the
requirement of large overlap in the photonic wave packets
typical of HOM interferometry [17-25]. Indeed, this
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technique allows us to observe beating, i.e. oscillations,
in probabilities of coincidence and bunching of the two
photons, with a period that is inversely proportional to the
difference in the colors or in the incidence times at the beam
splitter, hence preserving its sensitivity also in the case of
nonoverlapping wave packets [22].

Two-photon interference has also been performed in the
spatial domain, i.e., while varying transversal properties of
the two photonic wave packets, for example, slightly
rotating the momentum of the photons before they interfere
[26,27], manipulating the spatial overlap between the
photons [28], or simultaneously introducing a temporal
delay to observe spatiotemporal coherence properties of the
two-photon state [28,29]. Spatial HOM interferometry so far
has mostly been employed to assess the spatial coherence of
highly entangled photons, e.g., produced by spontaneous
parametric down-conversion. However, to the best of our
knowledge, the metrological potential of spatial two-photon
interference for high precision imaging and sensing appli-
cations has not been investigated yet. A study in this
direction is made even more compelling, from an exper-
imental and technological point of view, due to the recent
development of high-precision nanoscopic techniques that
already employ single-photon emitters and single-photon
cameras [30-32].

This Letter introduces a quantum interference technique
based on spatially resolved sampling measurements and
investigates its properties from the metrological point of
view. We show that resolving and sampling over the
difference in transverse momenta of two photons detected
after they interfere at a beam splitter is an optimal
metrological scheme for the estimation of the transverse
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separation of their wave packets, achieving the ultimate
precision given by the QCRB. This can be done by
employing two cameras that spatially sample over all the
possible two-photon interference events in the far field,
resolving the difference in the transverse momenta of the
two detected photons, and simultaneously recording
whether the two photons ended up in the same or different
output channels of the beam splitter (see Fig. 1). This can
therefore be seen as an interesting metrological application
for spatial estimation of multiboson correlation sampling
based on inner-variable sampling measurements [33-35].
In particular, we show that, apart from a constant non-
vanishing factor, the sensitivity of the proposed technique
is retained for photons that also differ in any physical
property other than their transverse position, e.g., their
polarization or frequency, useful for localization and
tracking applications with independent emitters. Further-
more, the precision of this scheme can be, in principle,
increased arbitrarily, for any fixed displacement between
the photons, by employing photons with broader and
broader transverse-momentum distributions. Since our
technique does not involve a direct detection of the single
photons in the position domain, it removes the need of
high-resolution cameras and highly magnifying objectives,
typically employed in current localization microscopy
techniques, which require us to directly resolve sources
at the diffraction limit [36,37]. Moreover, for almost
identical photons, the resolving cameras can be replaced
with bucket detectors that only count coincidences and
bunching events, without affecting the sensitivity of the
scheme. Other than single molecule localization nano-
scopy, this technique finds possible applications in astro-
physical bodies localization, or for the measurement of any
transverse displacement of a probe single-photon beam
with respect to a reference beam, e.g., caused by refraction
or by optical devices such as tunable beam displacers [38].

Experimental setup.—We consider pairs of quasimono-
chromatic photons, with wave number k, produced by two
independent sources impinging on the two faces of a
balanced beam splitter, and then detected by two cameras
positioned at the beam-splitter outputs in the far-field
regime at a distance d from their sources. For simplicity,
we will only describe one transverse dimension of the
setup, but the same analysis can be easily generalized to the
two-dimensional case. We suppose that the transverse
position of the Sth photon is described by a wave packet
ws(x) = w(x — xo5) centered around the position x,g, with
S =1, 2. A practical example of such a setup is shown in
the schematic representation of Fig. 1. We can thus write
the two-photon state as

¥ = / oy (1)} (11)[0), @ / Ay (12)B1 (42)[0)
(1)

FIG. 1. Two single photons, centered in positions x,; and x, in
their respective transverse planes, impinge onto the two faces of a
balanced beam splitter (BS), so that the displacement between the
probe photon P, and the symmetric image P’ of the reference
photon P is Ax = x¢; — xgp. The two photons are then detected
by two cameras (C; and C,) in the far-field regime, which resolve
their transverse momenta k and k’ for joint detections either in the
same (bunching events) or opposite (coincidence events) output
channels of the beam splitter.

