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Virtual-State Model for Analyzing Electro-Optical Modulation in Ring Resonators
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Ring resonators play a crucial role in optical communication and quantum technology applications.
However, these devices lack a simple and intuitive theoretical model to describe their electro-optical
modulation. When the resonance frequency is rapidly modulated, the filtering and modulation within a ring
resonator become physically intertwined, making it difficult to analyze the complex physical processes
involved. We address this by proposing an analytical solution for electro-optic ring modulators based on the
concept of a “virtual state.” This approach equates a lightwave passing through a dynamic ring modulator to
one excited to a virtual state by a cumulative phase and then returning to the real state after exiting the static
ring. Our model simplifies the independent analysis of the intertwined physical processes, enhancing its
versatility in analyzing various incident signals and modulation formats. Experimental results, including
resonant and detuning modulation, align with the numerical simulation of our model. Notably, our findings
indicate that the dynamic modulation of the ring resonator under detuning driving approximates phase

modulation.
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Introduction.—Electro-optic (EO) modulation, which
rapidly modulates optical signals using electrical signals,
is a critical technique in optical applications including
optical interconnects [1,2], optical computing [3], micro-
wave photonics [4], and laser detection and ranging [5,6].
Standard traveling-wave EO modulators rely on length-
dependent modulation accumulation due to unidirectional
lightwave propagation in waveguides, which poses chal-
lenges for large-scale on-chip integration. However, recent
optoelectronic integration advancements have drawn atten-
tion to the EO modulation of optical resonators. The
resonance effect allows for the utilization of optical feed-
back to enhance modulation efficiency. On-chip resonators
featuring ultra-high-quality factors (Q factors) and compact
mode volumes have gained broad application in nonlinear
optics [7,8], cavity quantum electrodynamics [9,10], and
optomechanics [11]. This high-efficiency modulation has
facilitated the development of high-performance EO mod-
ulators with a tuning efficiency of 1.98 GHz/V and a
bandwidth of 17.5 GHz [12]. A recent demonstration
showcased the use of an ultra-low-loss thin-film lithium
niobate resonator to create an optical frequency comb
(OFC) with over 900 lines [13]. EO modulation in coupled
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resonators has revealed a range of intriguing physical
phenomena, including Rabi oscillations, Ramsey interfer-
ence, Autler-Townes splitting, and Stark shifts [14], leading
to the development of innovative devices such as photonic
two-level systems [14] and frequency beam splitters [15].

Unraveling the physical interaction between lightwaves
and electricity, EO modulation necessitates a simple and
universally applicable theoretical model. A clear, intuitive
model simplifies computations and provides a concise
description of complex physical processes. For instance,
in traveling-wave modulation, the output lightwave can be
calculated by directly multiplying the input lightwave with
the electrical signal, and adjusting the amplitude, phase,
frequency, or polarization of the lightwave accordingly.
However, dynamic EO modulation of the ring lacks a
straightforward model due to the need to account for
multiple-phase modulation and interference from lightwave
cycling within the ring. If the lifetime of cavity photons is
considerably shorter than the modulation period, the ring
can be utilized as an amplitude modulator. This is achieved
by dynamically altering the resonance frequency, resulting
in the on and off modulation of lightwaves [16].
Conversely, when the lifetime of cavity photons exceeds

© 2024 American Physical Society
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the modulation period, resonance frequency shifts during
lightwave circulation, intertwining filtering and modulation
and complicating its description. Current analytical meth-
ods, such as the Heisenberg-Langevin equation [10],
temporal coupled-mode theory [17], and the transfer matrix
method [18], involve complicated differential equations or
matrix manipulation to attain modulation outcomes.

In this Letter, we propose a “virtual state” model, derived
from a transfer matrix approach, to simplify dynamic ring
modulation descriptions. Virtual state, a fundamental con-
cept in quantum mechanics, describes transition states and
plays an essential role in various physical research fields,
including material structure, optical phenomena, and quan-
tum computing. Its application has profoundly impacted
our understanding of numerous physical phenomena,
particularly resonance transitions observed in stimulated
Raman scattering [19-22] and two-photon transitions
[23,24]. Our proposed model separates modulation
from linear time-invariant filtering, eliminating the need
for the complex processes necessitated by existing
models. Utilizing the virtual state allows visualization of
phase modulation experienced by incident light, making
the modulation and filtering processes more intuitive.
Additionally, our generic model can accurately describe
any input signals and modulation formats. We further
demonstrate that the ring can be approximated as a phase
modulator in cases where the optical input is resonant and
the driving signal is not resonant. Resonant modulation
experiments and numerical simulations are conducted to
assess the precision of our virtual state model.

