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Bounding the Amount of Entanglement from Witness Operators
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We present an approach to estimate the operational distinguishability between an entangled state and any
separable state directly from measuring an entanglement witness. We show that this estimation also implies
bounds on a variety of other well-known entanglement quantifiers. This approach for entanglement
estimation is then extended to both the measurement-device-independent scenario and the fully device-
independent scenario, where we obtain nontrivial but suboptimal bounds. The procedure requires no
numerical optimization and is easy to compute. It offers ways for experimenters to not only detect, but also
quantify, entanglement from the standard entanglement witness procedure.
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Introduction.—Entanglement [1] is a fundamental quan-
tum resource promising advantages over the classical
resources in many information tasks ranging from quantum
computation and communication [2] to metrology [3,4].
A fundamental problem is to decide if a given state is
entangled or not. If affirmative, a natural problem is then to
quantify the amount of entanglement present in the state.
However, both these problems are typically nondetermin-
istic polynomial-time hard [5-7], and that has led to the
development of a variety of partial entanglement criteria
[8,9] and computational methods [10].

Practical entanglement detection must be reasonably
efficient, i.e., use far fewer local measurements than those
needed for state tomography while still maintaining an
adequate detection power [11-13]. The leading tool for
such purposes is entanglement witnesses (EWs) [14],
which are observable quantities that are positive for all
separable states and negative for some entangled states.
Every entangled state can be detected by some suitably
chosen entanglement witness [1], although identifying it is
not straightforward.

Assuming that a device precisely measures the observ-
ables prescribed in an EW is usually insufficient. This can
for instance be ascribed either to the realistic influence of
imperfect control [15,16] or to the presence of uncharac-
terized devices. A well-known scenario to overcome such
issues is the measurement-device-independent (MDI) sce-
nario [17,18]. EWs designed for the MDI scenario work
with uncharacterized measurement devices but require the
introduction of trusted, precisely controlled, quantum
sources. All entangled states can be detected in this
way [17]. An even stronger framework is the device-
independent (DI) scenario, in which all assumptions on
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the quantum measurement devices are removed. EWs
designed for the DI scenario are commonly known as
Bell inequalities, and thus verify entanglement from
quantum nonlocality [19-21].

While the violation of EWs in these three scenarios is
sufficient to detect entanglement, a natural question is how
the magnitude of the violation can be used to quantify the
entanglement in the state. When devices are trusted,
entanglement quantification from EWs has for instance
been approached using the Legendre transform [22-26].
For MDI-EWs, entanglement quantification often comes
with costly computational methods [27-29]. In the DI
scenario, little is known about entanglement quantification.
Notable exceptions again require dedicated computational
methods that grow rapidly with the complexity of the
scenario [30].

In this Letter, we introduce a comprehensive method for
estimating entanglement, which requires no numerical
optimization and is easy to compute. The main idea is
to suitably normalize any given entanglement witness so
that its violation magnitude can be used directly to bound
the trace distance between a given entangled state and its
best separable approximation. In turn, this entanglement
quantifier can be used to bound a variety of well-known
entanglement measures. We then extend this idea from the
scenario of trusted devices to both the MDI scenario and the
DI scenario, for which the bounds are typically not tight.
The method is inherently analytical. For trusted devices and
the MDI scenario, the quantification can be easily com-
puted. In the DI scenario, the most demanding computation
needed is an upper bound on the largest quantum violation
of the considered EW. Finally, we showcase how the
approach can go further, by quantifying entanglement with
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respect to a given Schmidt number and estimating the depth
of entanglement in multipartite systems.

