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A striking feature of non-Hermitian systems is the presence of two different types of topology. One
generalizes Hermitian topological phases, and the other is intrinsic to non-Hermitian systems, which are
called line-gap topology and point-gap topology, respectively. Whereas the bulk-boundary correspondence
is a fundamental principle in the former topology, its role in the latter has not been clear yet. This Letter
establishes the bulk-boundary correspondence in the point-gap topology in non-Hermitian systems. After
revealing the requirement for point-gap topology in the open boundary conditions, we clarify that the bulk
point-gap topology in open boundary conditions can be different from that in periodic boundary conditions.
On the basis of real space topological invariants and the K theory, we give a complete classification of the
open boundary point-gap topology with symmetry and show that the nontrivial open boundary topology
results in robust and exotic surface states.
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Recently, non-Hermitian topological phases have
attracted much attention [1–115]. Non-Hermitian systems
differ essentially from Hermitian ones: The complex-
valued energy spectra of non-Hermitian systems allow
two types of the gap structure, i.e., line gap and point
gap [36]. Whereas the line gap is a relatively straight-
forward generalization of a gap in Hermitian systems, the
point gap is intrinsic in non-Hermitian systems. The
multiple gap structures enable corresponding topological
phases of non-Hermitian systems, line-gap, and point-gap
topological phases [16,36]. Both topological phases are
indispensable to understanding non-Hermitian topological
phenomena.
A central character of topological phases is the bulk-

boundary correspondence (BBC): the bulk topology causes
anomalous gapless boundary modes in the open boundary
conditions (OBCs). For example, the quantum Hall systems
support chiral edge modes from the nontrivial bulk Chern
number [116]. The exact quantization of the Hall conduct-
ance is a consequence of the dissipationless current of the
chiral edge modes.
Despite the importance, recent studies have shown

that non-Hermiticity obscures the BBC [7,8,10,11,14,18–
20,25,26,38,41,42,44,46,56,63,71,75,106,109]. A class of
non-Hermitian systems shows completely different bulk
spectra in the OBCs than in the periodic boundary con-
ditions (PBCs). Because of this phenomenon—the non-
Hermitian skin effect (NHSE) [18,20], the bulk energy gap
in OBCs would be closed in PBCs. Therefore, a bulk
topological number in PBCs can be ill defined even when a
gapless boundary mode exists in a gap in OBCs. Yao and
Wang [18] solved this problem in the case of line-gap

topological phases. Using the generalized Brillouin zone
(GBZ) [18,19,46,63,71], they define a topological number
in OBCs, and show that the new bulk topological number
correctly recovers the BBC. Furthermore, later, the BBC in
OBCs was also formulated in terms of real-space topo-
logical invariants, enabling the application in the study of
the BBC in higher dimensions and higher-order line-gap
topological phases [47,117–121].
Whereas the above prescription settled the BBC in line-

gap topological phases, the BBC in point-gap topological
phases has not been clear yet. In one dimension, point-gap
topological numbers in PBCs result in NHSEs in OBCs, as
a result of the BBC [62,64]. However, there remains
uncertainty of the BBC in higher dimensions: It has been
suggested that topological surface states originate from the
three-dimensional winding number in PBCs [76,87,88],
which is the point-gap topological number for general
three-dimensional systems. Nonetheless, these surface
states can disappear without changing the bulk topological
number. Thus, the relation between the bulk topology and
the surface states is ambiguous.
In this Letter, we establish the BBC in point-gapped

topological phases. Following the strategy learned from
line-gap topological phases, our arguments rely on topo-
logical numbers in OBCs. Remarkably, there appears an
essentially new feature intrinsic to point-gap topological
phases. We find that a particular class of non-Hermitian
skin effects, which we dub in-gap skin effects, ruins point-
gap topological numbers in OBCs. As a result, the
topological classification in OBCs can be different from
that in PBCs. Based on this result, we resolve the
uncertainty of the BBC in point-gap topological phases,
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and show that nontrivial topological numbers in OBCs
result in robust and exotic surface states. Using the K
theory, we also give a complete classification table for
point-gap topological phases under OBCs in the presence
of symmetry.
Uncertainty of BBC in point-gap topological phases.—

