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Quantum many-body scars are nonthermal excited eigenstates of nonintegrable Hamiltonians, which
could support coherent revival dynamics from special initial states when scars form an equally spaced tower
in the energy spectrum. For open quantum systems, engineering many-body scarred dynamics by a
controlled coupling to the environment remains largely unexplored. Here, we provide a general framework
to exactly embed quantum many-body scars into the decoherence-free subspaces of Lindblad master
equations. The dissipative scarred dynamics manifest persistent periodic oscillations for generic initial
states, and can be practically utilized to prepare scar states with potential quantum metrology applications.
We construct the Liouvillian dissipators with the local projectors that annihilate the whole scar towers,
and utilize the Hamiltonian part to rotate the undesired states out of the null space of dissipators. We
demonstrate our protocol through several typical models hosting many-body scar towers and propose an
experimental scheme to observe the dissipative scarred dynamics based on digital quantum simulations and

resetting ancilla qubits.
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Isolated quantum many-body systems typically thermal-
ize under Hamiltonian evolution, during which any local
information preserved in the initial states scrambles into the
entire system. These features of quantum thermalization
have been illustrated by the eigenstate thermalization
hypothesis (ETH) in the past decades [1,2]. In recent years,
studies of weak ergodicity breaking, namely, a small
fraction of ETH-violating eigenstates immersed in a sea
of thermal eigenstates, dubbed quantum many-body scars,
have attracted considerable attention [3-5]. One of the
hallmarks of quantum many-body scars, originally discov-
ered in experiments with Rydberg atoms [6,7], is their
ability to support long-lived coherent oscillations from
initial states that have large overlap with a tower of equally
spaced scars in the energy spectrum [8—16]. Despite the fact
that such anomalous eigenstates, typically with sub-
volume-law entanglement entropy, have been found and
carefully analyzed in various Hamiltonians [17-33], the
extensions of many-body scars and related coherent reviv-
als into the regime of open quantum systems remain largely
unexplored. Here, we add this crucial yet missing block by
introducing a general framework to exactly embed quantum
many-body scars into the decoherence-free subspaces of
Lindblad master equations. See Fig. 1 for a pictorial
illustration.

The dynamics of open quantum systems coupled to a
Markovian environment are described by the following
Lindblad master equation [34],
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dp

—=ilH.pl+r)_(LpLi—{LiL;.p})=L(p). (1)

where p is the density matrix, H is the Hamiltonian
part governing the unitary dynamics, {L;} are jump
operators describing the dissipative quantum channels with
strength y, and £ is the Liouvillian superoperator. In
particular, if the evolution dynamics governed by L are
purely unitary within a subspace W and do not suffer from
dissipation, W is said to be a decoherence-free subspace of
this Lindblad master equation [35,36]. One special case is
that all the basis elements {|S,)} of the subspace W are
annihilated by all the dissipators, and W is closed under the
action of the Hamiltonian part, ie., L;|S,) =0, V j,n
({|S,)} are therefore “dark states” of the jump operators),
and HW C W. The decoherence-free subspaces were origi-
nally proposed to reduce noises in quantum computation
and realize the “passive” quantum error correction codes
[35,37,38]. Later works apply similar techniques to realize
the dissipative quantum state preparation [39-44].

In this Letter, by designing the dissipators and the
Hamiltonian part, we introduce a general protocol to
construct local Liouvillians that host scar-state-only
decoherence-free subspaces. One important consequence
reflecting on the Liouvillian spectrum is that all the
nondecaying eigenmodes are equally spaced on the imagi-
nary axis, as depicted in Fig. 1(a). Hence, unlike their
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FIG. 1. Schematic illustration of the protocol for embedding
quantum many-body scars into decoherence-free subspaces of
Lindblad master equations. (a) The equally spaced many-body
scar tower {|S,)} (red lines) is embedded onto the imaginary axis
of the Liouvillian spectrum as nondecaying eigenmodes in the
form of {|S,)(S,,|} (red crosses). (b) The dissipators drive the
system into their common null space (sometimes equals the scar
subspace) and the Hamiltonian part of the Liouvillian rotates the
undesired states out of the null space to make them decay away.

closed-system counterparts, which are highly sensitive to
the initial states and vulnerable to instantaneous perturba-
tions, the open-system scarred dynamics manifest persis-
tent periodic oscillations for generic initial states (even
mixed states) and exhibit intrinsic tolerance to such
disturbances. We demonstrate our protocol through four
typical models hosting many-body scars, with the con-
structed Liouvillians summarized in Table I. We show that
our dissipative protocol can be further utilized to prepare
each scar state that possesses extensive multipartite entan-
glement with potential applications in quantum enhanced
metrology. In addition, we propose an experimental scheme

TABLE 1. Summary of the local Hamiltonians and jump
operators of the constructed Liouvillians for four typical models.
The generic local operators {V;} are specified in the text.

