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Fast Generation of GHZ-like States Using Collective-Spin XYZ Model
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The Greenberger-Horne-Zeilinger (GHZ) state is a key resource for quantum information processing and
quantum metrology. The atomic GHZ state can be generated by one-axis twisting (OAT) interaction

Hoar = yJ? with y the interaction strength, but it requires a long evolution time y = /2 and is thus
seriously influenced by decoherence and losses. Here we propose a three-body collective-spin XYZ model
which creates a GHZ-like state in a very short timescale yt ~ In N/N for N particles. We show that this
model can be effectively produced by applying Floquet driving to an original OAT Hamiltonian. Compared
with the ideal GHZ state, the GHZ-like state generated using our model can maintain similar metrological
properties reaching the Heisenberg-limited scaling, and it shows better robustness to decoherence and
particle losses. This Letter opens the avenue for generating GHZ-like states with a large particle number,
which holds great potential for the study of macroscopic quantum effects and for applications in quantum

metrology and quantum information.
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The Schrodinger cat state [1], a class of quantum super-
positions of macroscopically distinct states, is crucial in
investigating large-scale quantum effects [2], understanding
the quantum-to-classical transition [3] and numerous appli-
cations in quantum information science [4—6] and quantum
metrology [7-10]. Many efforts have been made to dem-
onstrate such states in diverse systems, including trapped
ions [11-15], photonic systems [16-23], superconducting
circuits [24-27], Rydberg atoms [28], solid states [29], and
so on. Some typical types of the Schrodinger cat state are
especially attractive, such as the entangled coherent state of
photons [30-32] and the multiparticle maximally entangled
state, which is often referred to as the Greenberger-Horne-
Zeilinger (GHZ) state [33] or NOON state [34]. In addition
to its fundamental significance of demonstrating quantum
nonlocality [33,35], the GHZ state can also be applied in
quantum metrology to achieve Heisenberg-limited meas-
urement precision [36,37], which is even better than the
optimal performance of squeezed spin states [10,38-54].

To generate the GHZ state, entangling gates between
quantum bits can be used [27,55-59], but the scale is very
small. A large-scale GHZ state can be generated using the
collective-spin one-axis twisting (OAT) model Hoar =
xJ? [38], but the required time y¢ = x/2 is quite long,
setting obstacles for realizations due to decoherence and
particle losses [60—66]. Measurement and postselection
can be used to shorten the evolution time at the expense of
the probability of success [67]. Further studies show that
by adding a turning term « J, to a OAT Hamiltonian, a
many-particle entangled state that resembles GHZ state
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can be obtained in a short timescale [68,69], but it differs
from the ideal GHZ state in its wider probability distri-
bution on the Fock-space basis.

Here we present a three-body collective-spin interaction
model Hxyz « J,J,J, + J.J,J, (which we name the XYZ
model) to rapidly create a GHZ-like state possessing a
Heisenberg-limited metrological property and even being
much more robust than ideal GHZ state. Using the XYZ
model, the time to obtain the GHZ-like state scales as
xt~InN/N, representing a great shortcut compared with
the OAT model, especially for a large number of particles N.
Considering practical realizations, we propose a Floquet
driving scheme to effectively produce the XYZ model from
an original OAT Hamiltonian. The metrological property of
the obtained GHZ-like state shows a Heisenberg-limited
precision in parity measurements. The degradation of the
GHZ-like state due to decoherence and particle losses is
much slighter than that of the ideal GHZ state, enabling its
application in noisy environments.

We introduce a collective-spin cubic interaction model
for N spin-1/2 particles, with the Hamiltonian given by

2
Hxyz = X;YZ

(ij)rJZ+JszJx)’ (1)

where J, = >V, aflk)/Z (u =x, y, z) in terms of Pauli

matrices o,ak) denotes the component of the collective spin
operator J with total spin j = N/2, and yxyz is the
interaction strength. Since the Hamiltonian is symmetric
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Dynamics of the XYZ model and the TAT model, with yxyz = yrat- (2) Classical trajectories of (al) the XYZ model and (a2)

the TAT model on the Bloch sphere. The red trajectories are separatrixes shared by the XYZ model and the TAT model, while the blue
one is one that only exists in the XYZ model. (b) Evolution of the quantum states of (b1) the XYZ model and (b2) the TAT model,
represented by the Husimi Q function on the Bloch spheres. The evolution time is labeled with 7. = In N/(Nyxy). (c) Husimi Q
function of (c1) the XYZ model and (c2) the TAT model at ¢ = ¢, represented with polar coordinates (0, ¢).

under cyclic permutations of J,, J,, and J, we refer to it as
the XYZ model hereafter.

