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We theoretically investigate prospects for the creation of nonclassical spin states in trapped ion arrays by
coupling to a squeezed state of the collective motion of the ions. The correlations of the generated spin
states can be tailored for quantum-enhanced sensing of global or differential rotations of subensembles of
the spins by working with specific vibrational modes of the ion array. We propose a pair of protocols to
utilize the generated states and demonstrate their viability even for small systems, while assessing
limitations imposed by spin-motion entanglement and technical noise. Our work suggests new
opportunities for the preparation of many-body states with tailored correlations for quantum-enhanced

metrology in spin-boson systems.
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Introduction.—Preparing entangled atomic states is a
continuing challenge for the realization of quantum-
enhanced sensors. A strong focus has been on generating
collective states as these are optimal for applications that
include atomic clocks and interferometers [1,2]. However,
recent work has drawn attention to the engineering of states
with distributed entanglement and correlations for multi-
parameter estimation or quantum sensors with enhanced
spatial resolution [3—10].

One way to prepare collective entangled states is to
realize global spin-spin interactions mediated by a common
bosonic mode uniformly coupled to a spin ensemble, such
as in trapped ion [11,12] and cavity-QED [13-15] plat-
forms. In the former, squeezed states—featuring a reduc-
tion in quantum projection noise for specific observables—
have been realized in both one-dimensional (1D) [16] and
two-dimensional (2D) ion arrays [17]. However, the
requirement to operate in a far-detuned regime can lead
to challenges such as slow timescales for entangling
dynamics relative to intrinsic decoherence, and spurious
couplings to other boson modes that lead to a reduction in
the effective range of spin-spin interactions. Both issues
limit the amount of squeezing that can be generated.

Concurrently, the trapped ion community has made
strides forward in the coherent control of the quantized
vibrational motion of the ions for quantum information
processing, simulation, and logic spectroscopy [18-25].
In this light, we investigate the feasibility of creating
entangled spin states through coherent transfer of squeezed
fluctuations from the motional to the spin degree of
freedom, which builds on early ideas to generate squeezing
with trapped ions [26,27] and demonstrated in atom-light
systems [28,29].
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Our proposal to use a resonant spin-boson coupling with
a single mode leads to states featuring squeezing of a fixed
spin quadrature and a coherent transfer time that is
independent of the degree of the initial squeezing.
Moreover, we show that spatially inhomogeneous spin-
boson couplings can be used to create spin states with
enhanced sensitivity to differential rotations between two
parts of the array. The latter capability can have potential
applications for clock comparisons [30,31], gravitational
redshift measurements [32], or magnetometry [33]. The
generated states can enable quantum-enhanced Ramsey
interferometry even for small numbers of ions, relevant for
near-term experiments, with performance that is funda-
mentally constrained by the buildup of spin-motion entan-
glement. To overcome this issue, and exploit the generated
squeezing without the need for site-resolved measurements,
we propose an interaction-based readout (IBR) protocol
based on time-reversed dynamics [34—38] that disentangles
the degrees of freedom and requires only global manipu-
lations and measurements of the spins.

Spin-boson toolkit.—We consider a linear chain of N
ions with m = 1,2, ..., N axial phonon modes with har-
monic frequencies w,, and associated bosonic creation

(annihilation) operators ah (a,,)- We focus on axial motion
in 1D for simplicity, but it is straightforward to extend our
analysis to radial modes or higher dimensional arrays. A
spin-1/2 is encoded in a pair of internal states ||} and |1)
of each ion. State-of-the-art trapped ion quantum simu-
lators provide a toolbox of operations to manipulate and
couple spin and motion.