PihP; +Q0%/2

Toy model in

[13]
Spin-1 XY [12]  (S}8%,, + §787,,
+hS5 + D(S5)?

Vijsi(1=0-641)

) V/lj+1 (S]S/H + SyS;H)

§=2,m=-2,—1,0
V/ J+1 T; ’

AKLT [10] 752 it
A V; 1]]+1Tj 1.j.j+1
Domain—\yall (0] — 05 (7x0,+1) Vi (D50
preserving +Aa +J6 O'j_H
[14]

to observe such dissipative scarred dynamics on current
quantum simulators through digital quantum simulations
and resetting ancilla qubits.

Non-Hermitian Shiraishi-Mori embedding.—We moti-
vate our protocol from the non-Hermitian generalization of
the Shiraishi-Mori embedding method [17], then extend to
the Liouvillian formalism. In Ref. [17] Shiraishi and Mori
proposed an approach to embed nonthermal eigenstates
into the spectrum of nonintegrable Hamiltonians. The
general Shiraishi-Mori Hamiltonians have the form of
H =) ;P;h;P; + H', where {P;} is a set of local pro-

it
jectors (P; = P;), [H',P;] =0, V j, and {h;} are arbitrary
L to the

local Hamiltonians. We hereafter refer j = 1,2, ...,
label of sites in a one-dimensional spin chain with periodic
boundary condition. We denote the common null space
annihilated by these local projectors {P;} by W'. Since
P;H|Y) = P;H'|¥Y) = H'P;|¥) =0 for V |¥)eW,6 W
is closed under the action of H (HW' C W’), and therefore
hosts dim(W’) eigenstates of H. For properly chosen {P;}
and H’, these eigenstates could become many-body scars
embedded into the middle of the spectrum of H. Note that
in the present case, the scar subspace W [the red circle in
Fig. 1(b)] coincides with the common null space W’ of the
local projectors [the blue circle in Fig. 1(b)].

Now we consider adding some non-Hermitian terms into
the Shiraishi-Mori Hamiltonian,

]ZP

where the local Hermitian operators {D;} are positive
definite, such that the imaginary parts of the spectrum of
Hyy are upper bounded by zero. Since the non-Hermitian
terms still annihilate the embedded scars, their eigenener-
gies are kept to be purely real. Other thermal eigenstates
now acquire negative imaginary parts for their eigenener-
gies, therefore they will decay away once we start the
dissipative evolution driven by Hyy. Through this simple
modification, we build up a relationship between thermal-
ization in the closed systems and decoherence in the open
systems for quantum many-body scarred models. We note
that the addition of non-Hermitian terms into many-body
scarred Hamiltonians has been carried out in previous
works [45-47] in different frameworks.

However, we emphasize that the description of open
quantum dynamics in terms of non-Hermitian Hamiltonians
is accurate only for short-time dynamics without quantum
jumps, or under postselection. We thus turn to the Lindblad
master equation Eq. (1) to describe the full-fledged open
quantum scarred dynamics. We take the Hamiltonian part of
the Liouvillian as the same H, and choose the jump operators

as L; = V;P;, where {V} are generic local operators. Now

it
the L10uV1111an could be written as L(p) = —iHqp +
ipHZff +2r ;L ijj. with the effective Hamiltonian

Hyy=H—-iy P;D; —iD;)P;+H',  (2)
J
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FIG. 2. Numerical results for the Liouvillian spectrum and dissipative scarred dynamics. (a) Liouvillian spectrum of the toy
model hosting Dicke states as scars. Scarred eigenmodes are equidistantly embedded on the imaginary axis (the red dotted line)
in the form of {|S,)(S,[}. L =6, Q=2z,y=1,V;;,; = o}. (b) Total spin-z dynamics for the toy model, starting from three
different initial states. §; € [0, z] are some random rotation angles. pg is a random physical density matrix. (c) Spectrum of the
non-Hermitian AKLT Hamiltonian with or without the three-local projectors. L =8, y = 2. Liouvillian dynamics of the
quantum jump rate (d) and the scar subspace overlap (e) for the domain-wall preserving model, starting from two initial states.