As plotted in Fig. 1, starting from an initial coherent spin
state |x) satisfying J|x) = j|x), we find that the evolution
under Hyyy can stretch the state along the equator and split
it into a GHZ-like state, a coherent superposition of two
states concentrating near (0, 1, 0) and (0,—1,0) on the
Bloch sphere, respectively. For a short timescale before
reaching the GHZ-like state, the state evolution is similar to
the well-known two-axis twisting (TAT) model [38,42]
Hryar = year(U2jann = J2janp) = X1ar(yJ: + J2J,),
where J, 410 =y, £J,)/ V2, corresponding to two
twisting axes along +45° directions in the y-z plane. By
comparing the semiclassical trajectories [70] as shown in
Fig. 1(a), we can find that the XYZ and TAT models
behave similarly near the x poles (£1,0,0) on the Bloch
sphere, with the same separatrixes described by the great
circles in the x-y and x-z planes (red circles); but they
behave differently near the y poles (0, £1,0), where the
XYZ model has an additional separatrix described by the
great circles in the y-z planes (blue circles), which leads to
two additional fixed points at (0,41,0). Therefore, as
shown in Fig. 1(b), for short # when the state is distributed
near the pole (1, 0, 0), the evolution under the XYZ
model resembles the TAT model with the stretch of the
state along the equator, but the evolutions diverge for
longer time. For the TAT model, the state evolution will
cross over the points (0, £+1,0) and finally converge near
the point (—1,0,0) (¢ = ), while for the XYZ model, the
state distribution can be split into two symmetric parts near
the fixed points (0, £1,0), as it sets stoppages at these
fixed points. The comparison is shown more clearly in

Fig. 1(c), where the state in the XYZ model is located near
(0,¢) = (x/2,7/2) and (x/2,37/2) in the polar coordi-
nates, with the separation reaching the maximum.

To obtain the critical evolution time for generating the
GHZ-like state in the XYZ model, we can use the semi-
classical treatment by considering the evolution of the point
at the edge of the uncertainty patch [70,71], which
approximately yields

InN
‘ _)(XYZN'

(2)

It reveals that the required time can be very short for large
particle number N, far less than that of the OAT dynamics,
which is of crucial importance for overcoming decoherence
and losses.

The proposed XYZ model may be difficult to find
directly in existing systems, as the collective-spin cubic
Hamiltonian requires three-particle interaction. In light
of this, we propose a Floquet-driving scheme to synthe-
size the XYZ model from an original OAT interaction
Hoar = yJ? which commonly exists in many realistic
systems [72-76]. The scheme utilizes periodic +r/2
pulses along the a axis with RY, , = eTirlal2 (q=x, y).
Each period is 37z and is made up of the following: two
+7/2 rotations about x axis separated by a free evolution
for 7, two +x/2 rotations about y axis separated by a
second free evolution for 7z, and a third free evolution for 7.
This is a special case of the general time-dependent
Hamiltonian H(t) = Q,(t)J 4+ Q,(t)J, + Hoar With Q,(1)
consisting of a series of Dirac delta functions, which
means the duration of driving pulses is short enough to be
ignored, as illustrated in Fig. 2(a). The evolution operator
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FIG. 2. Generation of the catlike state with Floquet driving.
(a) An illustration of the proposed pulse sequences. One period is
37 (shaded), consisting of +7/2 pulses (up for “+” and down for
“—"") along the x axis (red one) and y axis (blue one). (b) Time
evolution of the optimal quantum Fisher information F, of the
original OAT model (green dotted), the effective XYZ model
(blue dashed), and the proposed Floquet-driving scheme with
driving parameter a = 0.4 (red solid) for N = 100 particles.
Horizontal lines indicate the standard quantum limit Fp = N
(black dash-dotted line) and the Heisenberg limit F, = N 2 (black
dash-dot-dotted line). The time when F, reaches its maximum of
the XYZ model and the OAT model are marked as £5Y7 and tQAT,
respectively. (c) Probability distribution P,, = |(m|y)|> on ei-
genstates of J, at t = f3¥% for the XYZ model. (d) Optimal time
Imax When F reaches its maximum for the OAT model (green
dotted) and the proposed Floquet-driving scheme (red circles)
versus particle number N, compared with the predicted value
t,~3InN/(aN) (blue dashed line).

for one period can be written as

_ =iyl py —iyJ?t pYy X —iyJ?t px
U=¢e R 2/2€ R_”/zRﬂ/ze R

—/2
e, (3)