Global spin rotations are realized by driving the qubits
with optical or microwave fields. The phonons can be
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FIG. 1. (a) Example modes of a 1D chain. Arrows qualitatively
indicate the ion participation in each mode. (b) Sequence for NR
protocol. (¢) Metrological gain N(A#)? as a function of boson
squeezing fﬁ. The performance achieved with measurements of
M = 8., (CM, dot-dashed line), S, (B, dot-dashed line) and S, _
(B, faded dot-dashed line) is compared to the QCRB given by the
QFI of the full system, N(A#)> = N/F (solid lines). We also
compare against the spin-only QFI via N/F , (dotted lines).
(d) Spin-boson entanglement Sy, [colors same as (c)]. Panels (c)
and (d) use N = 6.

manipulated by, e.g., modulating the confining potential of
the ion chain or additional electric fields, to realize single-
mode squeezing [23,24,39,40] or a coherent coupling
between pairs of modes [25]. The former is described by
the unitary operation §(¢) = e2¢'@ (@) where £ = re' is
the squeezing parameter with strength r and phase ¢.
Squeezing reduces the fluctuations along one bosonic quad-
rature at the expense of increased fluctuations in an ortho-
gonal quadrature. For example, for ¢ =0 squeezing
transforms  ((AX)?) = (X — (X))?) = e 2 ((AX)?) and
((AY)?) > e ((AY)?), where X=a+a" and Y=i(a"-a).
The coherent coupling of phonon modes m and n is descri-
bed by the unitary operation Uy (k,,) = e (@ndntanin)/2,
where setting k,,,, = x realizes a perfect swap of the quantum
states of each mode.

Spin-motion coupling can be realized by driving a red
sideband transition, described by the (inhomogeneous)
Tavis-Cummings Hamiltonian [41-43],

N
HTC,m =

The coupling g;,, is determined by the participation of the
Jjthion in the mth mode. In this work we focus on the center-
of-mass (CM) and breathing (B) modes [see Fig. 1(a)]. The
former couples uniformly, g;,, = go /V/N with g the char-
acteristic spin-boson coupling strength, while the latter is

given by the inhomogeneous coupling g;,, = gou;/ /> _; u?
with u; the equilibrium position of each ion in the crystal
(the origin is chosen to lay at the center of chain) [49].
Noise-reduction protocol.—We first investigate a noise-
reduction (NR) protocol [Fig. 1(b)] that generates spin
squeezing for a Ramsey sequence. The ions are cooled into
the motional ground state of the CM (B) mode and the
qubits are prepared uniformly in || ). The vacuum fluctua-
tions of the CM (B) mode are then squeezed, such that the
quadrature variances are ((AX)?) = e and ((AY)?) =
e?” with ¢ chosen to be zero. Next, a Tavis-Cummings
interaction is applied for a time ¢, = 7/(2g,) [denoted by
Urc in Fig. 1(b)], ideally leading to a coherent exchange of
the fluctuations between the phonons and the spin ensem-
ble [27,50] and thus preparing a squeezed spin state.
Insight into the underlying mechanism can be found in
the large N limit by applying a Holstein-Primakoff trans-
formation to the collective raising (lowering) operators,
N of - VNb' Loy~ VNb) [43]. Equation (1)
then becomes Hrccoy = go(&EMB + acwb’),  which
describes a beam splitter between two bosonic modes.
Evolving under PAITC,CM for ¢, thus coherently exchanges
the states of the spin and motion. In particular, the
collective spin fluctuations after the TC interaction are
givenby ((AS, ,)?) = Ne~?/4and ((AS, ,)?) = Ne¥ /4,
where Sa,+ = %Zyzl 67 for a = x, y, z. Spin squeezing is
witnessed by 52 < 1, where & = N((AS, ,)?*)/|(S)|* and
S=(8.,.5.,.5.,) [26]. More generally, the squeezed
spin quadrature can be precisely controlled by varying
¢ # 0 or the phase of the couplings g;,,. Similar results
are expected for the B mode, though it features squeezed
spin  operators 3’{, =
such that

