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Fast preparation of quantum many-body states is essential for myriad quantum algorithms and
metrological applications. Here, we develop a new pathway for fast, nonadiabatic preparation of quantum
many-body states that combines quantum optimal control with a variational Ansatz based on non-Gaussian
states. We demonstrate our approach on the spin-boson model, a single spin interacting with the bath. We
use a multipolaron Ansatz to prepare near-critical ground states. For one mode, we achieve a reduction in
infidelity of up to ≈60 (≈10) times compared to linear (optimized local adiabatic) ramps; for many modes,
we achieve a reduction in infidelity of up to ≈5 times compared to nonadiabatic linear ramps. Further, we
show that the typical control quantity, the leakage from the variational manifold, provides only a loose
bound on the state’s fidelity. Instead, in analogy to the bond dimension of matrix product states, we suggest
a controlled convergence criterion based on the number of polarons. Finally, motivated by the possibility of
realizations in trapped ions, we study the dynamics of a system with bath properties going beyond the
paradigm of (sub- and/or super-) Ohmic couplings.
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Introduction.—The description of quantum systems out
of equilibrium represents a notorious challenge. In many
relevant situations one has to resort to numerical
approaches ranging from nonequilibrium Monte Carlo to
tensor networks [1–10]. A specific class of problems
consists of systems containing bosonic degrees of freedom
with an (even locally) unbounded Hilbert space. To deal
with such situations, various schemes have been devised,
such as path integral techniques [11–14] or effective
Hamiltonian [15,16] and light cone conformal truncation
[17–19] used predominantly in high-energy physics, which
aim at describing the relevant part of the (bosonic) Hilbert
space by a suitable choice of truncation procedure.
Another possibility is to exploit the continuous-variable

structure of the bosonic states. Here, a novel scheme using a
time-dependent variational Ansatz based on non-Gaussian
states has been recently proposed [20,21] and successfully
applied to the studies of systems ranging from the Kondo
impurity problem [22], central spin [23], or spin-Holstein
models [24] to Bose and Fermi polarons [25–27].
In this Letter, we demonstrate that non-Gaussian Ansätze

constitute a natural framework to study physics in non-
perturbative regimes and propose a novel approach to
quantum many-body state preparation by combining quan-
tum optimal control and non-Gaussian variational Ansätze
[28–31]. Specifically, we implement a multipolaron
Ansatz [32–38] and extend previous studies of the para-
digmatic (sub- and/or super-)Ohmic spin-boson model

[11–14,39–44] to in principle arbitrary couplings. The
choice of the spin-boson model is motivated by the fact
that it plays a major role in the description of impurity
problems, while also encompassing many platforms that
are currently used for quantum simulation and computing,
ranging from superconducting circuits to trapped ions [45–
59]. In particular, recent realizations of the quantum Rabi-
Hubbard [60] and Rabi models [61,62] represent an ideal
test bed to experimentally probe the here-presented theo-
retical results.
We study (i) the convergence of the multipolaron Ansatz,

highlighting the limitations of the leakage as a control
parameter and instead proposing a quantifiable measure of
convergence based on the number of polarons, (ii) the onset
of chaos of the bosonic bath quantified by the out-of-time-
order correlators (OTOCs), demonstrating its robustness
with respect to the spin-bath couplings, and (iii) fast
nonadiabatic quantum many-body state preparation, inclu-
ding the preparation of near-critical ground states.
The model.—We consider the spin-boson model, where

the interaction of a two-level system with a bath of N
harmonic oscillators is described by the Hamiltonian

H ¼ Δ
2
σx þ

XN
k¼1

ϵkb
†
kbk −

1

2
σz

XN
k¼1

gkðb†k þ bkÞ: ð1Þ

Here Δ describes the tunneling strength, ϵk is the mode
frequency, and gk is the interaction between the spin and
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kth mode. The operators σx;y;z are Pauli operators acting on

the spin, and bk (b†k) are the annihilation (creation)
operators of the bath modes satisfying ½bk; b†k0 � ¼ δkk0 .
The Hamiltonian (1) conserves the parity Pex ¼ eiπNex,
where Nex ¼ 1=2ðσx þ 1Þ þP

k b
†
kbk counts the total

number of excitations.
Typically the spin-boson model is studied with an Ohmic

(s ¼ 1), sub-Ohmic (s < 1), or super-Ohmic (s > 1)
bath, with the couplings described by