First, let us see the forementioned uncertainty of the BBC
in point-gap topological phases. We start with a model of
exceptional topological insulators (ETIs) [76],

HETIðkÞ ¼ sin kxσx þ sin kzσy þ
�
2 −

X
i¼x;y;z

cos ki

�
σz

− i sin kyσ0; ð1Þ

where σi¼x;y;z are the Pauli matrices and σ0 is the 2 × 2

identity matrix. As shown in Fig. 1(a), the ETI has a point
gap at E ¼ 0 in the complex energy plane, i.e., no complex
spectrum crossing the reference point E ¼ 0, under PBCs
in all directions (full PBC). Therefore, we can define the
three-dimensional (3D) winding number over the 3D
Brillouin zone (BZ) [16,36],

w3jfullPBC ¼ −
1

24π2

Z
BZ

Tr½ðH − EÞ−1dðH − EÞ�3; ð2Þ

which takes þ1 for H ¼ HETI and E ¼ 0.
Interestingly, the ETI hosts surface states once we

impose the OBC in the z direction (zOBC). See Fig. 1(b).
Because the non-Hermitian term i sin kyσ0 in Eq. (1) only
gives a complex shift of the energy under the zOBC, the
surface states of the ETI are equivalent to those of a Weyl
semimetal, HWSMðkÞ ¼ HETIðkÞ þ i sin kyσ0 ¼ sin kxσxþ
sin kzσy þ

�
2 −

P
i¼x;y;z cos ki

�
σz. For a fixed ky with

−π=2 < ky < π=2, the Weyl semimetal supports a

non-zero Chern number in the PBCs, and thus it has
corresponding chiral edge modes under the zOBC. By
taking into account the complex energy shift from the non-
Hermitian term i sin kyσ0, the chiral modes give surface
states filling the point-gapped region in Fig. 1(b).
These surface states have a topological number with the

same value as the bulk 3D winding number: The effective
Hamiltonian of the surface states around E ¼ 0 takes the
form of hsurfaceðkx; kyÞ ¼ vxkx − iky as the chiral edge
mode of the Weyl semimetal has vxkx with a real positive
constant vx > 0 and the non-Hermitian term of HETI gives
−iky. The 1D winding number w1 on a circle S1 around
ðkx; kyÞ ¼ ð0; 0Þ on the surface BZ [76]:

w1 ¼ −
I
S1

dk
2πi

· h−1surfaceðkx; kyÞ∇khsurfaceðkx; kyÞ ¼ 1 ð3Þ

measures the topology of the surface states, of which value
coincides with the 3D winding number.
The coincidence of the topological numbers suggests the

BBC in point-gap topological phases [76]. However, there
is an uncertainty in this interpretation. In Fig. 1(c), we show
the spectrum of the same model under the OBC in the y
direction (yOBC). Whereas the bulk topological number in
Eq. (2) remains the same, no surface state covering the
point-gapped region appears. Instead, we have skin modes
in the gap. Since the skin modes are localized bulk modes
[122], and do not have 1D winding number [64], the simple
BBC does not hold under the yOBC.
Point-gap topological number under OBCs and BBC.—

The solution of the problem is to use topological numbers
in OBCs. Let us consider a 3D HamiltonianHðkx; kyÞ with
momentum-space representation in the x and y directions
and real-space representation in the z direction under the
zOBC. Then, we construct the bulk Hamiltonian
Hbulkðkx; kyÞ by the projection of Hðkx; kyÞ onto the bulk
[47]. When the bulk Hamiltonian has a point gap at E
(det½Hbulk − E� ≠ 0), we can define the real-space 3D
winding number w3 under the zOBC,

w3jzOBC ¼ −
i

12π

Z
BZ

d2k T z½εijkQiQjQk�; ð4Þ

with Qi¼x;y ¼ iðHbulk − EÞ−1∂kiðHbulk − EÞ and Qz ¼
ðHbulk − EÞ−1½Z;Hbulk − E�, where Z is the position oper-
ator in the z coordinate, and T z stands for the trace per unit
length in the z direction. This is a non-Hermitian gener-
alization of the real-space topological number in Hermitian
systems [123–126]. For the full PBCs, this quantity
reproduces Eq. (2) with the identification