Trusted devices.—We focus first on the bipartite sce-
nario. When devices are trusted, consider that we are given
a standard EW in the form of a Hermitian operator W
[1,31]. By definition, we have w(p) = Tr(pWV) > 0 for all
separable states and w < O for some entangled states, where
and henceforth we omit the state if not introducing
ambiguity. Our goal is to bound from below the distin-
guishability between p and any separable state in terms of a
negative w, and then use the bound to estimate other
entanglement measures. This entanglement measure cor-
responds to the smallest trace distance between p and any
separable state whose set is specified by €, that is,

Ey(p) = (I)Iéithr(Q,p), (1)

where Dy (¢.p) = 3Tr|o —pl| is the trace distance, with

Tr|A| = TrVAA". The measure E, is motivated by having
a natural physical interpretation: it stands in one-to-one
correspondence with the largest success probability of
discriminating between the state p and any possible
separable state via a quantum measurement.

To this end, we observe that Dy(p,0) >1|Tr((o-
pPIW)| > —(w/2) if =1 <W < 1. Naturally, there are
many ways of satisfying the latter condition. A simple
one is to divide W by its largest modulus eigenvalue
, where 1. are, respectively, the
largest and smallest eigenvalues of V. However, an often
better choice is to consider the following Hermitian
operator:

2W — (Ay + A A+ A)T
W/: (++ ) _2WC_(++ ) , (2)
Ay =2 Ay —A_
where the nontrivial part is denoted by 2W, =

2W/(A, — A_)], and a smaller involved numerator [(1, —
A_)/2] than A would ensure a larger lower bound on E,
from which Theorem 1 follows.

Theorem 1 (quantitative normalized EW).—For an EW
W that detects an entangled state p by a negative witness
value, it holds

Etr(p) 2 —We, (3)

where w, = Tr(W,p), and we have this theorem as
Etr(p) = %Trlgopt | ) |Tr[<Q0pt )W/” = |Tr[(Qopt -
PIW,]| = —w, with @, denoting the (closest) separable
state thus Tr(W.Qop) > 0.

Thus, we can estimate E,(p) directly from the renor-
malized entanglement witness V... In addition, we can use
E.(p) itself to bound several other well-known entangle-
ment quantifiers.

Focusing on other distance-based entanglement mea-
sures [32], prominent examples are the smallest relative
entropy, E, or infidelity, E;;, between an entangled state
and a separable state [32]. Other relevant examples are
convex roof measures, such as the entanglement of for-
mation [33], EF, the concurrence [34], EC, and the geo-
metric measure of entanglement [35], E;. Also relevant are
the robustness, E,.,, and generalized robustness, Erop, of
entanglement [36]. The definitions of these measures are
summarized in [37]. In [37] we show how all these
quantifiers of entanglement can be bounded in terms of
E\.. Hence, they can be bounded directly from the observed
value of the renormalized EW as

2 -
2
Erev EF = ch EifvEG > We,

“In2
- —-w,
Ec > —V2w,, ErobrOB = I

+ w,

(4)

Note that these relations, as well as Eq. (3), still remain if
we replace the set of separable states with other relevant
convex sets on which we can define analogous witness
operators. A particularly interesting example is the set of
states with a limited Schmidt number [40]. This would
permit the quantification of an entangled state with respect
to any other entangled state of a limited entanglement
dimension.

We exemplify the result on the well-known fidelity
witness [41—43] assuming the form W = ¢l — |§)(¢
where ¢ = max, coTr(e|¢)(¢|). We have 1_ = ¢ —1 and
A, =cand A, —A_ =1, hence W, = W. The magnitude
of a negative witness value immediately gives a lower
bound on E;. For example, let |¢) be the maximum
entangled state in d-dimensional space, namely, p =
)] with ) = (5, 1i0)/Vd). We have ¢ = (1/d)
the related witness reads W = (1/d) — |¢)(¢|. This leads
to the tight bound E(¢) > 1 — (1/d). To investigate the
accuracy of the bounds on the other entanglement
measures, we have computed the ratios, R, between the
bounds (4) and the exact values. We find Rgp =
REmbROB =1 RE,C.EF:[2(d_1>2/d21n210g2d]’ REif,EG =1,
Rg, = /1 —(1/d). Thus, some cases are tight (when the
ratios R = 1) while others are proper lower bounds. Such
an estimation immediately applies to the data from current
experiments, for example, let |¢) = ;(]0000) — [1001) —
|0110) — |[1111)) be a four-qubit cluster state, for which
¢ = 1. With a measured fidelity between |¢) and a con-
cerned p as Tr(p|p)(p|) = 0.85 [44], one immediately
obtains a lower bound on Er.(p) > 0.35.