fluctuations of the weighted
(\/N/ZQO) Z;‘V:I gj,Ba-;'l for a=x, Y, Z
((AS,)?) ¥ Ne™ /4 and ((AS,)?) ~ Ne¥ /4.
The spin squeezing can subsequently be exploited for
metrology using a Ramsey sequence composed of (i) a
global z/2 qubit rotation about ¥, (ii) an interrogation period
where a phase @ is imprinted by a collective (differential)
rotation about 2 described by R? , = ¢+ [RI_ = ¢=05:-
=1 (M6 =3 ypey 69)1 and (i) a
global /2 qubit rotation about %. The parameter 6 is
estimated by measuring the spin projections M = S’Z,+
(CM) and M = SZ or :S’Z‘_ (B), with associated sensitivity
characterized by the metrological gain N(A)? =
N{(AM)?)/0y(M)|* (equivalent to the spin squeezing &>
of the prepared state). Sensitivity surpassing the standard
quantum limit corresponds to N(A@)? < 1 with a lower
bound (A#)? > 1/N? given by the Heisenberg limit.
Limitations of the NR protocol.—We assess the role of
finite size effects and the inhomogeneous spin-boson

where S, _
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couplings for the B mode by numerically simulating the
NR protocol and show the results in Figs. 1(b)-1(d). All
results are obtained by numerical integration of the
Schrodinger equation unless stated otherwise.

Figure 1(c) shows the metrological gain (blue lines) as a
function of the boson squeezing & = e~ for N =6
qubits. When coupling to the CM mode we find near
perfect exchange of fluctuations, &2 =~ &2, for “weak” boson
squeezing, before an optimal spin squeezing fiopt ~3.5dB
is reached at éb opt ~ 5.5 dB. For fb < fb opt there is an
oversqueezed regime where spin squeezing is quickly lost.
The observation of an optimal §§,opt is consistent with the
twofold expectations that (i) an ensemble of N qubits can
only support a finite amount of squeezing (most stringently,
&2 > 1/N), and (ii) the interpretation of the TC interaction
as an effective beam splitter is only valid for large N or
correspondingly moderate boson squeezing. For both
aspects, one should be cognizant that the bosonic fluctua-
tions span a flat 2D phase space defined by the quadratures
(X,Y), whereas the spin fluctuations lie on the curved
surface of the collective Bloch sphere with axes
(S:.S,.S;). The large N limit approximates the spin
fluctuations to occupy only the tangential S,-S, plane
perpendicular to the initial polarization of the spins along
—2. For modest boson squeezing (&} > & ) this plane is
sufficient to describe the squeezed noise exchanged onto
the spins, but for large boson squeezing (512, < éi.opt) it fails
as the antisqueezed projection noise probes the curved
surface of the Bloch sphere. To illustrate this, we extend our
study to larger systems [see Fig. 2(c)] and find that the
optimal spin squeezing asymptotically scales as 5%0101 oS
N70-68£002 (yncertainty indicates 95% confidence interval
including fitting error) [43]. This is approximately identical
to what can be obtained with one-axis twisting [51] and we
comment on this shortly.

Similar results are observed for the B mode, although the
optimal gain, N(A@);, ~12dB at &  ~4.5dB, is
slightly worse. This is primarily due to S’Z not quite being
the optimal observable to estimate 6, as evidenced by
N(A0)? > 1as & — 1[43]. Given that measurement of the
weighted spin projection requires detailed knowledge of the
couplings g; g, we also consider the metrological perfor-
mance for a measurement of the simpler differential mag-
netization S .._, which accounts only for the alternating sign
of the B mode coupling across the ion chain [see Fig. 1(a)].
For N = 6 this actually leads to slightly superior perfor-
mance [N(A#)2, ~ 1.8 dB]. However, this quickly changes

with system size [see Fig. 2(c)] and S‘Z becomes preferable:
N(AG)Z, o N70O1x003 and N=0-22£001 for the differential

and weighted observables, respectively [43].

To further characterize the metrological potential of the
prepared probe state we compute the quantum Fisher
information (QFI) F, = 4((AS,1)?), which constrains

opt
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FIG.2. (a)Sequence for SA protocol. The final steps of the IBR
depend on the coupled mode and measurement. (b) Metrological
gain as a function of boson squeezing & using M= S'Z.Jr (CM
and B, dot-dashed blue and red lines) and Sz,— (B, faded dot-
dashed red line). We also plot the QCRB N/F, (faded blue and
red lines). Calculations use N = 6. (c¢) Scaling of optimal
metrological gain with ion number N for NR (circles) and
SA (squares) protocols for the CM (blue) and B (red) modes.
We distinguish S’Z,_ (faded) and 3: (darker) measurements for the
B mode NR protocol. Data for this panel is obtained using a
truncated Wigner approximation [43,52].

the best sensitivity (optimized over all measurements) by
the quantum Cramer-Rao bound (QCRB) (A6)? > F o We
plot the optimal metrological gain NF él in both panels of
Fig. 1(c) (red lines). The QFI predicts a significantly
enhanced metrological gain relative to spin squeezing for
&) < & op and saturates to NFy' ~ N/2 for large boson
squeezing.