P
k g

2
kδðω − ϵkÞ ¼

2αω1−s
c ωsΘðωc − ωÞ. Here ω > 0, ωc is a high-frequency

cutoff, and α is a dimensionless measure of the spin-bath
interaction strength. We choose a mode discretization
ϵk ¼ ωck=N, k ¼ 1; 2;…; N. Note that we do not enforce
any restrictions on any of the relevant energy scales, i.e., Δ,
ϵk, gk, or ωc. In particular, we do not require that ωc is the
largest energy scale. Such tunability is motivated by the
possibility of realizing the spin-boson model with tunable
parameters in trapped ions [63].
Time-dependent variational principle with non-

Gaussian states.—We consider a variational state jψðx⃗Þi
parametrized by a set of real parameters x⃗ðtÞ. Using the
variational principle, the imaginary and real-time evolution
are governed by the equations of motion [20,21,63]

ẋν ¼ −ðgμνÞ−1∂μϵðx⃗; tÞ; ð2aÞ

ẋν ¼ −ðωμνÞ−1∂μEðx⃗; tÞ: ð2bÞ

Here ϵð⃗x; tÞ ¼ Eð⃗x; tÞ=hψ ð⃗xÞjψ ð⃗xÞi, Eð⃗x; tÞ ¼
hψ ð⃗xÞjHðtÞjψ ð⃗xÞi, gμν ¼ 2Rehvμjvνi, and ωμν ¼
2Imhvμjvνi with jvμi ¼ ∂μjψðx⃗Þi the tangent vectors of
the variational manifold and ∂μ ¼ ∂=∂xμ [63]. We use (2a)
and (2b) to access the ground state in the τ → ∞ limit of
imaginary time and to calculate real-time dynamics,
respectively.
The crucial input to the equations of motion is an Ansatz

for the wave function, which we choose to be a weighted
superposition of coherent states,

jψðx⃗Þi ¼
XNp

p¼1

Dð↑Þ
p j↑; 0i þDð↓Þ

p j↓; 0i; ð3Þ

where Dð↑;↓Þ
p ¼eκþiθDðα⃗Þ, Dðα⃗Þ ¼ Q

N
k¼1 exp½αkb†k − α�kbk�

is the standard displacement operator of the bosonic
modes and κ, θ encode the respective weights. Here
α⃗ ¼ ðα1;…; αNÞ, and we have dropped the p;↑;↓ indices
for ease of notation.
Because the set of coherent states forms an overcomplete

basis for the N-mode bosonic Hilbert space, in the limit
Np → ∞ the multipolaron Ansatz becomes exact. When
Np ¼ 1, the bosonic part in each spin sector reduces to a
coherent state, a special case of a Gaussian state. We
comment on the intuition behind the suitability of the

multipolaron Ansatz for the spin-boson model and the role
of squeezing in Supplemental Material [63].
The Ansatz (3) whose evolution is governed by Eqs. (2)

is an example of time-dependent variational principle. It
has recently found numerous applications to the time
evolution of spin systems, where it is often formulated
as a tensor network with time-dependent parameters [77–
82]. Typically, the quality of the Ansatz’s evolution is
quantified by a leakage

ΛðtÞ ¼ kð∂t þ iHðtÞÞjψðx⃗Þik; ð4Þ

which measures the rate at which the Ansatz wave function
leaves the variational manifold under the action of the
Hamiltonian HðtÞ. From the leakage, the fidelity of the
Ansatz with respect to the true state jΨðtÞi at time t can be
bounded by [80]

F ðtÞ ¼ jhΨðtÞjψðx⃗Þij2 ≥
�
1 −

½R t
0 dτΛðτÞ�2

2

�
2

: ð5Þ

Results.—First, we benchmark the performance of the
Ansatz (3) by considering the Hamiltonian (1) with a single
mode, also known as the quantum Rabi model (QRM). In
this case the Ohmic coupling reduces to g ¼ ffiffiffiffiffiffi

2α
p

ϵ (with
ωc ¼ ϵ), so we use g and α interchangeably. The QRM
features a crossover from a bi- to quadpolaron state at the

critical coupling strength gc ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ϵ2 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ϵ4 þ ðgc0=2Þ4

pq
.

In the so-called thermodynamic limit Δ=ϵ → ∞ the cross-
over corresponds to a quantum phase transition from a
normal to a superradiant phase at gc0 ¼

ffiffiffiffiffiffi
ϵΔ

p
[83,84].

