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We explore the dynamics of a tuneable box-trapped Bose gas under strong periodic forcing in the
presence of weak disorder. In absence of interparticle interactions, the interplay of the drive and disorder
results in an isotropic nonthermal momentum distribution that shows subdiffusive dynamic scaling, with
sublinear energy growth and the universal scaling function captured well by a compressed exponential. We
explain that this subdiffusion in momentum space can naturally be understood as a random walk in energy
space. We also experimentally show that for increasing interaction strength, the gas behavior smoothly
crosses over to wave turbulence characterized by a power-law momentum distribution, which opens new
possibilities for systematic studies of the interplay of disorder and interactions in driven quantum systems.
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Complex microscopic behavior of both classical and
quantum systems can often be characterized by universal
statistical properties. While such descriptions are more
commonly associated with thermodynamic equilibrium,
far-from-equilibrium systems, from kicked rotors and
chaotic billiards [1–4] to turbulent fluids [5–7], can also
display emergent universal behavior. A fascinating mani-
festation of this is dynamic scaling, which is akin to the
scale invariance of equilibrium systems close to a phase
transition, but generalized to scaling in both space and time.
Such behavior is known from surface growth [8,9] and both
normal and anomalous diffusion [10,11]. Recently,
dynamic scaling was observed in a variety of quantum
systems and in different scenarios [12–24], including the
relaxation of atomic gases [13,14,16,18,21–24] and polar-
iton systems [20], and the buildup of wave turbulence in a
driven interacting Bose gas [17]. These experiments pro-
vide mounting evidence for the hypothesis that such scaling
is generic to far-from-equilibrium quantum systems [25].
Usually interactions are at the heart of the emergent

dynamics, but naturally present disorder can also play a
crucial role. The study of disorder is a vast field, with
highlights including localization and quantum-Hall phenom-
ena in 2D electron gases and quantum wires [26–30],
coherent backscattering of acoustic and electromagnetic
waves [31,32], and Anderson localization of cold atoms
[33,34]. Moreover, the interplay of disorder and interactions

can result in new phenomena such asmany-body localization
in lattice systems [35–37] and time crystals [38–41].
In this Letter, we explore the dynamics of a 3D box-

trapped Bose gas strongly driven in presence of weak

FIG. 1. Noninteracting box-trapped Bose gas driven far
from equilibrium. (a) Box geometry and driving force, F ¼
ðUs=LÞ cosðωstsÞẑ, where L ≈ 50 μm is the box length.
(b) Time-of-flight images, giving 2D momentum distributions
nkðkx; kzÞ, for N ¼ 3.3 × 105 atoms in a box of depth UD=kB ¼
90 nK, driven at ωs=ð2πÞ ¼ 10 Hz with Us=kB ¼ 10.5 nK. The
scale bar shows 1 μm−1 and the optical density (OD) saturates at 3.
(c) Energies, Ex;z, and 1D momentum distributions, ñkðkx;zÞ,
obtained by integrating 2D distributions over kz or kx; note that
Ex ≈ Ez at ts ¼ 0. The axialEz initially (in< 0.1 s) rises far above
Ex, but at long ts the two energies are almost equal and grow in
unison. The long-time momentum distribution is essentially iso-
tropic [ñkðkxÞ ≈ ñkðkzÞ], but highly nonthermal. We show ñkðkx;zÞ
for ts ¼ 3 s, together with the calculated equilibrium distribution
for the same energy per particle,E=kB ≈ 23 nK (shaded curve); the
experimental distributions show no condensate peak, even though
the condensation temperature is 180 nK and the equilibrium
distribution has 66% condensed fraction (gray) [52].
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disorder. In absence of interatomic interactions the gas
shows subdiffusive dynamic scaling: its energy grows
sublinearly with the drive time ts, approximately as t0.5s ,
and its momentum distribution at different ts is described
by a scaling function that is captured well by an isotropic
compressed exponential. This behavior is in stark contrast
to that expected for a disorder-free noninteracting gas in our
cylindrical geometry with forcing along the box axis [see
Fig. 1(a)]; in that case the system is effectively 1D and one
expects chaotic dynamics with bounded energy growth
[42–44]. Our observations can be explained in terms of a
random walk in energy space (see Ref. [45] for our detailed
theoretical study) and give credence to the proposals that
such random walks are a generic feature of thermally
isolated driven systems [46–48]. We also experimentally
show, by tuning the interaction strength, that the energy-
space random walk observed in the noninteracting limit is
continuously connected to wave turbulence characterized
by a power-law scaling function [17,49–51]. This points to
interesting future studies in the regime where the drive, the
disorder, and the interactions all play a significant role.
We start with a quasipure 39K Bose-Einstein condensate