L=8, A=05J=17=1 V,, =do,.

Hy=H—iy Z/ L;Lj having the same form as the non-
Hermitian Shiraishi-Mori embedding Eq. (2). Given that
Lj|S,) =0,V j.n, Hgl|S,) = E,|S,), one can verify that
all the dim(W) scarred eigenstates {|S,)} are embedded
into the decoherence-free subspace of the Liouvillian in the
form of {|S,)(S,,|} [totally dim(W)? basis elements]:
L(1S:)(Sml) = —i(E, = E,)[S,)(Sn|-  We  particularly
stress that the nonconstant operators V; in the dissipators
L; = V;P; are indispensable. Otherwise, all common eigen-
states of {P;} (not necessarily with zero eigenvalues) and H’
would enter the decoherence-free subspace, which may
include undesired states [40-42].

When the Hamiltonian H (not necessarily following
the Shiraishi-Mori formalism) exhibits certain restricted
spectrum generating algebra in the scarred subspace W
[4,5,13,48], i.e., ([H, Q"] — @Q")W = 0 for some ladder
operator Q' generating the tower of scar states |S,) =
(0")"|S,), energy levels of scars are evenly spaced by w in
the spectrum of H. In our dissipative protocol, inherited
from the Hamiltonian, all the nondecaying eigenmodes
located on the imaginary axis are uniformly spaced by
the same @w. We emphasize that the aforementioned con-
dition imposes less stringent constraints on the Liouvillians
than the dynamical symmetry studied in previous literature
[62—-66], where the entanglement structure of states in the
decoherence-free subspace is not the primary focus either
(see [67]).

Within the framework of Shiraishi-Mori embedding,
we demonstrate two examples as follows. The first toy
model [13] is a one-dimensional spin-1/2 chain with
Hyy = H' + 37, P;h;P;, where H' = Q(3;06})/2, P; =
(1-06;-6,1)/4 and h; =3, ,J,
two-spin operator. 0’; (u=x, y, z) are standard Pauli
matrices. Since {P;} project two adjacent spins onto the
singlet states, Hy,, hosts the x direction Dicke states

0,_,0%., is a generic

|S=L/2,S, =m) as scarred eigenstates with energy
spacing @ = Q, where S is the total spin and S, =
>.;0;/2 is the total spin-x polarization, m = —L/2,
—L/2+1,....L/2. As for the corresponding Liouvillian,
we use the same Hamiltonian H,, together with
L; = o} P;. By exact diagonalization, we obtain the desired
Liouvillian spectrum [Fig. 2(a)] and persistent coherent
oscillations from generic initial states [Fig. 2(b)].
Moreover, when the Liouvillian superoperator respects the
strong symmetry S, [68],i.e., [Hyy,S,] = [L;.S,] =0,V j
[the generic forms of local Hamiltonians and dissipators take
hj=J, (g§_15§+2 + 5§—1‘7§+2) +12(5}V'—1‘7§+2 - ‘75—1f’§+2) +
J307_107,,, and L; = o} P;], the value of S, is preserved
during the open scarred dynamics. In these scenarios, we can
effectively prepare any desired x-direction Dicke state by
starting the Liouvillian evolution from an x-direction spin
product state in the same symmetry sector [48].

The second example is the spin-1 XY model [12]
Hyy =) ,[S}S%, |+ 578}, +hS5+D(S5)*], where there
are three degrees of freedom on each site (| — 1), |0), [1))
and S’; (u = x, y, z) are spin-1 operators. The L + 1 scarred
eigenstates are generated from the ferromagnetic state
|So) = |-1,...,—1) by the ladder operator QF =
>o;(=1)/(8))* with the energy spacing @ =2h. Hyy
has been shown to be consistent with the Shiraishi-Mori
embedding formalism [12,69]. The scar-tower states are
annihilated by a set of six orthogonal two-local projectors,
which commute with the ;S5 and 7 ;(S%)* terms
(see [69] and [48]). Fortunately, the null space of these
local projectors coincides with that of the XY interaction
term S3S%, | + $7S7, ,, so we design the jump operators in a
simple form as L; = S1(S}S%,, + S757,,)-

We remark that the success of our dissipative protocol
hinges on finding local projectors annihilating the whole
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scar towers, which could be achieved by compressing the
scar tower into a single matrix product state (MPS)
S(8)) = exp(BQ")|So) = 32, B"S,)/n!  and  applying
standard linear algebra techniques to construct local
projectors annihilating the local tensors of |S(f)) for
any S [15,16,48,69].