In Figs. 1(a) and 1(b) we show the order parameter hσxi
of the ground state in the vicinity of the crossover and the
real-time dynamics for a quench from an initial state
jψðt ¼ 0Þi ¼ j0ijþi. We see a fast convergence to the
exact diagonalization (ED) results for a moderate polaron
number Np. The respective fidelities (5) are then shown in
Figs. 1(c) and 1(d).
The dotted lines in Fig. 1(d) show the fidelity bound

from the right-hand side of Eq. (5). The bound appears to
be relatively loose in that it overestimates the actual decay
of the fidelity. Although the leakage provides at least some
control over the accuracy of a given Ansatz, the multi-
polaron state (3) has the advantage that it offers the number
of polarons as a control parameter. In particular, jψðtÞi →
jΨðtÞi in the limit Np → ∞. As such, considering the real-
time dynamics of an observable O, we introduce a con-
vergence criterion

ðΔO=ŌÞðNpÞðTÞ ¼
R
T
0 dtjOðmax½Np�ÞðtÞ −OðNpÞðtÞj

j R T
0 dtOðNpÞðtÞj ; ð6Þ

which quantifies the relative (time-integrated) change in the
evolution of the observable with respect to the maximum
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considered number of polarons Np. Here OðNpÞðtÞ ¼
hψðtÞjOjψðtÞi is the expectation value obtained with Np

polarons. We note that similar convergence criteria have
been discussed in Refs. [35,36].
With these definitions at hand, we return to the Ohmic

spin-boson Hamiltonian (1) to plot ground state properties
and real-time dynamics for N ¼ 10 modes, shown in
Figs. 1(e) and 1(f), respectively. The inset of Fig. 1(e)
plots varðHÞ ¼ hH2i − hHi2, which we use as a control
quantity of the Ansatz as varðHÞ ¼ 0 for the ground state.
We see rapid improvement for Np > 1, with relatively
worse performance near the critical point αc ≈ 5. This is
expected because our Ansatz does not include squeezing,
which is a property of the ground state near the critical
point [84]. In the inset of Fig. 1(f), we plot ðΔO=ŌÞðNpÞðTÞ

forO ¼ σx. We findNp > 5 sufficient to accurately capture
real-time dynamics, with Np > 10 highly accurate.
Bath dynamics.—The Ansatz (3) can be used to further

quantify the bath dynamics. To this end, we evaluate the
fidelity OTOC, F ¼ hW†ðtÞV†WðtÞVi with V ¼
jψð0Þihψð0Þj the projector on the initial state and W ¼
expðiδϕGÞ [85–87]. For a small perturbation δϕ ≪ 1,
1 − F ∝ varðGÞ. We choose G ¼ xk ¼ b†k þ bk, the posi-
tion quadrature of the kth mode. Such fidelity OTOCs have
been considered in the analysis of chaos in the QRM in
Ref. [64], where it was found that the scrambling time t�
corresponding to the maximum of varðxÞ in the super-
radiant phase and for a quench from a vacuum depends
only weakly on the exact value of the coupling g in the
thermodynamic limit Δ=ε → ∞.
We demonstrate the versatility of the Ansatz by moving

beyond the paradigm of Ohmic-type baths. We consider a
set of equally spaced k modes with coupling profiles

g�k ¼ ḡ
2
tanh½�0.25ðk − ⌈N=2⌉Þ� þ ḡ; ð7Þ

as shown in the inset of Fig. 2(b). In Supplemental Material
[63] we investigate the convergence of the Ansatz with
polaron number Np for a variety of bath profiles including
sub- and super-Ohmic ones. Here, we study quench dy-
namics for both g�k from jψðt ¼ 0Þi ¼ j0ijþi for N ¼ 11

modes far from the thermodynamic limit with Δ=ωc ¼ 1.1.
In Fig. 2(a) we show the variance varðx6Þ of the midcou-
pling (sixth) mode with the scrambling time t� indicated.
The inset shows the dependence of t� as a function of the
coupling strength amplitude ḡ (here all the couplings
correspond to the (pseudo) coherent dynamics in the phase
diagram [63]) and the corresponding bosonic excitation
number distribution at t� is shown in Fig. 2(b). We find that
the weak dependence of t� from the QRM in the super-
radiant phase and thermodynamic limit seems to be a robust

FIG. 2. (a) Bath-mode position quadrature of the mid-k (k ¼ 6)
mode for a quench from a state jψðt ¼ 0Þi ¼ j0ijþi for the
coupling profiles gþk (blue, dashed) and g−k (orange, solid), see
Eq. (7) and the inset in (b). The vertical dashed line indicates the
scrambling time t� corresponding to the first maximum of
varðx6Þ. The inset shows t� vs coupling amplitude ḡ for the
two profiles. (b) The occupation of the bath modes at the
scrambling time. Parameters are ωc=Δ ¼ 1=1.1, ḡ=Δ ¼ 1=1.1
and N ¼ 11, Np ¼ 10.