(BEC) in the lowest hyperfine state, trapped in a cylindrical
optical box [54–56]. The condensate is prepared at a
scattering length a ¼ 200 a0 (where a0 is the Bohr radius),
and we slowly (in 5 s) tune a to zero by tuning the bias
magnetic field to 350.4(1) G [57,58]. For a noninteracting
BEC in our box of lengthL ≈ 50 μmand radiusR ≈ 15 μm,
the frequency of the lowest-lying axial excitation is (ignor-
ing disorder) ωz ¼ 3π2ℏ=ð2mL2Þ ≈ 2π × 1.5 Hz, where m
is the atommass, while our variable trap depthUD is always
larger than 2πℏ × 400 Hz. Weak optical disorder, propor-
tional to the trapping laser power and hence UD, is always
present in our holographically created trap [54,59,60], but is
typically irrelevant in interacting-gas experiments [61]. We
inject energy into the system along the box axis z, using a
spatially uniform time-varying force [49] of magnitude
FðtsÞ ¼ ðUs=LÞ cosðωstsÞ, with ωs > ωz and ℏωz ≪ Us ≪
UD (see also [42]). After driving the gas for a variable time ts,
we probe its momentum distribution using absorption
imaging after 50 ms of time-of-flight expansion [53]; this
gives line-of-sight integrated 2D distributions nkðkÞ, which
we normalize such that

R
nkðkÞdk ¼ 1.

In Figs. 1(b) and 1(c) we illustrate our qualitative
observations; here Ex;z ¼

R
ℏ2k2x;z=ð2mÞnkðkx; kzÞdk and

1D momentum distributions, ñkðkx;zÞ, are obtained by
integrating nkðkÞ over kz or kx. Initially the dynamics is
essentially 1D, with the drive rapidly (in < 0.1 s) increas-
ing only Ez. This is what is expected in absence of disorder,
in which case the growth of Ez would be bounded [42].
However, at long times Ex ≈ Ez and the energy keeps
growing. The long-time momentum distributions along kx
and kz are nearly identical, but far from thermal; they show
no BEC peak even though the energy per particle is far
below the equilibrium condensation value.

In Fig. 2(a) we outline a semiclassical picture of how the
interplay of the drive and disorder can lead to isotropic
dynamics with unbounded energy growth. The drive mixes
only axial modes, with kz up to some kc [42]. The disorder-
induced elastic scattering transfers energy into the radial
modes and allows the drive to increase a particle’s energy
above Ec ¼ ℏ2k2c=ð2mÞ. Alternating scattering and driving
events then lead to an unbounded energy growth.
In Fig. 2(b) we explain why at long times this growth is

sublinear, corresponding to subdiffusion in momentum
space. Once the average energy per particle, E, is signifi-
cantly larger than Ec, most particles have kz > kc and do
not interact with the drive. When a particle is occasionally
scattered in and out of the kz < kc space, its temporary
interaction with the drive can either increase or decrease its
energy (red arrows). This results in an energy-space
random walk with a characteristic step size Ec [45]:

d
dts

ðE2Þ ∝ rðEÞE2
c : ð1Þ

The rate r is energy-dependent, because at any time only a
fraction of particles ∝ ℏkc=

ffiffiffiffiffiffiffiffiffiffi
2mE

p
interacts with the drive,

and because the density of states for elastic scattering is
∝

ffiffiffiffi
E

p
. As shown in Ref. [45], this model predicts E ∝ tηs ,

with 2=5 ≤ η ≤ 1=2 depending on the ratio of the elastic
scattering rate and the rate at which the drive mixes kz
states.
To isolate and quantify the disorder-induced scattering in

our system, we prepare an anisotropic nk using a short ts,

FIG. 2. Semiclassical picture of a driven and disordered non-
interacting Bose gas. (a) The drive mixes only states with kz
values up to some kc [42], so in absence of disorder the radial
momentum kr (in the kx-ky plane) remains zero, and the growth
of a particle’s energy is bounded by Ec ¼ ℏ2k2c=ð2mÞ. However,
disorder-induced elastic scattering distributes energy into the
radial modes, and allows the drive to populate states above Ec
(outside the blue shaded area). (b) This picture implies sub-
diffusive long-time dynamics, with a sublinear energy growth.
Here we consider a particle (red dot) that already has an energy
above Ec, and kz > kc, so it does not interact with the drive. If
elastic scattering (solid circle) reduces its kz to below kc, the
particle temporarily interacts with the drive, until another
scattering event increases its kz above kc. The interaction with
the drive can either increase or decrease the particle’s energy, as
exemplified by the red arrows. The alternation of scattering and
driving events thus results in an energy-space random walk, with
a characteristic step size Ec.
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stop the drive, and study the subsequent cross-dimensional
relaxation for different disorder strengths (∝ UD). In
Fig. 3(a) we show an example of how Ez and Ex both
approach E=3, and in Fig. 3(b) we show how the anisotropy
ðEz − ExÞ=E decays for different UD. The initial decay is
captured well by an exponential (solid lines), and we use
the decay constant Γd as a measure of the typical scattering
rate [62]. At long times, the anisotropy decay slows down,
which we also observe in simulations of the Schrödinger

equation with disorder [42], and attribute to the quantiza-
tion of states in a finite-size box [63]. In Fig. 3(c) we
show that, as expected for single-particle scattering, Γd is
independent of the particle density.
In Fig. 3(d) we show the dependence of Γd on UD. The

solid line is based on our numerical simulations [42], which
give Γd ∝ U2

D, as expected from perturbation theory. We
match the datawell by setting the rms disorder strength to 2%
of UD, and adding a small offset to Γd. The 2% disorder is
compatible with ≈1% observed in the bench tests of the
optical potentials used for our box trap [60] (see also [59,64]),
and also with the measurements with atoms in Ref. [61],
where the uniformity of the gas density was confirmed down
to energies of a few % ofUD. In simulations we assume that
the disorder is uncorrelated down to a length scale of 800 nm,
set by the simulation grid, which is comparable with the
expected correlation length of experimental disorder, set by
the trap-laser wavelength, λ ¼ 532 nm. The small offset in
Γd could arise from trap-shape imperfections or magnetic-
field inhomogeneity.
We now turn to the study of the long-time isotropic

dynamics for continuous driving (Fig. 4). Here, we
take images along the drive axis z, which avoids the
small effects of the center-of-mass oscillation [42]. The
distribution in the kx-ky plane is always isotropic,
nkðkx; kyÞ ¼ nkðkrÞ, where kr ¼ ðk2x þ k2yÞ1=2. We normal-
ize

R
2πkrnkðkrÞdkr ¼ 1 and define Er ¼ Ex þ Ey, so Er ≈

2E=3 for long ts.
In Fig. 4(a) we plot NðtsÞ and ErðtsÞ for Us=kB¼7.0nK,

ωs=ð2πÞ ¼ 10 Hz, and Γd ¼ 8.0 s−1. At ts ≈ 15 s some
atoms reach the momentum-space trap depth kD ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2mUD=ℏ2

p
¼ 3.8 μm−1, at which point N starts dropping

and Er saturates. Until then, N is essentially constant [65]
and Er shows power-law growth, Er ∝ tηs , with η¼0.46ð2Þ.