—1)(] 7 ,—iyJit

=e e
We can find that the driving pulses transform the original one-
axis twisting into sequential three-axis twisting. Although the
first order terms vanish as J2+J2+J2=j(j+1) is a
constant, the second order terms are not canceled due to the
noncommutativity of the operators. We simplify the expres-
sion using the Baker-Campbell-Hausdorff formula, which

results in [70]
U =exp[-iy*t*(JJ,J, + T J,J,)+O(*)].  (4)

For small 7 (y7N/2 <« 1), we can ignore the higher order

2y T

. 2
terms and arrive at U ~ ¢ 4’7 and the corre-

sponding effective Hamiltonian becomes
1
H g :g)(ZT(]nyJz +JszJx)’ (5)

which has exactly the form of the XYZ model (1),
with effective interaction strength ¥, = ¥2zN /6. To safely
drop higher order terms, we may set yz = 2a/N with a < 1
being an alternative driving parameter. The effective inter-
action strength then reads )(g(t%(z = ay /3. We mention that an
interaction strength with opposite sign can be obtained by
simply adjusting the order of pulse sequences.

To verify the validity of the Floquet-driving scheme, in
Fig. 2(b) we plot the time evolution of the optimal quantum
Fisher information (QFI) in the Floquet-driving scheme,
compared with the dynamics of the original OAT model
and the effective XYZ model. Assuming a phase ¢ is
encoded via e~¥»? to an input state p,, the QFI can be
expressed as

0(PosJn) =2 Z

4 tqs>0 9x

+q,< |< K[ Jalc)2. (6)

where py = >, q,|k) (k| represents the spectral decompo-
sition of the input state. The QFI is bounded by the
Heisenberg limit F(|pg).J,) < N* for N particles. For
a pure input state py = |yo) (w|, the expression is reduced
to Fo(jwo).Jn) = 4(AJ,)?. From Fig. 2(b) we can find
that for the Floquet-driving scheme, the QFI can approach
the Heisenberg limit in a fairly short time, in good
accordance with the result of the effective XYZ model.
Compared with the OAT dynamics which achieves the
Heisenberg limit at yt = z/2, the time required in our
scheme is greatly shortened.

At t = 0% when F, achieves its maximum for the
XYZ model, the probability distribution on eigenstates of
Jy ({|m), }Z/_Z_N/z, Jylm), = m|m),) is shown in Fig. 2(c).
We find that the distribution is perfectly symmetric for £m,
with about 70% of the population on m = +N/2 and
+(N/2 —1), which resembles the GHZ state to a large
extent. Note that this distribution is much more concentrated
than the state created through twist-and-turn dynamics [70].
The required generation time for different particle numbers is
plotted in Fig. 2(d). The result matches well with the
predicted value 7, ~InN/(yoN) = 3InN/(aNy).

A characteristic behavior of the GHZ state is the fast
oscillation of parity [13,28,36,37], defined as II =
> ou(=1)"m)(m| (Jm) is the Dicke state with J, |m) =
m|m)), after applying a /2 rotation e”¢/> where
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FIG. 3. Parity oscillation of the GHZ-like state for N = 100 dynamics (blue dashed line) for N = 100 particles with respect to

particles. (a) The expectation value of parity I1 versus the azimuth
angle @ of the rotation axis, for the GHZ-like state generated
through the XYZ dynamics (red solid line) and the perfect GHZ
state (black dashed line). (b) The precision AQ at 8, = z/(2N)
versus evolution time ¢ of the XYZ dynamics (red solid line), in
comparison with the quantum Cramér-Rao bound F él/ ? (blue
dashed line). (c) The optimal precision Af,;, versus particle
number N of the GHZ-like state (red circles), comparing with the
Heisenberg limit 1/N (blue dashed line).

Jg = J,cos0 —J,sin@. This property is also possessed by
the GHZ-like state generated through the XYZ dynamics.
In Fig. 3(a) we plot the expectation value of parity with
respect to 6. For a perfect GHZ state |GHZ) = (|N/2) +
|-N/2))/+/2, the parity oscillation can be derived analyti-
cally as I1(0) = cos(N0). For the generated GHZ-like state
[concentrating at (0,0, +1) on the Bloch sphere], we can
see that the result resembles that of the GHZ state, verifying
its GHZ-like property. The components other than m =
+N/2 in the GHZ-like state will degrade the amplitude of
oscillation only when 8 becomes larger.