where &} (x;) and b} (x,) are the bosonic creation operators
associated with the first and second input mode of the beam
splitter at transverse positions x; and x,, respectively,
satisfying the commutation relation [ag(x),b%(x')] =
VV8s56(x — x'), with §,8'=1, 2, where dg¢ and 6(x—x)
denote the Kronecker and Dirac delta, respectively, while
0<v<1 represents a degree of indistinguishability
between the photons in any physical property other than
their transverse positions (e.g., different polarizations),
with v = 1 denoting the maximum degree of indistinguish-
ability. The displacement Ax = xq; — X, that we aim to
measure can be caused by refraction or any other beam-
displacing optical device [38], or it can represent the
position of a single-photon source that we want to localize,
e.g., a probe quantum dot attached to a molecule [30-32],
with respect to an identical reference photon emitted at a
known position.

After impinging on the beam splitter, each pair of
photons is randomly detected at the pixels in positions y
and y’ either of a single camera or distinct cameras. Since
the detection occurs in the far-field regime, it corresponds
to resolving the transverse momenta k = yky/d and k' =
y'ko/d of the two photons, i.e., the conjugate variables to
the photon transverse positions. We show that this results in
the observation of quantum beats in the difference Ak =
k — k' (see Fig. 2) with periodicity inversely proportional to
Ax = xy; — Xxp in the joint probabilities

P,(Ak X) = %C(Ak)(l + a(X)vcos(AkAY)), (2)
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FIG. 2. Plots of the probability P,(Ak,X) in Eq. (2) for
Gaussian transverse-momentum distributions |@(k)|?, yielding a
Gaussian envelope C(Ax) (black solid line), for the same-
camera (X = B) detection events, and the different-camera
(X = A) detection events. The variance of the distribution
lp(k)|* is set to o7 = 1, which fixes a natural scale for Ak
and for the separation Ax = 4/0;.

of the two photons detected by different cameras (X = A),
or the same camera (X = B), where a(A) = -1 and
a(B) = +1, and C(Ak) is the beats envelope, whose shape
is known and depends on the transverse-momentum
distribution of the photons, i.e., the modulo squared
lp(k)]*> of the Fourier transform of w(x), e.g.,
C(Ak) = exp(—Ak?/467)/ /4762
packets [39].

The estimation of the displacement Ax is carried out by
performing a given number N of sampling measurements
of the values (Ak, X) with pixel size 5y, corresponding to a
precision 6k = 6yky/d in the transverse momenta, small
enough to resolve the transverse-momentum distributions

of the two photons and the beating oscillations with period
2z/Ax in Eq. (2), i.e.,

for Gaussian wave

where o7 is the variance of the transverse-momentum

distribution of the photons. The N detected sampling
outcomes (Ak;, X;) with i =1, ..., N are then employed
in a standard maximum-likelihood estimation procedure of
the parameter Ax, specialized to the probability distribution
in Eq. (2) [39].

Because of the Fourier uncertainty principle o, = 1/20,,
with o, given by the standard deviation of |y(x)|*> and
which, for diffraction limited optics, can be approximated
by o, ~271/2.8ky ~ 2.2/ k, it is possible to express the first
resolution requirement in Eq. (3) as 0y <« 0.22d, easily
satisfied with current cameras, independently of the color
of the photons. Furthermore, since this technique requires
cameras only able to resolve oscillations of period e 1/Ax,
it circumvents the need to employ objectives with high
magnifying factors to resolve directly the relative position
Ax of the single-photon emitters at the diffraction limit,
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FIG. 3. Numerical simulations for Gaussian photonic wave
packets and for different values of o, Ax of the variance Var(Ax)
of the maximum likelihood estimator Ax, which saturates the
CRB in Eq. (4) for the FI F,(Ax) in Eq. (7) at the increasing of
the number N of sampling measurement iterations of the
estimation. In the inset, we plot the ratio between the expected
value E(Ec) of the maximum-likelihood estimator and the true
value Ax.

typically required in imaging techniques such as single-
molecule localization microscopy [36,37].