FIG. 3. Disorder-induced cross-dimensional coupling. (a) Here
we stop the drive with Us=kB ¼ 10.5 nK and ωs=ð2πÞ ¼ 10 Hz
after ts ¼ 0.1 s [see Fig. 1(b)] and then hold the gas for a variable
time thold in a trap with UD=kB ¼ 90 nK. The energies Ez and Ex
both relax toward E=3 ¼ ðEz þ 2ExÞ=3 (by symmetry Ex ¼ Ey).
(b) The decay of the anisotropy ðEz − ExÞ=E is initially exponen-
tial, ∝ expð−ΓdtholdÞ (solid lines); Γd grows with disorder strength
(∝UD) and is independent of the initial anisotropy. (c) As expected
for single-particle scattering, Γd is independent of the gas density
(∝N); hereUD=kB ¼ 90 nK. (d)Dependence ofΓd onUD. Up to a
small offset of 1 s−1, the data are captured by our numerical
simulations with rms disorder equal to 2% of UD (solid line).

FIG. 4. Subdiffusive dynamic scaling; here, Us=kB ¼ 7.0 nK, ωs=ð2πÞ ¼ 10 Hz, and Γd ¼ 8.0 s−1. (a) Evolution of the atom number
N and the radial per-particle energy Er. For ts ≲ 15 s (vertical dashed line), N is essentially constant [65], while Er ∝ tηs with η ¼ 0.46
(solid line); at longer ts some particles have enough energy to leave the trap, so N drops and Er saturates. (b) Evolution of the radial
momentum distribution nkðkrÞ; each curve corresponds to a point in (a), with the same color coding. The dashed line, ∝ k−2r , is tangent to
all the self-similar curves, and kD is the momentum-space trap depth. (c) For scaling exponents α ¼ −0.45 and β ¼ −0.23 (and
arbitrarily chosen reference time t0 ¼ 3 s), the distributions for ts ∈ ½1.1; 14.4� s and all kr collapse onto a universal curve. The dotted
line shows a compressed-exponential fit, fce ∝ exp ½−ðkr=k0Þκ�, with κ ¼ 3.0 (see text). The inset shows the results of numerical
simulations with the same drive, disorder, and scaling parameters (see text and [42]); for comparison with the experiments, the dotted
line is the same as in the main panel.
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In Fig. 4(b) we show the evolution of nkðkrÞ. For ts ≳ 1 s
the distributions are self-similar, with a well-defined front
moving towards the UVuntil it reaches kD; for ts ≳ 15 s the
distribution is essentially stationary.
The fact that nk is self-similar for 1s≲ ts ≲ 15 s, while

Er grows algebraically, implies dynamic scaling:

nkðkr; tsÞ ¼
�
ts
t0

�
α

nk

��
ts
t0

�
β

kr; t0

�
; ð2Þ

with β ¼ −η=2, reflecting the subdiffusive energy growth,
and α ¼ 2β, reflecting a particle-conserving transport; t0 is
an arbitrary reference time.
In Fig. 4(c) we show that, for ts ∈ ½1.1; 14.4� s and all kr,