Measurement-device-independent scenario.—Every EW
in the standard (or trusted) scenario can be converted into
an EW in the MDI scenario [17,18]. Specifically, the
original EW can always be decomposed into the form
W=, a7 ®w/, with T denoting the transpose and
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ay, being some real coefficients for some states 7, and w,.
In the MDI scenario, two parties, Alice and Bob, receive
one share of p each and then individually prepare ancillary
quantum states z, and w,, according to privately selected
classical inputs s and ¢, respectively. Each of them performs
an uncharacterized measurement {A,} and {B,} on the
joint system-ancilla state. The correlations become
pla,bls,t) = Tr[(A, ® B})(7, ® pap ® w,)].

Note that 3", ,a,  p(a.b|5.1)=Tr[(A,® B,) (W' ®pp)].
as shown in [18], if the first outcome in each measure-
ment corresponds to a projection onto the maximally
entangled state, the value of the MDI-EW [y, (pap) =
> s, p(1.1]s,1) reduces to the value of the original
EW, up to a positive constant. Hence, it follows that for any
separable state, Iyy(pag) >0, whereas Iy(pap) <0
implies entanglement. Thus, at the cost of introducing
trusted sources for preparing 7, and w,, entanglement can
now be certified with uncharacterized measurements.

This initial MDI protocol, collecting the correlation for
the first outcome in each side, is highly inefficient for
estimating entanglement. We slightly optimize the protocol
by collecting all pairs of outcomes (a, b) and calculate the
quantity » o, ,p(a,bls, t) =w,,(pap) for each of them
(the original MDI-EW 1), = wy ;). As one is free to label
outcomes of measurements, if there exists one pair of
outcome a, b such that w,;, < 0. One can relabel (a, b) as
(1,1), and entanglement is verified according to the original
MDI-EW. By summing all the w, ;, < 0, we define a MDI
witness value as

Ly(pag) = Z Wab(Pas)-

a,blw, ,<0

We remark that 7},, is nonlinear since the picked out w, ;s
depend on the state p. It is clear that, for any separable state,
Wap(Pag) 2 0 and I} (pap) = 0.

We now show that the witness value I, (p,p) can be
used to bound the entanglement measure E(p). To this
end, we observe that, for two Hermitian matrices M
and N, Tr|M|Tr|N| = Tr|M ® N|. Since Tr|ooy —p| =
(1/TeWT)TrWT @ (opt — p) |, then we have

2TeWTE(p) = TrWVT @ (Qope — )
> TV ® (Qopi — 2) - (Au ® By)|
a,b

2 | z (Wa,b<p) - Wa,b(Qopt)”
a.blw, ,(p)<0

+>

a.b|wyp(p)20

(Wa,h (p) —Wab (Qopt))|
Z[Wa,b(gopt) - Wa.b(p)]

> =26, (p). (5)

where ¢, denotes the closest separable state, and in
the second equality we have used ) ,,w,,(p) =
>anWap(Qopr) = Tr(WT),  which  implies  that
Za,b|wa_b(p)<0[wa,b(/))_Wa,b(Qopt)]:Za,b|wﬂ_b(p)20[Wa,b(/))_
Wa5(Qopr)]- Then we arrive at

I'y(p)
E.(p) >— .
«(p) 2 lr|WT|

(6)

We consider the two-qubit Werner state (1 —v)1/4 +
v|¢p™){(¢p~| with (0 < v < 1) detected with EW W = 1/2 —
|p=)(p~| where |¢p~) = 1/+/2(|01) —|10)), for which,
Tr[W'| = 2. Here, we employ the Bell state measure-
ment {¢*)(¢*|. [y (w* }|}, where [6=) = 1/v/2(J01) +
|10)) and |y*) = 1/v/2(|00) & [11)). The state is
entangled when v > 1/3, then we have w,,(p) = [(1 —
3v)/16] < 0 when a = b, otherwise, w, ,(p) = [(1 + v)/
16] > 0. Thus we obtain an estimation E(p,) > —[(1-
3v)/8], which is a half of the real value when v = 1.
Estimations for other measures can be done via Eq. (4).