Z
dkz
2π

Tr½AðkzÞ� ↔ T z½A�; i∂kz ↔ ½Z; ·�; ð5Þ

where AðkzÞ is a function of kz and A is the real-space
representation of AðkzÞ [127,128]. Thus, for the ETI in

FIG. 1. The energy spectra of ETI in Eq. (1). (a) The full PBC
spectrum (gray). The point gap is open around E ¼ 0, with the
nontrivial 3D winding number þ1. (b) The zOBC spectrum
(blue) and the full PBC spectrum (gray) in comparison. No NHSE
occurs but surface states appear in the region where the 3D
winding number takes the nontrivial value. The system size is
Lx ¼ Ly ¼ 100 and Lz ¼ 30. (c) The yOBC spectrum (blue) and
the full PBC spectrum (gray) in comparison. NHSEs occur, and
in-gap skin modes (orange) appear. The system size in the y
direction is Ly ¼ 30 and the momentum resolutions in both kx;z
directions are taken as Δkx;z ¼ 2π=100.
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Eq. (1), the coincidence between w3jfullPBC with E ¼ 0 in
Eq. (2) and w1 in Eq. (3) results in the correspondence
between w3jzOBC with E ¼ 0 in Eq. (4) and w1 in Eq. (3).
Since any nontrivial 3D winding number under zOBC
can be produced by stacking the ETIs in Eq. (1) up to
continuous deformations, we generally have the BBC

w3jzOBC ¼
X
kp

w1ðkpÞ; ð6Þ

with

w1ðkpÞ ¼−
I
S1p

dk
2πi

· Tr½ðhsurface−EÞ−1∇ðhsurface−EÞ�; ð7Þ

where hsurfaceðkx; kyÞ is the surface effective Hamiltonian,
kp is the Fermi point satisfying det½hsurfaceðkpÞ − E� ¼ 0,
and S1p stands for the counterclockwise circle around
k ¼ kp on the surface Brillouin zone. As we shall show
later, the bulk topological number under the zOBC can be
different from that under the yOBC. Therefore, the above
BBC does not require surface states under the yOBC.
The necessity of the OBC bulk topological number

becomes obvious once we consider another model.
Figure 2(a) is the bulk spectra of the following model
under different boundary conditions:

HðkÞ ¼ sin kxσx þ 2 sin kzσy þ 2

�
2 −

X
i¼x;y;z

cos ki

�
σz

þ 3

2
iðsin ky þ sin kzÞσ0: ð8Þ

Because of NHSEs in the bulk spectrum, the OBC
spectrum has a wider point-gapped region than the PBC
spectrum. Therefore, there is a region where only the
topological number under the zOBC is well defined, as
shown in Fig. 2. We find that the BBC holds for the
topological number under the zOBC, not for that under
the PBC.
In-gap skin effects and absence of surface states.—Now

we show that the BBC in Eq. (6) also explains the absence
of surface states in Fig. 1(c) under the yOBC. A key
observation is the presence of in-gap skin modes. In a
manner similar to Eq. (4), we can introduce the 3D winding
number under the yOBC, but the in-gap bulk skin modes
make the topological number ill defined. Consequently, the
BBC under the yOBC does not require any surface states.
Let us see how this happens in detail. First, we note

that the in-gap skin modes originate from modes
with ðkx; kzÞ ¼ ð0; 0Þ, where the Hamiltonian in Eq. (1)
becomes