FIG. 1. Single mode: (a) Order parameter hσxi of the Pex ¼ 1

ground state and (c) fidelity F ¼ jhΨgsjψgsij2 for
ϵ=Δ ¼ 0.15=1.0. The white and gray regions indicate the phase
boundary between the normal and superradiant phase in the
thermodynamic limit with the critical point gc ¼

ffiffiffiffiffiffi
ϵΔ

p
. (b) Time

evolution of hσxi from initial state j0ijþi for ϵ=Δ ¼ 1.0=1.1,
g=Δ ¼ 2.0=1.1. (d) The fidelity F ¼ jhΨðtÞjψðtÞij2 (solid) with
the lower bound obtained from the leakage (dotted), cf. Eq. (5).
Many modes: (e) Order parameter hσxi for N ¼ 10 modes. For
illustration, we also include the perturbative result with critical
point αc ≈ 1þ Δ=2ωc separating the delocalized (white) and
localized (gray) phases [39,41]. The inset plots varðHÞ, which is
largest near αc due to the absence of squeezing in the Ansatz.
(f) Real-time dynamics from initial state j0ijþi, with the purple
line Np ¼ 16. Parameters are ωc=Δ ¼ 1.0=1.1 and α ¼ 4.0.

PHYSICAL REVIEW LETTERS 132, 170401 (2024)

170401-3



feature that persists in the many-mode case with very
different coupling profiles and far from perturbative limits
[63]. We leave this interesting opening for future systematic
investigations and turn to the application of the Ansatz to
fast quantum state preparation.
Quantum optimal control.—Adiabatic quantum state

preparation, where the Hamiltonian parameters are changed
such that the state during time evolution corresponds to the
instantaneous ground state, is an often-employed and
established paradigm with many applications. A prototypi-
cal example where this scheme fails is the preparation of
critical states, as the adiabatic criterion cannot be satisfied
due to the closure of the gap [88]. Going beyond adiabatic
schemes requires the design of ramp protocols that generate
a dynamical trajectory that takes the initial state to the target
final state. Both determining the critical ground state and
designing nonadiabatic ramp protocols can be challenging
for systems with many bosonic modes.
The variational principle, which casts both the real and

imaginary time evolution in the form of first order differ-
ential equations (2) for the variational parameters, offers an
ideal setup to implement such ramp protocols with quan-
tum optimal control methods.
We consider the chopped-random basis protocol

(CRAB) [29,90], an optimization technique that optimizes
the ramp of a control parameter by applying corrections in
the form of a truncated Fourier decomposition. A CRAB-
optimized ramp protocol can be nonadiabatic, and thus its
speed is not limited by the gap. Let us first consider the
quantum Rabi model. In analogy to the preparation of
ground states by tuning the coupling g [62,65], we consider
gðtÞ ¼ gft=tffðtÞ, where gf is the target coupling deter-
mining the corresponding ground state and where fðtÞ is a
Fourier decomposition into M harmonics,

fðtÞ ¼ 1

N

�
1þ

XM
j¼1

Aj sinðνjtÞ þ Bj cosðνjtÞ
�
: ð8Þ

HereN ¼ 1þP
j Bj is a normalization factor that ensures

gðtfÞ ¼ gf, νj ¼ 2πjð1þ rjÞ=tf, rj ∈ f0; 1g are random
integers, and the coefficients Aj, Bj are the optimization
parameters. Using random numbers and repeating the
optimization several times avoids the need to include rj
as optimization parameters, while still enabling a large
parameter search area and fast convergence [91].
To assess the performance of the protocol, we prepare a

target ground state in the vicinity of the crossover (phase
transition), which is located at coupling gc. Specifically, we
evaluate the preparation time tf needed to prepare the target
state with a fidelity F > 0.99. For comparison, we also
consider a linear ramp protocol gðtÞ ¼ gft=tf and a local
adiabatic (LA) ramp obtained by solving the differential
equation γ ¼ jΔ2ðgÞ=ġðtÞj, where ΔðgÞ is the instantaneous
energy gap between the ground and first coupled excited

state, and γ ≫ 1 is an adiabaticity parameter [66,92]. In
Fig. 3(a), we plot the infidelity as a function of the
preparation time for the CRAB, linear, and LA ramp
protocols. The corresponding time profiles of the couplings
gðtÞ are shown in Fig. 3(b). For a set tf the CRAB protocol
offers a significant reduction in infidelity of ≈60 times and
≈10 times compared to linear and optimized adiabatic
ramps, respectively. To verify that the CRAB optimization
does not correspond to adiabatic evolution, in Fig. 3(c) we
show the overlap jhΨgsðtÞjψðtÞij2 of the variational state
with the instantaneous ground state jΨgsðtÞi [we also verify
that the variational state corresponds to the exact evolution
jhΨðtÞjψðtÞij2 ≈ 1]. In Fig. 3(d) we show the extracted