Principle—According to our theory, the process of a
lightwave passing through a dynamic ring modulator can
be expressed as the input lightwave being excited to a
virtual state by a cumulative phase and then jumping back
to the real state after passing through the corresponding
static ring. Mathematically, this model is expressed as
follows:

Equ(t) = [En(0)e0]  hyaie)e®?. (1)

with

O(t+1)—6(r) = @(1). (2)

In Eq. (1), E;,(7) and E,y() are the input and drop-port
output light fields of the dynamic ring modulator, as shown
in Fig. 1(a). The actual phase shift ¢(z) is induced by
voltage V(t) and alters the resonance frequency. 7 is the
round-trip time delay of the static ring. 6(¢) is the assumed
phase modulation, which is the accumulation of the actual
phase shift. Ay, (2) is the zero-modulation impulse
response of the ring. ® is the convolution operation.

To validate our theory, we assume zero dispersion within
the waveguide, with the phase shift located on the ring’s
right side, as depicted in Fig. 1(a). Despite potential
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FIG. 1. (a) Structural diagram of the dynamic ring modulator.

(b) Diagram of the virtual-state model corresponding to Eq. (1).

variations in electrode size or position, we propose that
the phase shift functions as a whole. The coupling
coefficient between the bus waveguide and the ring is
called k, while the loss is called a (where @ = 1 means zero
loss). Utilizing the transfer matrix method [18], we estab-
lish a correlation between the input and output light fields:

Eou(t) = [a(1 = &%) Egy(t — 7) — a2 E; (1 — 1) ] 7).

(3)
In Eq. (3), the time-varying ¢(¢) prevents further simpli-
fication. However, if we uphold Eq. (2) and the definitions

Ein(t) = EinA,O([)eiH(l)? (43)

Eout(t) = Eout,O(l‘)eie(t)7 (4b)
then we can restate Eq. (3) to describe a static ring where
Eino(t) and Eg, () function as the input and drop-port
output light fields, respectively, which serve as the virtual
states in our model. By combining Egs. (4), the proposed
virtual state model, described by Eq. (1), can be obtained.
Our model separates the dynamic ring modulation into two
phase modulations and a static filter. The input lightwave is
first excited to the virtual state by the cumulative phase,
passes through the static ring, and finally jumps back to the
real state. This process is illustrated in Fig. 1(b). A similar
derivation applies to the through port, as indicated
in Eout,through<t) = [Ein(t)e_w([)] ® hstatic.through(t)eig(t)'

Distinct from existing analytical methods, the proposed
model separates the modulation and linear time-invariant
filtering. The cumulative phase modulation, 6(¢), while not
directly occurring, is deemed plausible through Eq. (2), as it
results from the accumulation of the actual phase shift ¢ ()
in the ring. Since the circulating lightwave is modulated by
@(t) with period 7, the cumulative phase modulation 6(z)
correspondingly increases and accounts for Eq. (2).
Specifically, if the modulation rate is slower than 1/z,
one can approximate 0(t + 7) — () by 0(t) - 7, so that the
cumulative phase can be approximated as

o(1) ~ - / o(t)dt, (5)
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where ¢ = —2atAf,, and Af, represents the shift of
resonance frequency. Assuming the incident lightwave is
initially at the resonance frequency f,, the transmittance is
H i (f ). Normally, under dc driving, the resonance peak
of the ring shifts by Af,, and the corresponding trans-
mittance becomes H,.(f, + Af,) when the unchanged
lightwave passes through. According to our model, the shift
in resonant frequency equates to a change in the state of the
input lightwave. The lightwave transitions to the virtual
state by 6(r), traverses the static ring with transmittance
H o (fr + Af,), then jumps back to its original state. The
virtual-state model can illustrate not only the case of dc
modulation but also apply to any complex and rapid
modulation.

Compared with other models that rely on complex final
calculations to obtain output, our model enables easy and
rapid output prediction. This capability assists us in
drawing meaningful conclusions about ring modulation.
For instance, our model suggests that when the input
optical detuning is zero and the driving frequency detuning
is nonzero, the ring serves as a phase modulator, with the
potential for an enlarged modulation depth. Recently, the
bulk of high-Q ring-modulation research has been directed
toward narrowband resonant modulation, focusing mainly
on the generation of broadband OFC through efficient
phase modulation techniques. Regrettably, there exists a
considerable void in research and application concerning
detuning and broadband modulation, which significantly
curtails the potential of ring modulation across various
fields and applications. Our model is highly versatile and
capable of analyzing a wide range of modulation tech-
niques beyond resonant modulation, including detuning
modulation and other complex modulation schemes. For
resonant modulation, the lightwave passing through the
ring undergoes phase modulation at the frequency of the
applied voltage, thus generating numerous comb lines,
spaced by the resonant frequency. At frequencies far from
the incident lightwave frequency, the power of the comb
lines becomes increasingly suppressed and decays expo-
nentially, in line with previously published results [13].
Here, we focus on analyzing detuning modulation. We
assume that the detuning modulation results in an actual
phase shift of @gewning(f) = fcos(Qt), where f is the
modulation depth, Q = 27(FSR + A) is the driving angu-
lar frequency, A is the detuning frequency, and FSR = 1/z
is the free spectral range (FSR) of the static ring. According
to Eq. (2), the corresponding cumulative phase is
edetuning(t) = Gﬂ Sin(g(t - 7/2))’ where ﬂ = (JTVP/GV,[),
V, is the driving peak voltage, V, is the half-wave voltage,
G is the phase modulation gain, expressed by