HETIðkx ¼ 0; ky; kz ¼ 0Þ ¼ − cos kyσz − i sin kyσ0: ð9Þ

This 1D Hamiltonian gives the complex spectra ∓ e�iky in
the eigensector of σz ¼ �1, which have the energy winding
numbers �1 along the ky direction, as illustrated in
Fig. 3(a). Thus, from the general theory of NHSE [64],
we have the skin modes inside the point gap when one
imposes the yOBC [129].
At first glance, the in-gap skin modes appear to be

isolated from the other bulk modes, but this is not the case.
For a finite Ly, the Hamiltonian under the yOBC is a
continuous function with respect to kx and kz, so is its
eigenvalues. Therefore, there must be ordinary bulk modes
nearby the skin modes. Figure 3(c) shows the energy
spectrum of Eq. (1) under the yOBC, with a high
momentum resolution. The bulk modes around the in-
gap skin modes are now evident. Importantly, the point-
gapped region disappears due to these bulk modes.
Therefore, we do not have a well-defined 3D winding
number and surface states under the yOBC.
The disappearance of surface modes can be regarded as a

result of a topological phase transition under continuous
change of the boundary conditions. Decreasing the hopping
terms between the y ¼ 1 sites and y ¼ Ly sites, we can
smoothly change the boundary condition from the full PBC
to the yOBC. According to the deformation, the modes at
ðkx; kzÞ ¼ ð0; 0Þ shrink to the in-gap skin modes as shown

FIG. 2. The energy spectra (top) and the 3D winding numbers
(bottom) of the model in Eq. (8) under different boundary
conditions. The magenta lines in the top figures represent E ¼
−0.5þ iImE with −4 < ImE < 4. (a) (top) The bulk spectra
under the full PBC (gray) and the zOBC (turquoise). The zOBC
spectrum is calculated by using the non-Bloch theory in Ref. [46].
The point-gapless region under the zOBC is wider than that under
the full PBCs. (bottom) The 3D winding number under the full
PBC along the magenta line in the top figure. The gray shadings
represent point-gapless regions. (b) (top) The energy spectrum
under the zOBC. The blue modes are surface states which are
calculated with the system size Lx ¼ Ly ¼ 100, Lz ¼ 20. Surface
states appear even in the regions where w3jfullPBC is ill defined
(inside the red circle). (bottom) The real-space 3D winding
number under the zOBC along the magenta line in the top figure.
The turquoise segments represent point-gapless regions.
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in Fig. 3(b). Finally, the originally point-gapped region is
fully covered by bulk modes under the yOBC. We also
show the change of the 3D winding number throughout the
topological phase transition for the model in Eq. (8) in the
Supplemental Material [130].
BBC of point-gap topology with symmetry.—The above

arguments can also apply to point-gapped systems under
symmetries. Namely, when a symmetry-protected point-
gap topological number under the OBC is nonzero, then the
corresponding boundary states appear.
It should be noted here that possible point-gap topo-

logical numbers under OBCs can be different from those
under PBCs. The disagreement stems from the property
that some point-gap topological numbers in PBCs are
always accompanied by in-gap skin modes, which spoil
the corresponding topological numbers in OBCs.
Whereas we have considered the full general symmetries

in the Supplemental Material [130], we focus here on a
particular class of symmetries, which we call AZ† sym-
metry. The AZ† symmetries are a non-Hermitian generali-
zation of the Altland-Zirnbauer (AZ) symmetry [36]: It
consists of non-Hermitian versions of time-reversal
symmetry (TRS†), CHTðkÞC−1 ¼ Hð−kÞ, particle-hole
symmetry (PHS†), T H�ðkÞT −1 ¼ −Hð−kÞ, and chiral
symmetry (CS) ΓH†ðkÞΓ−1 ¼ −HðkÞ, where C, T , and
Γ are unitary operators. The AZ† symmetry naturally arises
in the non-Hermitian Hamiltonian of the retarded Green’s
function, and thus it governs non-Hermitian topological
phases in materials [135]. The presence and/or absence of
these symmetries define ten symmetry classes, and the
topological classification in these classes under the full
PBC has been known [36].