Models beyond Shiraishi-Mori embedding.—OQOur strat-
egy of creating scar-state-only decoherence-free subspace
can further apply to many-body scarred models beyond the
Shiraishi-Mori embedding formalism. One typical example
is the spin-1 Affleck-Kennedy-Lieb-Tasaki (AKLT) model
Hgir = 22 T557,, where T957, projects two adjacent
spin-1’s onto a total spin-2 [70]. A tower of scarred
eigenstates with energy spacing @ = 2 is generated from
the ground state |S,) = |G) by the ladder operator Q" =
>2;(=1)7(S})? [10,11]. Two-local projectors annihilating

_ S=2m=-2
Pj - Tj,j+1 +

§=2,m=-1 §=2,m=0 5=2, :
T T (691, where T 7" projects two
spin-1’s onto a total spin-2 with spin-z polarization equal
to m. The AKLT Hamiltonian can then be decomposed

as Haqr=H +3Y P, where H =3 T "'
However, since [H',P;| #0, Hagir goes beyond the
Shiraishi-Mori framework in the sense that the null space
W' is larger than the desired scar subspace W [10,69].
We demonstrate the resulting effect by calculating the

spectrum of the non-Hermitian Hamiltonian Hyyg =
H kot — iy _; Pj [71]. Eigenstates of Hyy with purely
real eigenvalues are annihilated by {P;} and are eigenstates
of the Hermitian part Haxpt, such that they will be
embedded in the decoherence-free subspace of the
constructed Liouvillian. Apart from the scar states with
integer eigenvalues, we observe several undesired irrational
eigenvalues on the real axis [orange crosses in Fig. 2(c);
see [48] for detailed discussions], which will contaminate the
decoherence-free subspace and ruin the periodic oscillations.

To solve the problem, we introduce the three-local
projector T%_; .y = (|T")(T"[);_1 j j+1, obtained by the
compressed MPS technique,

the scar tower are known as

L
|T>—ﬁ(

to enter the Liouvillian as dissipators. The three-local
projectors also annihilate the whole scar tower and they
can effectively kill unwanted states in the decoherence-free
subspace. As shown by the blue dots in Fig. 2(c), after
adding the three-local projectors, irrational eigenvalues
disappear from the real axis, and therefore harmonic
scarred oscillations are restored. (There still exist a few
remaining eigenstates with eigenvalues L — 1 or L —2.
See [48] for detailed discussions.) We remark that the
common null space W' of two-local and three-local
projectors is still larger than the scar subspace W, but the

0,1,1) +

1,1,0)), (3)

Hamiltonian part H gy 1 of the Liouvillian drives unwanted
states out of W’ to make them decay away [Fig. 1(b)].

To better illustrate the interplay between the dissipators
and the Hamiltonian part, we consider the domain-wall
preserving model [14] Hpw = Hy+ Hx + H;, where
H,= Z](oj —0?_10;?0;_1), Hy = Azjaf, andA H; =
J ;0505 The ladder operator Q7 = Y (=1)/P)_, x
ot PY

Jo gl
the reference state |Sy) = |J | ---|) with energy spacing
o =2A —4J. The scar-tower states are subject to the
emergent Rydberg-blockade constraints that are absent in
Hpw: Two neighboring spins cannot both be in the up
states. For the constructed Liouvillian, we therefore take
Pi= (1) (M1, 1> Vjj1 =ojojyy, such that L; =
Vjj1Pj=0707, (in [48] we show that {P;} are the
only two-local projectors annihilating the scar tower). We
emphasize that [H,, P;] # 0, and the null space W’ of {P,}
is exponentially large with respect to L [8,9], while the
dimension of the scar subspace W is only L/2 + 2 [48].
The Hamiltonian part of the Liouvillian, Hpy, thus plays
an indispensable role in creating a scar-state-only
decoherence-free subspace, which we demonstrate through
the following Liouvillian dynamics. We use the quantum
jump rate Tr[}; P;p(1)]/L to characterize whether a state
has reached the null space (zero value implies the state is
within W’). As shown in Fig. 2(d), for an initial state in W’
but out of W (blue solid line), the quantum jump rate
increases up from zero, then decays back to zero, indicating
that the state is driven out of W’ by the Hamiltonian part
and converges to the scar subspace due to dissipation of
other eigenmodes. As a comparison, an initial state out
of the null space is driven into the scar subspace directly
(red dashed line). Meanwhile, we compute the dynamics of
the scar subspace overlap for these two initial states, which
approaches one monotonically [Fig. 2(e)]. More numerical
results are displayed in [48].

