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Inspired by a recent experiment showing that La3Ni2O7 exhibits high Tc superconductivity under high
pressure, we theoretically revisit the possibility of superconductivity in this material. We find that
superconductivity can take place, which is somewhat similar to that of the bilayer Hubbard model
consisting of the Ni 3d3z2−r2 orbitals. Although the coupling with the 3dx2−y2 orbitals degrades
superconductivity, Tc can still be high enough to understand the experiment thanks to the very high
Tc reached in the bilayer Hubbard model.
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Introduction.—Seeking for new unconventional high Tc
superconductors has been a great challenge ever since the
discovery of the two families of unconventional high-Tc
superconductors, cuprates [1], and iron based [2]. Several
previous studies have shown that the cuprates are already in
an ideal situation in that they are described by a single-
orbital Hubbard model near half filling on a square lattice,
and hence their Tc may be difficult to transcend [3].
One possible approach for pursuing even higher Tc is to

realize in actual materials the bilayer Hubbard model, for
which several studies have shown that the superconducting
Tc can be higher than that of the d-wave superconducting
state in the single-orbital Hubbard model [4,5]. In fact, the
bilayer Hubbard model has been widely studied from the
past [6–21], and s�-wave superconductivity [22] is found
to be strongly enhanced near half filling when the vertical
electron hopping (t⊥) between the layers is several times
larger than the in-plane hopping, and the Fermi level (EF)
lies in the vicinity of the edge of one of the bands [4–6,15–
19]. Nowadays, a band whose edge lies just below or above
EF is often referred to as an incipient band, and has
attracted interest in the study of iron-based superconductors
[24–31], bilayer and ladder-type lattices [17–20,32–36],
and flat band superconductivity [37–41].
In fact, one of the present authors proposed that a double

layer Ruddlesden-Popper compound La3Ni2O7 can be a
good candidate for realizing the bilayer Hubbard model that
satisfies the above-mentioned conditions [16]. In this
material, for which the Ni 3d electron configuration is
d7.5, the 3d3z2−r2 orbitals are elongated in the z (out-of-
plane) direction so that t⊥ between the layers is much larger
than the in-plane hoppings between the neighboring d3z2−r2

orbitals, and also the d3z2−r2 orbitals are nearly half filled.
Hence the d3z2−r2 portion of the electronic structure appears
to be favorable for superconductivity from the above-
mentioned viewpoint of the bilayer model, although
deviation from the ideal model arises due to the presence
of the Ni 3dx2−y2 bands, which are nearly quarter filled,
overlapping, and hybridizing with the d3z2−r2 bands.
Given this background, a recent experimental finding that

La3Ni2O7 exhibits high Tc superconductivity at high pres-
sures [42], which in itself has huge impact, is certainly
intriguing. There, it was shown that thematerial undergoes a
superconducting transition with a highest Tc of 80 K under
pressure above 14 GPa. Already several theoretical studies
on this material, which have been performed independently
from ours, have appeared right after the discovery of
superconductivity [43–46]. In particular, Ref. [44] finds
dominance of s�-wave pairing using functional renormal-
ization group, while Ref. [46] concludes d wave and
s� wave being dominant and subdominant, respectively.
Inspired by this experiment, here we theoretically revisit

the possibility of superconductivity in La3Ni2O7 by con-
structing a four-orbital model that takes into account the
crystal structure at high pressures. We find that s�-pairing
superconductivity, which is somewhat similar to that of the
bilayer Hubbard model, can take place with high Tc that is
consistent with the experimental observation. Although
the coupling between the d3z2−r2 and the dx2−y2 orbitals
degrades superconductivity, Tc can still be high because of
the very high Tc attained in the bilayer Hubbard model. We
also discuss ways to further enhance superconductivity of
this material.
Method.—First, we perform first-principles calcula-

tion to obtain the band structure of La3Ni2O7 using the
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QUANTUM ESPRESSO code [47]. The Perdew-Burke-
Ernzerhof parametrization of the generalized gradient
approximation (PBE-GGA) [48] and the scalar-relativistic
version of the optimized norm-conserving Vanderbilt pseu-
dopotentials [49] taken from PseudoDojo [50] are used. As
for the structural parameters, we adopt those given in the
extended data Table 1 of Ref. [42] for La3Ni2O7 under
the pressure of P ¼ 29.5 GPa, namely, the experimen-
tally determined lattice constants as well as the atomic
positions determined by theoretical optimization. Since
the orthorhombicity at P ¼ 29.5 GPa is quite small
[ða − bÞ=a ∼ 1.3%, where a, b are lattice constants for
space group Fmmm], we adopt a body-centered tetragonal
structure [I4=mmm, Fig. 1(a)] as in La2CuO4, with the in-
plane lattice constant determined as an average of the
original ones, i.e., a� ¼ b� ¼ ðaþ bÞ=2 ffiffiffi