In Table I, we show how the point-gap topological
classification under the PBCs changes under OBCs: In one
dimension, all the point-gap topological numbers in the
AZ† classes become trivial under the OBC, because their
nontrivial values in the PBC always result in in-gap skin
modes under the OBC. Actually, all the Z indices in 1D
AZ† classes reduce to the 1D winding number [36], which
gives in-gap skin modes under the OBC [62,64].
Furthermore, the Z2 topological number in 1D classes
AII† and DIII† under the PBC causes symmetry-protected
skin modes inside the point gap under the OBC [64].
Therefore, no 1D point-gap topological number survives
under the OBC.
The reduction of topological numbers in Table I in two

and three dimensions occurs as a result of the dimensional
reduction [136]. First, we focus on class AII†. From a
Hamiltonian HðkÞ with a point gap at E in class AII†, we
can obtain a topologically equivalent gapped Hermitian
Hamiltonian H̃ðkÞ:

H̃ðkÞ ¼
�

0 HðkÞ − E

H†ðkÞ − E� 0

�
; ð10Þ

which belongs to class DIII as it has an additional CS
ΣH̃ðkÞΣ−1 ¼ −H̃ðkÞ (Σ ¼ σz ⊗ 1) together with TRS
C̃H̃�ðkÞC̃−1 ¼ H̃ð−kÞ (C̃ ¼ σx ⊗ C) [36]. Using the dimen-
sional reduction in class DIII [136], one can show that the
parity of the 3D Z index for Hðkx; ky; kzÞ equals to the
product of the 2D Z2 indices of Hðkx; ky; k0zÞ with k0z ¼ 0

and π, and similarly, the 2D Z2 index of Hðkx; ky; k0zÞ
equals to the product of the 1D Z2 indices of Hðkx; k0y; k0zÞ
with k0y ¼ 0 and π. Thus, for class AII† under full PBCs, a
non-trivial 2D Z2 index or an odd parity of the 3D Z index
at E yield a nonzero 1D Z2 index at E along a high

FIG. 3. The changes of the spectra of ETI in Eq. (1) from under
the full PBC to the yOBC. Ly is the same as that in Fig. 1(c) but
the momentum resolution around ðkx; kzÞ ¼ ð0; 0Þ is much finer.
The orange modes represent the modes with kx ¼ kz ¼ 0. (a) The
full PBC spectrum. A point gap is open in the region containing
E ¼ 0 with the nontrivial 3D winding number þ1. The modes at
kx ¼ kz ¼ 0 form a loop and have a nontrivial 1D winding
number in each eigensector of σz ¼ �1. (b) The spectrum under a
boundary condition between the full PBC and the yOBC. Here
the hopping amplitude between the y ¼ 1 sites and the y ¼ Ly

sites is 10−6. The point-gapped region with the nonzero 3D
winding number shrinks. (c) The yOBC spectrum. The region
including E ¼ 0 is completely closed by the in-gap skin effect of
the modes at kx ¼ kz ¼ 0. Comparing with Fig. 1(c), we can see
that the point-gapped region is completely collapsed by the
modes near kx ¼ kz ¼ 0.

TABLE I. Classification of point-gap topological phases. For
topological numbers with arrows, the left specifies topological
numbers under PBCs and the right specifies those under OBCs.
For topological numbers without arrows, the classification under
OBCs coincides with that under PBCs. We consider the AZ†

symmetry classes with the spatial dimension d ¼ 1, 2, and 3.