Ultimate quantum sensitivity.—Any unbiased estimator
Ax associated with the estimation of the separation Ax
between the photon pair in Eq. (1), will have a variance
Var[Ax] bounded from below by the CRB associated with
the described measurement [10,11], and ultimately by the
QCRB, which sets the ultimate quantum limit of the
achievable precision independently of the measurements
[12,13,41,42], i.e.,

1 1
>
NF,(Ax) ~ NH(Ax)’

Var[Ax] = (4)
where H(Ax) is the quantum Fisher information (QFI),
F,(Ax) the Fisher information (FI), and N is the number of
independent sampling measurements [10,12]. In particular,
we demonstrate from Eq. (2) that in our scheme, in case of
photons differing only in their transverse positions,

F,_(Ax) = H(Ax) = H = 207, (5)

i.e., the FI saturates the QFI [39]. We show in Fig. 3 that the
QCRB in Eq. (4) is already approximately saturated
for N of the order of 1000 by maximizing the measured

likelihood function, calculated in the Supplemental
Material, i.e.,
Varl&x] &= (©
X —=—.
NH 2No?
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Remarkably, the ultimate precision in Eq. (6) achieved
with our technique is independent of the separation Ax to
be estimated, and can be, in principle, arbitrarily improved
by increasing the transverse-momentum variance o7 of the
photons. For example, assuming Gaussian distributions
ly(x)|* with a diffraction limited width ¢, ~ 100 nm [37],
the bound on the sensitivity in Eq. (6) amounts to

1/(2N6?) ~ 2.6 nm employing only N =~ 3000 pairs of
photons. This would not be possible in direct imaging
without the use of magnifying objectives, where even by
employing a camera with ~10 pm pixel size, 100x mag-
nifying lenses would be required to reach the diffraction
limit. Localizing single-photon wave packets with smaller
and smaller diffraction limited widths becomes increas-
ingly prohibitive for direct imaging techniques, due to the
need of lenses with higher and higher magnification factors
and the detrimental effects of misalignments and aberra-
tions [43], while, in our technique, not only it is feasible,
but also allows according to Eq. (6) higher and higher
precisions, useful, for example, for studies of structures and
functions at the subcellular level [44]. Furthermore, already
for N ~3000 sampling iterations, we achieve a 97%
saturation of the CRB, and a relative bias smaller than
0.1%, without the need of fully retrieving the output
probability distribution with a larger number of measure-
ments (see Fig. 3).

Interestingly, this interferometric technique is com-
pletely unaffected by the lack of overlap between the
spatial wave packets of the two photons. Indeed, perform-
ing transverse-momentum resolving detections, i.e., resolv-
ing the variables in the conjugate domain to the position,
renders the detectors “blind” to the position of emission of
the two photons, and thus it enables the observation of two-
photon quantum interference. This feature is in stark
contrast with standard non-resolving two-photon interfer-
ence, where the distinguishability of photons with spatially
nonoverlapping wave packets is not erased at the detectors,
hindering the precision of the estimation. Nevertheless, for
photons with mostly overlapping spatial wave packets, i.e.,
for 6, Ax < 1, we show in the Supplemental Material that it
is possible to saturate the QFI without resolving their
transverse momenta and therefore by using simple bucket
detectors.

FI for partially distinguishable detected photons.—QOur
technique remains effective also when introducing partial
distinguishability # < 1 in the two-photon detection.
Indeed, in this more general scenario, we show, by using
Eq. (2), that the FI, normalized to the QFI H in Eq. (5),
reads [39]

F,(Ax)
H

_ /dAka(Ak; Ax), (7)

where

Ak*  V*sin’(AkAx)
Ak; Ax) = C(Ak) — . (8
fu( x) (k) 207 1 — 12cos?(AkAx) ®)

As evident in Fig. 3, also for v < 1, the CRB is approx-
imately saturated already with N of the order of 1000, i.e.,

Var[g}] ~1/NF,(Ax). Importantly, from the plot of
F,(Ax) in Fig. 4, it is evident that, for o,Ax 2 0.5, a
condition that can always be guaranteed by calibrating the
position of the reference photon, for Gaussian wave packets

F,(Ax) 2 (1= V1-1)H, ©)

independently of the value of Ax (e.g., with 1 — V1 — 1 =~
0.6 for v = 0.9), where (1 — V1 —?)H is the asymptotic
value for o;Ax > 1 [39].