The oversqueezed regime featuring large QFI but poor
squeezing as a result of the curved Bloch sphere is
reminiscent of one-axis twisting protocols in collective
spin systems [34,51]. For these, measurements of higher-
order observables [53,54] or counting statistics [17,55] can
be used to approach the QCRB. In contrast, oversqueezing
in our protocol is associated with spin-boson entanglement.
Figure 1(d) shows the Renyi entanglement entropy
Sg = —log[Tr(p3)], where pg = Try[p] is the reduced
density matrix of the spins. While Sy, is vanishingly small
in the squeezed regime (&7 > fi’opt), it grows appreciably in
the oversqueezed regime (£ < ‘fi,opt) and the entanglement
leads to excess projection noise in the reduced spin
subsystem (as it becomes mixed), thereby limiting the
sensitivity attainable with spin measurements. For the CM
case, we illustrate this by a calculation of the QFI of the
spin subsystem, F, ;(p,) [43] [magenta dotted line in panel
(b)], satistying Fy ; < F and quantifying the metrological
potential of the prepared state when constrained to spin
measurements. We observe that NF' as is appreciably worse
than NF él in the oversqueezed regime, implying that joint
measurements of the spins and bosons are required to
saturate the QCRB.
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Signal amplification protocol—To exploit the over-
squeezed regime we propose a signal amplification (SA)
protocol based on IBR. An example sequence is shown in
Fig. 2(a): We supplement the NR protocol by a time-
reversal sequence where the TC interaction and boson
squeezing operation are undone (achieved by flipping the
sign of the respective Hamiltonian through single qubit
manipulations and/or jumping the phase of applied lasers
and electric fields) and a final mode-dependent read-
out step.

In the large N limit, the time-reversal sequence maps
the rotation of the complex, entangled probe state to a
simple, disentangled product state. Specifically, undoing
the TC interaction transforms the spin rotation into an
effective coherent displacement of the phonon mode,

Uchiﬁfiz)RﬁiR;fiz) Ul = D(v/NO), where D(a) = e

2,
This displacement is amplified by the squeezing-unsqueez-

ing of the phonon mode according to §7(¢)D(v/NO)S(¢) =
f)(ef\/ﬁe) [23,40,56]. After time reversal, @ is encoded
solely in the displacement of the phonon mode, which is
typically not amenable to direct detection. Thus, we use an
additional TC interaction to transform the phonon dis-
placement to a rotation of the spin ensemble by an
angle ¢"@ about —Z, which can be characterized by, e.g.,
a simple measurement of the collective magnetization via
fluorescence.

The protocol for the B mode is understood analogously,
with the final TC interaction followed by a measurement of

S. or S._. However, one could also add a beam-splitter

operation Uy, that couples the CM and B modes after
the time-reversal sequence [25] [see lower sequence in
Fig. 2(a)], which interchanges the state of the displaced B
mode with the unused CM mode. The rotation angle @ is
inferred from the collective magnetization after a final TC
interaction. This alternative sequence enables sensing of
differential rotations with no requirement for single-ion
resolution or manipulation.