Symmetry class TRS† PHS† CS d ¼ 1 d ¼ 2 d ¼ 3

A 0 0 0 Z → 0 0 Z
AIII 0 0 1 0 Z 0

AI† þ1 0 0 0 0 2Z
BDI† þ1 þ1 1 0 0 0
D† 0 þ1 0 Z → 0 0 0
DIII† −1 þ1 1 Z2 → 0 Z → 2Z 0
AII† −1 0 0 Z2 → 0 Z2 → 0 Z → 2Z
CII† −1 −1 1 0 Z2 Z2

C† 0 −1 0 2Z → 0 0 Z2

CI† þ1 −1 1 0 2Z 0
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symmetric line in the BZ. Therefore, they always accom-
pany symmetry-protected in-gap skin modes [64], trivial-
izing the corresponding topological numbers in OBCs. As a
result, only the even part of theZ index in three dimensions
survives in the OBC. We can also show the reduction
Z → 2Z in 2D class DIII†, using a similar dimensional
reduction. On the basis of the K theory, we prove the BBC
for point-gap topological phases under the OBC in all
38-fold symmetry classes in non-Hermitian systems,
including AZ† ones, in the Supplemental Material [130].
Remarkably, we can predict novel topological phase

transitions intrinsic to non-Hermitian systems, using the
reduction of the point-gap topological numbers in the
presence of symmetry: The symmetry-protected in-gap skin
modes in 3D class AII† systems may disappear suddenly
once one breaks TRS† by an infinitesimal perturbation. The
disappearance of the in-gap skin modes allows the well-
defined 3D winding number under the OBC, and thus we
have an abrupt transmutation from the topologically trivial
statewith the in-gap skinmodes to a topologically nontrivial
onewith surface states. Infinitesimal instability [49] intrinsic
to non-Hermitian systems induces this topological phase
transition, and thus it never happens in Hermitian systems.
We also find that boundary states in intrinsic point-gap
topological phases may support a single exceptional point
[130], which is also unique to non-Hermitian systems.
Conclusions.—In this Letter, we establish the BBC for

the point-gap topology in non-Hermitian systems. We
demonstrate that real-space topological numbers under
OBCs result in robust and exotic surface states. We find
that the bulk point-gap topology in OBCs can be different
from that in PBCs, and give a complete classification of the
OBC point-gap topology in the presence of symmetry. Our
finding reveals a novel universal property of non-Hermitian
topological phases of matters.
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Appendix on the BBC for point-gap topological
phases in general symmetry classes.—Our argument is
applicable to any symmetry classes in non-Hermitian
systems. We summarize here our results for point-gap
topological phases in general symmetry classes in non-
Hermitian systems. For the details of the derivation, see
Supplemental Material [130].

In addition to AZ† symmetries discussed in the main
text, non-Hermitian systems allow the original AZ sym-
metries defined by the following equations:

T H�ðkÞT −1 ¼ Hð−kÞ; T T � ¼ �1;

CHTðkÞC−1 ¼ −Hð−kÞ; CC� ¼ �1; ðA1Þ

where T and C are unitary operators corresponding to time-
reversal symmetry (TRS) and particle-hole symmetry
(PHS), respectively. Furthermore, as an additional general
symmetry, one can also introduce sublattice symmetry
(SLS),

SHðkÞS−1 ¼ −HðkÞ; S2 ¼ 1; ðA2Þ

or pseudo-Hermiticity (pH)

ηH†ðkÞη−1 ¼ HðkÞ; η2 ¼ 1 ðA3Þ

with unitary operators S and η. The presence and/or
absence of these symmetries define symmetry classes
intrinsic to non-Hermitian systems [36].
Tables III and IV summarize our results on point-gap

topological phases in general symmetry classes. Here, the
presence or absence of AZ or AZ† symmetries define AZ or
AZ† symmetry classes in Table II. Moreover, each AZ or
AZ† class can host SLS (pH) additionally, where the
subindex þð−Þ of S=η in Tables III and IV specifies the

TABLE II. AZ and AZ† symmetry classes for non-Hermitian
Hamiltonians. Here, “0” denotes the absence of symmetries,
while “�1” indicates the presence of each symmetry, dependent
on whether its operator squares to �1.