FIG. 3. Single mode: (a) The infidelity 1 − F,
F ¼ jhψgsjψðtfÞij2, where jψgsi is the target ground state with
α ¼ 7, and jψðtfÞi is the state prepared with CRAB, linear, and
LA ramps. An example of the three ramps for tf ¼ 70 is shown in
(b). In (c) we verify the accuracy of the CRAB simulation
(purple) and its nonadiabaticity (red) by computing the overlap
with the instantaneous ground state jΨgsðtÞi. (d) Minimum ramp
times required to prepare a target ground state at α with fidelity
F > 0.99. The right axis shows the ground state boson number
(gray dashed line). Many modes: (e) Infidelity for CRAB and
linear ramp protocols vs ramp time for N ¼ 10modes with finite-
size scaling of the minimum gap (inset). For comparison we show
the gray dashed line obtained by extrapolating the linear ramp
data from (a), see Supplemental Material [63]. (f) Ramp times
required to prepare the target state with fidelity F > 0.90 vs α,
see text for details. Parameters used, Np ¼ 5, ωc=Δ ¼ 0.15.
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preparation times for the three protocols as a function of the
coupling together with the ground state boson number
(gray dashed). We see that the CRAB optimization clearly
outperforms both the linear and the LA ramp protocols: up
to ≈10 times and ≈2 times faster than linear and optimized
adiabatic ramps, respectively.
Moving to the many-mode case, we consider N ¼ 10

modes with Ohmic couplings. The target ground state for
each α is determined using the imaginary time evolution
(2a). The infidelity for a given ramp time tf for the linear
and CRAB protocols is shown in Fig. 3(e) (we omit the LA
ramp for simplicity [63]). The inset shows the finite-size
scaling of the gap [93]. The gray dashed line, obtained by
extrapolating the data for F ¼ 0.9 from Fig. 3(a) and using
the scaled gap, is shown for comparison [63].
Next, we consider the target fidelityF > 0.9, as very high

target fidelities are more stringent on the quality of the
approximation (requiring sufficiently largeNp), cf. Figs. 1(f).
Figure 3(f) shows the preparation times tf vs α. Here, the
adiabaticity parameter γ ¼ Oð1Þ [63], which indicates that
the linear ramp times result in nonadiabatic evolution, which
here is sufficient to reach the targetF ¼ 0.9with only a mild
improvement factor ≈2 in the preparation times using the
CRAB protocol [63]. This should be contrasted with γ ≈
10–20 in Fig. 3(d) resulting in higher improvement factor of
≈10 using the CRAB protocol.
Outlook.—We have demonstrated the application of a

multipolaron non-Gaussian variational Ansatz to study bath
dynamics beyond (sub- and/or super-)Ohmic couplings and
combined it with quantum optimal control for fast quantum
state preparation. As next steps, it would be interesting to
investigate the bath dynamics in such nonperturbative
setting including entanglement growth between the bath
modes mediated by the spin or the possible absence of
bound on OTOCs in such a star-graph-like configuration
[94], targeting experimental verification with trapped ions
[61,62]. Another straightforward extension of our analysis
is the computation of the gap through linear response
[20,21] and considering carrier ramp profiles beyond the
linear one, such as the LA profile in Fig. 3(b). This is likely
to further reduce the state preparation times. Remarkably,
already the simpler Gaussian version of the Ansatz [95]
allows for efficient description of systems in higher
dimensions [96] or to extract scaling exponents at the
phase transition [97].
Finally, we note that there are intense efforts underway to

use the bosonic degrees of freedom in noisy intermediate-
scale quantum devices, particularly trapped ions, for
quantum computing, quantum chemistry, and quantum
error correction [98–102]. Such approaches require robust
bosonic state preparation. In this context, it would be
interesting to extend the combination of non-Gaussian
states with quantum optimal control to a larger class of
systems, including open dynamics [103–108], and to

potentially embed it within hybrid classical-quantum varia-
tional approaches [99,100,109].
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