the distributions can be collapsed onto a universal curve,with
α ¼ −0.45ð2Þ and β ¼ −0.23ð1Þ [42]. The calculations in
[45] predict such scalingwith the 3Dmomentumdistribution
captured by a compressed exponential, ∝ exp ½−ðk=k00Þκ3D �,
with κ3D varying between 4 (for η ¼ 1=2) and 5 (for
η ¼ 2=5), and k00 ∝ t1=κ3Ds [66]. We empirically find that
nkðkrÞ, obtained by integrating the 3D distribution along kz,
is captured by a normalized compressed exponential
fce ¼ ½πk20Γð1þ 2=κÞ�−1 exp ½−ðkr=k0Þκ� with a reduced
κ ¼ 3.0ð2Þ [dotted line in Fig. 4(c)] [67]. As shown in the
inset of Fig. 4(c), we reproduce our observations in numerical
simulations; here we show the results of simulations for
ts ∈ ½2.9; 18� s, obtained with the same Us, ωs, and Γd, and
collapsed with the same α, β, and t0 as in the experiments.
Repeating our experimentswith various drive anddisorder

parameters, for Us=kB ∈ [3.5, 10.5] nK, ωs=ð2πÞ∈
[5, 15] Hz, and Γd ∈ [2.5, 15] s−1, we robustly observe
dynamic scaling with η ¼ 0.46ð2Þ, α ¼ −0.47ð4Þ, β ¼
−0.24ð2Þ, and κ ¼ 2.9ð2Þ. For our parameters, η is indeed
expected to be in the broad crossover from 1=2 to 2=5 [45].
We conclude by pointing to an interesting question for

future study: what happens if the drive, the disorder, and the
interactions all play a significant role? In the noninteracting
(a ¼ 0) dynamics observed here, the rate at which energy is
absorbed from the drive decays as tη−1s . On the other hand,
in interacting wave-turbulent cascades [17,49–51] this rate
is constant and the turbulent steady state is characterized by
nkðkrÞ ∝ k−γþ1

r , with γ ¼ 3.3ð3Þ. The two types of dynam-
ics are qualitatively different, but are continuously con-
nected by tuning a, as we illustrate in Fig. 5(a) for one set of
drive and disorder parameters, and fixed gas density (∝N).
This crossover should be controlled by some dimensionless
parameter(s), but from the drive, disorder, and interaction
properties, one can construct many candidates. Moreover,
further qualitatively different outcomes are possible: for
strong-enough interactions, thermalization should be the
fastest process, while for strong-enough disorder, locali-
zation effects should prevail. Constructing the full dynami-
cal phase diagram for the driven and disordered interacting
gas is thus a fascinating challenge. As a first step in

this direction, in Fig. 5(b) we show that for our parameters
the crossover from an energy-space random walk to
turbulence depends on the product Na, which suggests
that it can be captured within the mean-field Gross–
Pitaevskii framework.
In summary, we have observed subdiffusive dynamic

scaling in a noninteracting Bose gas driven far from
equilibrium in the presence of weak disorder, which we
explain in terms of an energy-space random walk. The
tunability of our system opens the possibility to study the
interplay of the drive, disorder, and interactions in regimes
where they all play a significant role, which we illustrate by
showing how the energy-space random walk crosses over
to turbulent-cascade dynamics. Our far-from-equilibrium
states with low and tuneable energy per particle also
provide a novel starting point for studies of equilibration
in closed quantum systems [24,25,68].

The data that support the findings of this study are
available in the Apollo repository [69].
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FIG. 5. Crossover from subdiffusion to turbulence, for
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(a) nk for N ¼ 105 atoms and different scattering lengths a. For
subdiffusion, nk is captured by a compressed exponential fce. For a
turbulent cascade,nk ∝ k−γþ1

r (dashed line) forkr ≳ 1=ξ, where ξ is
the healing length; here, 1=ξ ¼ 0.6 μm−1 for 100 a0. (b) We
quantify the crossover between the two regimes by fitting nk ¼
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r (with γ ¼ 3.4) for 0.6 μm−1 <kr < 2.5 μm−1,

with c and n0 as free parameters. For variousN and a, the crossover
from c ¼ 1 (subdiffusion) to c ¼ 0 (turbulence) depends only on
the product Na.
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