Device-independent scenario.—In the DI scenario, we
make no assumptions on Alice’s and Bob’s devices.
Consider n parties, called {A;,---.A,}. Party A; privately
selects an input s; from a finite classical alphabet and
performs a measurement {/\/la[m} which has outcome a;.
The probability of obtaining outcomes a = {ay, ..., a,}
when the inputs are s = {sy, ..., s, } is denoted p(als). A
DI-EW, also known as a Bell inequality, when appropri-
ately normalized for our purposes, takes the form

Tr(Wgp) < 0, (7)
where Wy = .1 -8B, and B = Y as aa.sMal\s, ® - ®
/\A/lan‘sn is Bell’s quantity, and f,. is the maximum value of
Bell’s quantity over separable states and also the local-
hidden-variable bound relevant to 3. We can now use the
EW W; to estimate DI entanglement. To this end, follow-

ing an argument that closely parallels that outlined for
trusted devices in Egs. (2) and (3) leads to

Etr(p) 2 _Tr(/)WCDI)’ (8)

where we have defined the renormalized EW as

©)

where (B), is the largest and smallest eigenvalues of the
Bell operator B when evaluated over all possible measure-
ments. In other words, it is the largest and smallest Bell
values in quantum theory. In the case that these so-called
Tsirelson bounds cannot be determined analytically, they
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can still be efficiently bounded by means of semidefinite
programming [45].

As an illustration, let us consider the paradigmatic
Clauser-Horne-Shimony-Holt inequality [46]. Its Bell oper-
ator, expressed in the two respective observables of Alice
and Bob, reads By, = AgBo + AgB; + A1By — A By, for
which f. = 2. Our DI-EW becomes W g, = 21 — By
Since the Tsirelson bounds (B), = —(B)_ =2v2, we

have W.pi_eheh = (1/4v2)Ween. Hence, the estimated
entanglement is at least

<Bchsh>/) -2

Ey(p) ZT‘

(10)

This lower bound is unfortunately not tight. For example,
when (Bgn), = 2v/2, the lower bound is = (v2/4),
instead of the true value 1.

To improve our bound, we can first rewrite a DI-EW as
[(max,eq(B),—(B),)/((B)—(B)_)]. A maximal CHSH
violation, (Bgg) = 24/2, is well-known to self-test anti-
communting qubit measurements for both Alice and Bob. For
such measurements, there are well-known uncertainty rela-
tions (Ag)% + (A;)? < L and (By)? + (B;)? < 1. These rela-
tions imply a bound on max, ¢ o (B),. Specifically, for a pro-
duct state ¢ = 04 ® g, one has the correlations as (A;B;) , =
<Ai>gA <Bj>g3 and <Bchsh>g = Zi,j:(),] (_1 )U <Ai>gA <B,i>QB'
The uncertainty relations then imply max,eq(Behsn), =
V2, which is strictly less than the classical bound g, = 2
involved in Eq. (10), thus improving the lower bound in
Eq. (10) from } — (v2/4) to L.

Estimating entanglement of k-depth.—We apply our
approach also to quantify the depth of entanglement in
multipartite systems. A multipartite pure state |¥) is said to
be k-producible if the subsystems can be partitioned into m
pairwise disjoint and nonempty subsets, denoted by
{A;,---A,}, such that state |¥) can be written as a
product as |y) 4 ® --- ® |,) .4, and each set A; con-
tains at k elements. Similarly, a mixed state is called
k-producible if it can be decomposed into a mixture of
k-producible pure states. If a state is not k-producible, it is
said that its entanglement depth is at least k 4+ 1. We write
Wp, for a witness of k-depth entanglement; it is an
observable such that the expectation value w,p =
TrOWp,p) 2 0. If p is k-producible state and w,p, < 0
for some state with entanglement depth more than k.