1
G=—"-—"-. 6
2sin(Qz/2) (6)
This equation indicates that when A is smaller than
FSR/6, the cumulative phase modulation can be increased
significantly compared with the actual phase shift. The gain

increases as the driving detuning becomes smaller within
the range of FSR/2. According to Eq. (1), the lightwave is
first phase-modulated by Gequning (#): one then gets an OFC
with a frequency interval of Q. If the optical detuning is
zero and the driving detuning is much greater than the ring
bandwidth, only the comb line at the incident wavelength
can pass through the static ring, while all other comb lines,
which are not aligned with any transmission peak, will
be suppressed. An approximate solution for the detuning
modulation, based on Eq. (1), can be obtained as

Eout(t) & JO(Gﬂ)|Hstatic.max|eiGﬁSin(Q(Fr/2))y (7)

where Jo(Gp) is the zeroth term of the Fourier expansion
of e~i0Fsin(Q(—=7/2)) = corresponding to the amplitude of
the comb line that aligns with the incident frequency.
|H gtatic.max | 1S the maximum value of the frequency response
of the static ring. Accordingly, it suggests that the ring
modulator can serve as a phase modulator under detuning
driving, which is quite distinct from the conventional use of
rings as intensity modulators [25]. Moreover, Eq. (7)
reveals that the driving signal can generate a quadratic
phase term under local approximation, indicating that the
resulting phase modulation is equivalent to a time lens [26].

Experiment.—We fabricated a ring modulator on a
substrate of a 500-nm-thick X-cut single-crystalline lithium
niobate thin film, overlaid on a 4.7-pm-thick buried silicon
dioxide layer. In this configuration, the polarization of light
within the ring operates in a quasitransverse electric optical
mode. The ring features a waveguide loss of roughly
0.8 dB/cm, with a waveguide cross section in the ring
area of about 2.4 pm x 0.26 pm and in the input and output
regions of around 1.32 pm x 0.26 pm. Figure 2(a) presents
an optical micrograph of the device. The circumference of
the ring is approximately 13.24 mm, with an electrode
length of approximately 6 mm located on one of the
racetrack arms.

When we apply varying dc voltages to the ring, we
observe an EO efficiency of approximately 430 MHz/V, as
shown in Fig. 2(c). The resonant 3-dB linewidth of the ring
is 563 MHz, corresponding to a loaded Q factor of
3.4 x 10, and the FSR is 10 GHz. We demonstrate
resonant driving based on the experimental setup shown
in Fig. 2(b). A tunable laser (CoBrite-DX) is initially
resonantly incident, coupled to the chip by a grating. The
output is measured by an optical spectrum analyzer (OSA,
AP2060A) after an erbium-doped fiber amplifier (EDFA).
A sinusoidal wave, generated by a microwave source
(SignalCore SC5511A), is transmitted to the electrode of
the ring through a microwave probe. We set the input
optical power at 13 dBm, with the microwave drive
frequency equivalent to the FSR and peak voltages of
4 V and 8 V. The generated comb spectra are shown in
Figs. 2(d) and 2(e). To verify the accuracy of our model,
we perform two numerical simulations for resonant
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FIG. 2. (a) Optical micrograph of the ring modulator. (b) Ex-

perimental setup for high-speed modulation. DUT is the device
under test. PC is the polarization controller. (c) Resonant wave-
length shift as a function of dc voltage. (d),(e) The output spectrum
of the resonant modulation with a resolution of 140 MHz.

modulation. The first, based on our virtual-state model,
computes the output spectrum using Eq. (1). The second
simulation employs the analytical solution E (7)) =
{—a'22e D [[1 — a(1 — k?)e? D] }E;, (1) derived from
Eq. (3), serving as a comparative reference for our virtual-
state model. The corresponding modulation depths for
numerical simulations are =1 and f = 2, respectively.
We use parameters for our simulations that align with our
experimental measurements: loss coefficient @ = 0.89, cou-
pling coefficient x = 0.21, and FSR = 10 GHz. These
parameters correspond to the measured Q factor (3.4x
10%) in our experiment. Notably, our virtual-state model
aligns well with both the transfer matrix method and our
experimental data, revealing a symmetrical comb that decays
approximately exponentially. The subsequent experiments
(detuning modulation, phase modulation gain measure-
ments) and their numerical simulations share these resonator
parameters.