Symmetry class TRS PHS CS TRS† PHS†

Complex AZ A 0 0 0 0 0
AIII 0 0 1 0 0

Real AZ AI þ1 0 0 0 0
BDI þ1 þ1 1 0 0
D 0 þ1 0 0 0
DIII −1 þ1 1 0 0
AII −1 0 0 0 0
CII −1 −1 1 0 0
C 0 −1 0 0 0
CI þ1 −1 1 0 0

Real AZ† AI† 0 0 0 þ1 0
BDI† 0 0 1 þ1 þ1

D† 0 0 0 0 þ1

DIII† 0 0 1 −1 þ1

AII† 0 0 0 −1 0
CII† 0 0 1 −1 −1
C† 0 0 0 0 −1
CI† 0 0 1 þ1 −1
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TABLE III. Classification of point-gap topological phases in the AZ classes without or with SLS or pH. The subscript of S�=η�
specifies the commutation (þ) or anticommutation (−) relation to TRS or PHS. For S��=η��, the first subscript specifies the relation to
TRS and the second specifies the relation to PHS. For the topological numbers with arrows, the classification under OBCs changes from
that under PBCs, where the left specifies the classification under PBCs and the right specifies that under OBCs. The topological number
Z½i; j� (Z2½i; j�) under OBCs indicates the Abelian group Z (Z2) generated by the element ði; jÞ∈Z ⊕ Z [ði; jÞ∈Z2 ⊕ Z2] under
PBCs. For the topological numbers without arrows, the classification under OBCs coincides with that under PBCs.

AZ class Additional symmetry d ¼ 1 d ¼ 2 d ¼ 3

A � � � Z → 0 0 Z
AIII � � � 0 Z 0

A S Z ⊕ Z → Z½1;−1� 0 Z ⊕ Z
AIII S−; η− 0 Z ⊕ Z 0

A η 0 Z 0
AIII Sþ; ηþ Z 0 Z

AI � � � Z → 0 0 0
BDI � � � Z2 Z 0
D � � � Z2 Z2 Z
DIII � � � 0 Z2 Z2

AII � � � 2Z → 0 0 Z2

CII � � � 0 2Z 0
C � � � 0 0 2Z
CI � � � 0 0 0

AI Sþ Z ⊕ Z → Z½1;−1� 0 0
BDI Sþ−; η−þ Z2 ⊕ Z2 → Z2½1; 1� Z ⊕ Z → Z½2; 0� ⊕ Z½1;−1� 0
D S− Z2 ⊕ Z2 → Z2½1; 1� Z2 ⊕ Z2 → Z2½1; 1� Z ⊕ Z → Z½2; 0� ⊕ Z½1;−1�
DIII Sþ−; ηþ− 0 Z2 ⊕ Z2 Z2 ⊕ Z2

AII Sþ 2Z ⊕ 2Z → 2Z½1;−1� 0 Z2 ⊕ Z2

CII Sþ−; η−þ 0 2Z ⊕ 2Z 0
C S− 0 0 2Z ⊕ 2Z
CI Sþ−; ηþ− 0 0 0

AI S− Z → 0 0 Z
BDI S−þ; ηþ− 0 Z 0
D Sþ Z 0 Z
DIII S−þ; η−þ 0 Z 0
AII S− Z → 0 0 Z
CII S−þ; ηþ− 0 Z 0
C Sþ Z → 2Z 0 Z
CI S−þ; η−þ 0 Z 0

AI ηþ 0 0 0
BDI Sþþ; ηþþ Z 0 0
D ηþ Z2 Z 0
DIII S−−; ηþþ Z2 Z2 Z
AII ηþ 0 Z2 Z2

CII Sþþ; ηþþ 2Z 0 Z2

C ηþ 0 2Z 0
CI S−−; ηþþ 0 0 2Z

AI η− Z2 → 0 Z → 2Z 0
BDI S−−; η−− Z2 Z2 Z
D η− 0 Z2 Z2

DIII Sþþ; η−− 2Z 0 Z2

AII η− 0 2Z 0
CII S−−; η−− 0 0 2Z
C η− 0 0 0
CI Sþþ; η−− Z → 2Z 0 0
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commutation (anticommutation) relation between SLS=pH
and AZ or AZ† symmetries. For an AZ (AZ†) class having
both TRS (TRS†) and PHS (PHS†), S or η has a double
subindex, where the first index specifies the commutation

or anticommutation relation between SLS and TRS (TRS†),
and the second one specifies those between SLS and PHS
(PHS†), respectively. Tables III and IV show how the point-
gap topological classification under the PBCs changes