Figure 2(b) shows the metrological gain achieved with
the SA protocol as a function of boson squeezing for an
example of N = 6 ions. For the B mode, the same gain is
obtained whether S _or SZ, _ (after the coupling of the CM
and B modes) is measured and thus we only plot the former
in Figs. 2(b) and 2(c). We find the optimal metrological
gain is N(A0);,, = 4 dB and 2 dB for & ~ 6 dB using the
CM and B modes, respectively. Additionally, we find
Fg,=Fy for all & (see Ref. [43]) and point out that
the QCRB (faded blue and red lines in Fig. 2(b)) could be
saturated by a more demanding measurement of the
projection onto the initial spin state [57,58] or spin
counting statistics [43]. The enhancement provided by
the SA protocol is emphasized with increasing system
size. Figure 2(c) shows the optimal metrological gain as a
function of N and we find N(AQ)3, o« N~O87=003 and

N=0772006 for coupling to the CM and B modes, respec-
tively [43].

Decoherence and noise.—Various technical factors con-
tribute to the performance of our protocols in practice.
Imperfect cooling of the targeted normal mode leads to a
thermal occupation of 7 phonons and thus excess motional
fluctuations before squeezing is applied. This excess noise is
inherited by the spin ensemble and also exacerbates finite size
effects during the TC interaction. Overall, we predict a de-
gradation in the metrological gain by a factor of (27 + 1)?
relative to the ideal case [43]. State-of-the-art trapped ion
experiments routinely cool normal modes to near vacuum
(n <k 1) [59-61].

Damping or heating of the normal modes at a character-
istic rate x during the protocols can have two relevant
effects. First, we require gy > « so that the TC inter-
action is much faster than the relevant motional
decoherence, which would otherwise degrade the squeez-
ing transferred to the spin state and the efficacy of the IBR.
Simultaneously, g, (and thus «) should be small compared
to the relevant frequency spacing of the normal modes near
the CM or B modes, so that Eq. (1) is valid. This may be a
consideration for larger 1D chains with closely spaced axial
modes but we emphasize that our proposal can be extended
to radial modes or higher-dimensional arrays. Secondly, the
SA protocol may be sensitive to motional decoherence
during long phase interrogation periods if operating with
states featuring spin-boson entanglement. Spin decohe-
rence can also be relevant, although our protocol occurs on
a fixed timescale set by t, = 27/gy, whereas squeezing
via spin-spin interactions can be more susceptible to
decoherence due to intrinsically slower timescales that
increase with system size [16,17,43]. In addition, the
impact of off-resonant light scattering on the sideband
protocols that we discuss can scale more favorably with the
detuning from relevant internal states than protocols based
on spin-spin interactions [43,62].

A lack of phase coherence between the independent
fields driving the bosonic squeezing and spin-motion
coupling lead to effective shot-to-shot fluctuations of the
squeezing angle ¢ [43]. In the large N limit, the NR
protocol with the CM mode is limited to N (AQ)(Z)[,t ~ 20,
where ¢ <« 1 is the rms fluctuation of the squeezing angle,
and squeezing is lost entirely for ¢ > 1. In contrast, the SA
protocol yields N(A8)*> = e 2" (1 + 26%) for 6 < 1 and
N(A0)? ~ 4e™2" for 6> 1 [43]. Thus, we only require

g ° g
2—5 -
NS
= -
0.02 0.2 2
o
FIG. 3. Optimal metrological gain as a function of phase noise

magnitude o for NR (dot-dashed lines) and SA (solid lines)
protocols with N = 6 and N = 20 for CM mode. Faded lines are
approximate analytic predictions [43].

163601-4



PHYSICAL REVIEW LETTERS 132, 163601 (2024)

independent stability of the boson and spin operations to
retain a quantum enhancement. Numerical calculations for
N =6 and N = 20 ions are shown in Fig. 3. While finite
size effects are stronger in the former case, our results are
still qualitatively consistent with the large N predictions.
Similar robustness is found for the B mode [43].

Summary and outlook.—Our work suggests new oppor-
tunities for many-body state preparation and sensing with
trapped ions by exploiting the available control over both
spin and motion. Arrays in 2D and 3D can provide further
diversity of normal modes for preparing spin states with
complex spatially structured correlations, while bespoke
modes can be created by trapping multiple species [63] or
additional tweezer potentials [64]. Our results complement
recent studies of multiparameter estimation in collective
spin systems [3-5,9,65], with the distinction that by
exploiting the natural structure of collective motion in
ion crystals we only require global control and imaging of
the qubits.
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