Subsequently, we measure the detuning drive of the ring
modulator and evaluate the potential applications of the
approximate solution. Specifically, we employ a driving
frequency of 11 GHz (A =1 GHz) and apply peak
voltages of 4 V and 8 V. When the laser detuning is set
at zero, the output spectra shown in Figs. 3(a) and 3(b) are
obtained. We conduct numerical simulations based on
the analytical and approximate solutions of detuning
modulation, where the modulation depths corresponding
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FIG. 3. (a),(b) The output spectrum of the detuning modulation

with a resolution of 140 MHz.

to different peak voltages are 1 and 2, respectively. It is
shown that the approximate solution is consistent with both
theoretical solution and experimental results. In our experi-
ment, the comb span of the detuning modulation is smaller
than that of the resonant modulation under the same driving
depth. However, the detuning modulation has specific
advantages over the resonant modulation, such as the
generated OFC having a more concentrated energy dis-
tribution in the wavelength domain.

To exemplify the energy-concentrated OFC produced by
detuning modulation, we conducted numerical simulations
using a high Q ring. The parameters for this high Q ring are
a=0.997, k=0.053, and FSR = 10 GHz, yielding a
corresponding Q value of 1 x 107. We set the modulation
depth at 2.7 and the driving frequency at 10.120 GHz
(A =120 MHz). Figure 4 presents the envelope curve
of the simulated energy-concentrated OFC, which vividly
demonstrates our findings compared to resonant modula-
tion at the same modulation depth. The conversion effi-
ciency of the detuning modulation obtained by the ratio of
the frequency comb power to the total input optical power
in a 2 THz bandwidth is approximately 12 times that of the
resonant modulation. This allows for the creation of an
energy-concentrated OFC while maintaining the accuracy
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FIG. 4. The output spectrum envelope curves of detuning and
resonant modulation of a ring with a Q factor of 1 x 107.
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curves.

of the approximation even at high modulation depths. In
optical communication systems that require high signal
transmission distance and speed, energy-concentrated
OFCs can effectively mitigate noise and enhance the
signal-to-noise ratio, thereby improving system perfor-
mance and reliability [27]. Moreover, since phase modu-
lation equates to a time lens, an intensity modulator can be
cascaded with the system to further flatten the OFC [28,29],
which can be highly valuable for optical communication
[30], optical arbitrary waveform generation [31], and
microwave photonics [32].

Finally, under detuning driving, we experimentally
measure the cumulative gain of the phase modulation,
finding that the gain follows the driving frequency in good
agreement with the numerical simulation of Eq. (6). The
driving frequency of both experiments and numerical
simulations is swept from 0.2 GHz to 9.8 GHz with a
step size of 0.2 GHz. The peak voltage in the experiment is
0.5 V, and the corresponding simulation modulation depth
is f# = 0.12. Calculation of the phase modulation gain is
based on the output spectra measured at different driving
frequencies. Our experimental data are consistent with the
theoretical curve according to Eq. (6), as shown in Fig. 5. It
should be noted that under the assumption of detuning
driving and phase modulation, the accumulation gain is
independent of the Q factor, differing from the traditional
definition. The gain decreases with an increase in driving
detuning. If the modulation frequency differs from the
resonance frequency, the gain curve becomes relatively flat,
which is beneficial to the phase modulation of broadband
driving signals, and may potentially expand the applica-
tions of ring modulators to microwave photonics and
optical communication [33].

Conclusion.—In this Letter, we propose a novel analyti-
cal solution for EO ring modulators, utilizing the virtual
state model, a unique concept that decouples intertwined
modulation and filtering within ring modulation into two
independent processes. We discovered that dynamic ring
modulation simplifies into a linear time-invariant response,
with input and output modulated by a cumulative phase.

The virtual-state model offers valuable insights into the
core mechanisms of ring modulators, where the modulated
state of lightwave due to the cumulative phase constitutes a
“virtual state,” facilitating prediction and clarification of
resonator behavior. Our analysis method is highly versatile
and can be applied to resonators based on various modu-
lation principles, such as tunable superconducting cavities
[34], tunable electromagnetic cavities [35], magneto-
optical modulated microring resonators [36], and thermo-
optical modulated silicon microring resonators [37]. This
solution enhances our understanding of ring modulators
and aids in their optimization and design for diverse
applications. Specifically, it can be utilized for quantitative
analysis and optimization design of composite ring reso-
nators, such as cascaded coupling resonators [38], ring
modulators with feedback waveguides [39], and ring
modulators based on Mach-Zehnder interferometer cou-
pling structures [40]. This approach offers a simplified yet
comprehensive framework for exploring the physical
insights and improving the performance of these resonant
devices.
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