TABLE IV. Classification of point-gap topological phases in the real AZ† classes without or with SLS or pH. The subscript of S�=η�
specifies the commutation (þ) or anticommutation (−) relation to TRS† or PHS†. For S��=η��, the first subscript specifies the relation
to TRS† and the second specifies the relation to PHS†. For the topological numbers with arrows, the classification under OBCs changes
from that under PBCs, where the left specifies the classification under PBCs and the right specifies that under OBCs. The topological
number Z½i; j� (Z2½i; j�) under OBCs indicates the Abelian group Z (Z2) generated by the element ði; jÞ∈Z ⊕ Z [ði; jÞ∈Z2 ⊕ Z2]
under PBCs. For the topological numbers without arrows, the classification under OBCs coincides with that under PBCs.

AZ† class Additional symmetry d ¼ 1 d ¼ 2 d ¼ 3

AI† � � � 0 0 2Z
BDI† � � � 0 0 0
D† � � � Z → 0 0 0
DIII† � � � Z2 → 0 Z → 2Z 0
AII† � � � Z2 → 0 Z2 → 0 Z → 2Z
CII† � � � 0 Z2 Z2

C† � � � 2Z → 0 0 Z2

CI† � � � 0 2Z 0

AI† Sþ Z 0 Z
BDI† Sþ−; η−þ 0 Z 0
D† S− Z → 0 0 Z
DIII† Sþ−; ηþ− 0 Z 0
AII† Sþ Z → 2Z 0 Z
CII† Sþ−; η−þ 0 Z 0
C† S− Z → 0 0 Z
CI† Sþ−; ηþ− 0 Z 0

AI† S− 0 0 2Z ⊕ 2Z
BDI† S−þ; ηþ− 0 0 0
D† Sþ Z ⊕ Z → Z½1;−1� 0 0
DIII† S−þ; η−þ Z2 ⊕ Z2 → Z2½1; 1� Z ⊕ Z → Z½2; 0� ⊕ Z½1;−1� 0
AII† S− Z2 ⊕ Z2 → Z2½1; 1� Z2 ⊕ Z2 → Z2½1; 1� Z ⊕ Z → Z½2; 0� ⊕ Z½1;−1�
CII† S−þ; ηþ− 0 Z2 ⊕ Z2 Z2 ⊕ Z2

C† Sþ 2Z ⊕ 2Z → 2Z½1;−1� 0 Z2 ⊕ Z2

CI† S−þ; η−þ 0 2Z ⊕ 2Z 0

AI† ηþ Z2 Z 0
BDI† Sþþ; ηþþ Z 0 0
D† ηþ 0 0 0
DIII† S−−; ηþþ Z2 Z2 Z
AII† ηþ 0 2Z 0
CII† Sþþ; ηþþ 2Z 0 Z2

C† ηþ 0 Z2 Z2

CI† S−−; ηþþ 0 0 2Z

AI† η− 0 Z2 Z2

BDI† S−−; η−− 0 0 2Z
D† η− Z2 → 0 Z → 2Z 0
DIII† Sþþ; η−− Z → 2Z 0 0
AII† η− 0 0 0
CII† S−−; η−− Z2 Z2 Z
C† η− 0 2Z 0
CI† Sþþ; η−− 2Z 0 Z2
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under OBCs. For the topological numbers with arrows, the
classification under the PBCs shown on the left changes to
that under OBCs on the right, while the topological
numbers without arrows remain the same under both
boundary conditions. We also find that the BBC holds
for the point-gap topological classification under OBCs:
Topologically protected boundary states appear when the
bulk point-gap topological numbers under OBCs are
nontrivial.
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