Let Qp, be the set of all states with entanglement depth at
most k. In analogy with the bipartite case, we consider the
distinguishability between a given state p, and any state in
Qp , namely

Etr;’Pk (/)) = gglgign Dtr(p’ Q) = _Wc,Pk’ (1 1)

P

which can be estimated immediately with some known
multipartite entanglement witnesses. Two cases are pro-
vided in what follows.

We exemplify this for a standard entanglement
witness tailored for a noisy tripartite W state p = (v1/8) +
(1 —0)|¥)(¥| where |¥) = (1/v/3)(|1,0,0) +]0,1,0)+
0,0, 1)). Standard multipartite EWs can be constructed by
solving the so-called multipartite separability eigen-
value equations [47,48]. In Ref. [47] examples of EWs of
k-producible entanglement for this state are given as
Wp, =51 = |¥)(¥],and Wp, =31 — |¥)(¥|. For both
of them, A, —A_ = 1. We have w.p =3— (7v/8) and
wep, =3%— (7v/8). Entanglement is certified when v >
(40/63) as w,p, <0, and entanglement of depth three is
certified when v > (8/21). From our approach, we get a
also quantitative statement. For instance when v = 1, we
have E.p (p) > (31/72) and E,.p,(p) > (5/24).

Next, we consider the multipartite scenario in a device-
independent setting. Multipartite DI-EWs are designed by
exploiting the fact that quantum state with a deeper
entanglement depth can violate some Bell’s inequalities
to a larger extent [19,21,49-52]. One typical such Bell’s
inequality is the Svetlichny inequality that reads [49,53]

B =278y (1), @@ M, . (12)

as

where s = > ;s; and a = > _; a; are the sum of measure-
ment setting s, €{0,1} and outcome a;€{0,1}. The
maximum expectation value of B(S") with respect to the
set of k-producible states is [54] g, = 2("=2LI"/k1/21)/2 and
the maximum and minimum values for an arbitrary
quantum state are <l3<5"))+ = —(B(S"))_ = 2(»=1)/2_ Thus,
the renormalized multipartite DI-EW of k-producible states
reads

WE
() ~,_ "'DLP n - (n)
WCDI;'P/( = 2(n+1)/k2 , WDLPk = ﬁk 1= BS s (13)

from which we have the quantitative estimation

Et(rn;’A 2 _ngl;m = —TT(PWgI;PJ- (14)
As a simple illustration of Eq. (14), consider the correlation
scoring <B(S")> = <B(S")> +» which is attained by the GHZ
state. The lower bound for the entanglement quantifier with
respect to states of depth more than k becomes

n 1 o /4]
Ep, z5 (1 -2720% J)- (15)

This lower bound asymptotically tends to the exact value
for the GHZ state as n/k - oo and tends to zero
as n/k — 1.
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In conclusion, we have provided a simple method to
estimate entanglement in the standard, MDI and DI
scenarios by renormalizing witness operators. The method
is tailored to the operational distinguishability measure, but
it also yields nontrivial bounds on many of the well-known
entanglement measures used in quantum information. This
permits an experimenter to not only detect different forms
of entanglement but also to quantify it, without requiring
any additional measurements than those used in a standard
witness-based detection scheme. Hence, this may be seen
as an enhanced data analysis, which is also practically
straightforward to use since our procedure requires essen-
tially no optimization but only simple analytical expres-
sions. Finally, we note that our approach might be
interesting to consider also in the context of estimating
quantum properties in other scenarios, such as steering,
quantum coherence, and entanglement-assisted quantum
communication.
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