The high-frequency oscillation of parity can be applied
in high-precision measurement to obtain a precision
approaching the Heisenberg limit AGy;, = 1/N. We choose
0y = n/(2N) where the gradient |9,II| nearly reaches
its maximum and calculate the precision as A8 =
|AT1/ 11|y, - Figure 3(b) shows the result obtained with
an input state which evolves under Hyy, for ¢ from an
initial coherent spin state |x). We find the precision is
always approaching the quantum Cramér-Rao bound
AbOgcrp = F él/ %, which means the parity measurement
is always an ideal one to exploit the metrology-enhanced
property generated by the XYZ model [70]. The optimal
precision Af,.;, versus particle number N is plotted in
Fig. 3(c), proving a Heisenberg-limited precision.

I'. (a2) The ratio of the quantum Fisher information for two

dynamics F' (QOAHFD) /F g)AT) versus N and I'. Data are calculated
at yr =3InN/(aN) with a = 0.4 for Floquet-driving scheme
and yt = n/2 for OAT scheme. (bl) The optimal quantum Fisher
information of the perfect GHZ state (blue dashed line) and the
GHZ-like state generated through XYZ dynamics at t = ¢, (red
solid line), r = 0.8¢, (orange dotted), and ¢ = 0.6¢, (green dash-
dotted line) when AN particles are lost. (b2) The probability
distribution P,, for the GHZ-like state generated through XYZ
dynamics at t = t,. (gray), t = 0.87, (red) and ¢ = 0.6¢,. (blue).

To analyze the impact of decoherence, we consider the
effective OAT interaction mediated by an optical cavity as
proposed in Ref. [75]. In such schemes the cavity mode
couples the ground || ) = !S; and excited |1) = P, clock
states of ¥'Sr atoms, leading to the effective OAT
Hamiltonian H; = y(J? — J?), accompanied with an
effective Lindblad operator L = /I"/2J_ which describes
the superradiance caused by the leakage of photons out of
the cavity. In Figs. 4(al) and 4(a2) we examine the effects
of this typical decoherence channel on the creation of GHZ
(-like) states. Since our Floquet-driving scheme greatly
shortens the evolution time, it is reasonable to find that it
outperforms the OAT scheme as the intensity of super-
radiance I gets larger. The ratio of the QFI for two schemes
FQMTP/FOAT s plotted in Fig. 4(a2), which further
confirms the superiority of our scheme in the case of a
large particle number, owing to the In N/N dependence of
the evolution time. One may notice that for large N, this
ratio slightly drops after its first rise as I' grows. This is
simplify the consequence that the OAT dynamics has been
almost completely destroyed by the severe effect of
decoherence, making FQA" nearly unchanged as I" con-
tinues to increase.

The GHZ state is also known to be extremely fragile to
losses, with its coherence completely destroyed when only

113402-4



PHYSICAL REVIEW LETTERS 132, 113402 (2024)

one particle is lost, while our GHZ-like state is more robust.
In Fig. 4(b1) we compare the performance of the GHZ-like
states with the perfect GHZ state in the presence of particle
losses. The degradation of the QFI for the GHZ-like states
is slighter than that of the perfect GHZ state, which can be
further improved by shortening the evolution time and
using a GHZ-like state with a wider probability distribu-
tion, as illustrated by the examples of t = 0.8¢. and 0.6¢,. in
Figs. 4(b1) and 4(b2). This can be interpreted as the wider
distribution ensuring more coherence lying in the matrix
elements |+(N/2—n)){F (N/2—n)|, which survives
after n > 1 particles are lost. We note that the QFI of
the GHZ-like states seems to asymptotically stable to a
fixed value above the standard quantum limit when the
number of lost particles AN is large, indicating that each
one of the two parts of the GHZ-like state is still non-
classical and possesses metrologically useful properties.

In conclusion, we present a three-body collective-spin
XYZ model to rapidly create GHZ-like states. It shows a
significant shortcut of timescale from y¢ = 7/2 of the OAT
model to ¥t ~In N/N of our model. We proposed to realize
the XYZ model by employing Floquet driving to an
original OAT interaction. We further study the behavior
of GHZ-like states in parity measurements, and obtain a
Heisenberg-limited level of measurement precision, show-
ing that the metrology-enhanced property of the XYZ
model can be always fully exploited by taking parity
measurements. Moreover, we investigate the behavior of
our scheme and the obtained GHZ-like state in the presence
of decoherence and losses, finding it more robust than the
OAT scheme and the ideal GHZ state. Our Letter paves the
way for the creation of large-particle-number GHZ-like
states, which has significant applications in quantum
metrology and quantum information science.
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