Contribution from the sampled transverse momenta.—
Each term f,(Ak; Ax) in Eq. (8) represents, apart from a
factor 207, the contribution to F,(Ax) in Eq. (7) yielded by
both outcomes (Ak, A) and (Ak, B) of a single two-photon
detection. The expression of f,(Ak; Ax) in Eq. (8) allows
us to understand which outcome values of Ak yield more
information on the separation Ax, and, conversely, which
ones can be discarded with a negligible loss of precision.
Indeed, we notice from Fig. 4(b) that f,(Ak;Ax), as a
function of Ak, is concentrated within its envelope
V>C(Ak)AK? /207, associated with the distributions of
the photons in the transverse momenta, independently of
Ax. Therefore, the cameras do not need to be adjusted
according to the unknown separation Ax between the two
photons. Furthermore, if the tails of the distribution of the
photons have a negligible contribution (e.g., for Gaussian
wave packets), one can integrate the f,(Ak; Ax) in Eq. (8)

|—u: 1--v=09 —-v=07 1/:0.5‘
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FIG. 4. Plots for Gaussian transverse-momentum distributions
| (k)|? and different values of v of (a) F,(Ax) normalized to H in
Eq. (7), with Eq. (9) holding independently of the value of Ax, for
oxAx 2 0.5; (b) Contributions f,(Ak; Ax) in Eq. (8) to the FI
depending on the outcome value Ak for Ax = 4/0;, with o, = 1,
which fixes a natural scale for Ak. All the information on Ax can
be obtained by sampling measurements in the transverse mo-
menta difference Ak within its envelopes independently of the
value of Ax (thin solid lines).
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FIG. 5. Plot of the ratios F,(X;Ax)/F,(Ax) between the FI
associated with the observation of only two-camera (X = B), or
only single-camera events (X = A), and the FI in Eq. (7) of our
original scheme, for different values of v. Observing only single-
camera events yields a better precision than double-camera events
for o,Ax = 0.5.

within a few units of o4, hence with a reduced camera
sensing range.

Contribution from single or joint camera detections.—In
Fig. 5 we show, for different values of v, the FI F,(X; Ax)
associated with the observation of only two-camera
(X = A) events or single-camera (X = B) events, according
to the probability distributions P,(Ak,X) in Eq. (2),
normalized over the overall probability [dAk P,(Ak,X)
[39]. For 6,Ax Z 0.5 and Gaussian photonic wave packets,
we see from Fig. 5 that observing only one-camera events
(X = B) is more informative than observing only two-
camera events (X = A), since F,(B; Ax) = F,(A; Ax), and
F,(B;Ax) is only reduced, compared to F,(Ax), by a
nonvanishing factor R, = F,(B; Ax)/F,(Ax) (e.g., R, =~
0.6 for v =0.9 and R, ~0.7 for v = 1, for o;Ax ~ 1.5).
Therefore, by using Eq. (9), we deduce that our scheme can
also be employed with only one camera, achieving a

FI > HR,(1 — V1 —1?)/2, where the factor 1/2 provides
for the fact that we are observing only one output channel
of the beam splitter.

Conclusions.—We presented a spatial quantum interfer-
ence technique allowing the estimation of the transverse
separation of two single-photon beams at the ultimate
precision allowed by the QCRB, based on transverse-
momentum resolved sampling measurements. In the regime
of almost identical photons, the two cameras can be
replaced with nonresolving bucket detectors without any
loss of sensitivity. Furthermore, apart from a nonvanishing
factor, the same quantum sensitivity is retained also for
photons partially differing in any physical parameters other
than their transverse position, and it can be also achieved by
employing only one camera at a single output of the beam
splitter. Finally, such an ultimate quantum sensitivity can be
approximately obtained for a limited number of iterations
of the experiment, and be, in principle, arbitrarily increased
by employing photons with more broadly distributed
transverse momenta. This means that such a precision is

only limited by the highest value of the transverse-
momentum distribution variance experimentally feasible
with current technologies. Moreover, by using indirect
sampling measurements which resolve the photonic trans-
verse momenta instead of the positions directly, this
technique removes the requirement of camera resolution
at the diffraction limit typical of direct imaging techniques,
as well as highly magnifying objectives.

These results shed new light on the metrological power
of two-photon spatial interference and can pave the way to
new high-precision sensing techniques. This work has the
potential to enhance superresolution imaging techniques
that already employ single-photon sources as probes for the
localization and tracking of biological samples, such as
single-molecule localization microscopy with quantum
dots [30-32]. Other possible applications can be found
in the development of quantum sensing techniques for
high-precision refractometry and astrophysical bodies
localization, as well as high-precision multiparameter
sensing schemes, including 3D quantum localization meth-
ods, and simultaneous estimation of the color and position
of single-photon emitters, by combining our technique with
multiphoton interference techniques in the frequency-time
domain [4,22].
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