Experimental realization.—The dissipative scarred
dynamics can be readily implemented [72,73] using cur-
rently available quantum simulation technologies, as we
demonstrate with the domain-wall preserving model below.
Consider a one-dimensional qubit chain coupled to another
array of ancilla qubits [Fig. 3(a)]. We digitally simulate
the Liouvillian evolution through three steps, similar to
the formalism of quantum collision models [66,74-76].
Suppose at time ¢ the entire system has a quantum state in
the decoupled form, |y(¢)) ® || - - | ), with all the ancilla
qubits set to |}). (1) We apply the unitary operator
exp(—iHpwdt) (could be Trotterized to local gates) on
lw(z)), which plays the role of Hermitian Hamiltonian
evolution. (2) We then apply the local unitary gates

[T, exp(—iHloup /1) with

0_
[P; = (1 —05)/2] generates the scar tower from

Hlow = \/27(Ljz} + Lit7), (4)
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FIG. 3. (a) An illustration of the experimental scheme to
implement the dissipative scarred dynamics. (b) Observable dy-
namics simulated by the quantum trajectory method with the initial
state exp(iZ;0;0){TI[5 (1 + (=1)/P)_ 107 PO 1L -+~ 1)} [14],
0;€[0,0.27] (top panel), and [P} ]{) (bottom panel;
trajectories omitted due to the plot range). For both panels we
take 1000 trajectories. ot = 0.1, L;_;; = o7, other Lz =
L=8A=05J/=1y=1

GjD'jJrl,

which couple the system and ancilla (Tjt) qubits to create
probabilistic quantum jumps induced by {LZ;}. (3) Finally,
we reset all the ancilla qubits back to || ) via measurements
or optical pumping [77-84]. We rigorously prove that the
above protocol faithfully reproduces the many-body
Liouvillian dynamics up to error of order O(5t%) [48].
Moreover, we numerically simulate the three-step dynami-
cal process by the quantum trajectory method [85]. As
shown in Fig. 3(b), with a moderate o0t, the observable
dynamics of Q'+ Q =", (=1)/P)_6}PY,, (requiring
only two measurement settings) computed by the ensemble
average of trajectories agree well with the exact Liouvillian
evolution. We particularly choose two initial states that are
easy to prepare on experimental platforms—the first one
mimics an imperfectly prepared bond-dimension-two MPS,
and the second one is a product state.

Conclusions.—In summary, our protocol utilizes the
synergy between the dissipators and the Hamiltonian part
of the Liouvillian to create a scar-state-only decoherence-
free subspace. We systematically obtain local projectors
annihilating the whole scar towers by the compressed MPS
technique. Meanwhile, maximizing the power of the
Hamiltonian part is crucial to keep the designed dissipators
as local as possible. On the one hand, our framework
introduces many-body scarred dynamics into the open
quantum system regime. An intriguing advantage com-
pared to the closed-system counterpart is that the dissipa-
tive scarred dynamics is independent of the initial states and
naturally tolerate instantaneous perturbations. The con-
structed decoherence-free subspaces can be utilized to
prepare scar states with extensive multipartite entanglement
[86-88] by engineered short-range dissipation, which
makes them promising candidates for quantum enhanced
metrology [89]. On the other hand, our work introduces as
well new principles and techniques to construct local
Liouvillians hosting decoherence-free subspaces with spe-
cial entanglement structures and equally spaced nondecay-
ing eigenmodes. These scar-state-only decoherence-free

subspaces support nonstationary coherent many-body
dynamics under dissipation, which have profound con-
nections with certain dissipative kinetically constrained
models [90,91] and open up an avenue toward the reali-
zation of dissipative time crystals [62,63,92-94]. In the
current work the nondecaying scarred eigenmodes of
Liouvillians are inherited from the original Hamiltonians.
It is also interesting to consider the intrinsic scarred
eigenmodes in open quantum systems, which could
possibly be distinguished by relatively small operator
entanglement [95-99].
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