2
p

(see Supple-
mental Material [51] for details, which includes Refs. [52–
57]).Note that if optimizing not only the internal coordinates
but also the lattice parameters within PBE-GGA, the
structure indeed goes to I4=mmm [58,59], in agreement
with a recent experiment [60]. We take 100 Ry plane-wave
cutoff energy, a 12 × 12 × 12 k-point mesh, and an energy
width of 0.02 Ry for Gaussian smearing.
We then extract maximally localized Wannier functions

[62,63] using the RESPACK code [64–70], by which we also
obtain the hopping parameters among the Wannier func-
tions. We construct a four-orbital model consisting of the

dx2−y2 and the d3z2−r2 like Wannier orbitals centered at two
Ni sites per unit cell. Important parameter values are given
in Table I. Figure 1(c) shows superposed band structures
given by first-principles calculation and Wannier interpo-
lation, where precise fitting around the Fermi level is
achieved.
We explore the possibility of superconductivity for the

obtained low-energy four-orbital model within the fluc-
tuation-exchange (FLEX) approximation [71,72]. As the
interaction term of the Hamiltonian, we only take the on-
site interactions, namely, intraorbital(interorbital) Coulomb
interactionsUðU0Þ, Hund’s coupling J, and pair hopping J0.
We assume the orbital rotational symmetry, namely, we
take the same value of U for the dx2−y2 and the d3z2−r2
orbitals, and U0 ¼ U − 2J, J ¼ J0. Since typical values for
cuprate are U=t ¼ 7–10 (where jtj ≃ 0.45 eV is a typical
first-principles value [73–76] of the nearest neighbor
hopping among the dx2−y2 orbitals), we take U ¼ 3 eV.
We also take J ¼ 0.1U, i.e., J ¼ J0 ¼ 0.3 eV and U0 ¼
U − 2J ¼ 2.4 eV. We calculate the self-energy induced by
the spin-fluctuation formulated as shown in the literatures
[77–79] in a self-consistent calculation. The explicit for-
mulae of the irreducible, spin, and charge susceptibilities
describing the fluctuations are shown in Eqs. (2)–(4) of
Ref. [74]. The real part of the self-energy at the lowest
Matsubara frequency is subtracted in the same manner with
Ref. [80] to maintain the band structure around the Fermi
level obtained by first-principles calculation.
The obtained Green’s function and the pairing interac-

tion, mediated mainly by spin fluctuations, are plugged into
the linearized Eliashberg equation. Since the eigenvalue λ
of the linearized Eliashberg equation reaches unity at
T ¼ Tc, we adopt it as a measure of superconductivity
at a fixed temperature, T ¼ 0.01 eV. For convenience, we
will call the eigenfunction (with the largest eigenvalue) of
the linearized Eliashberg equation at the lowest Matsubara
frequency iωð¼ iπkBTÞ the “superconducting gap func-
tion.” We take a 16 × 16 × 4 k-point mesh and 2048
Matsubara frequencies for the FLEX calculation. Further
details on the model construction and the FLEX calculation
are provided in the supplemental materials [51].
Results and discussions.—In Fig. 2(a), we show the

eigenvalue of the linearized Eliashberg equation λ at T ¼
0.01 eV as a function of the band filling n, denoted
as “original model.” n ¼ 1.5 corresponds to the stoichio-
metric composition of the actual material, and n is varied

FIG. 1. (a) Crystal structure drawn by VESTA [61], (b) the
energy diagram of eg orbitals in our bilayer model, and (c) the
first-principles band structure of La3Ni2O7 are shown. In the right
side of panel (a), the schematic figure of the bilayer model of the
d3z2−r2 orbitals is depicted. In panel (c), Wannier-interpolated
band structure (pink lines) of the four-orbital model is superposed
on the first-principles band structure (gray lines). The definition
of the energy level offset ΔE and t⊥, key parameters of this study,
are indicated in panel (b) and (a), respectively.

TABLE I. The orbital level offset ΔE ¼ Ex2−y2 − E3z2−r2 be-
tween the dx2−y2 and the d3z2−r2 orbitals, the vertical interlayer
hopping t⊥ between the d3z2−r2 orbitals, and the nearest-neighbor
intralayer hoppings t3z2−r2 , tx2−y2 , and tx2−y2−3z2−r2 are displayed.

[eV] ΔE t⊥ t3z2−r2 tx2−y2 tx2−y2−3z2−r2

0.372 −0.664 −0.117 −0.491 −0.242
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assuming a rigid band. In Fig. 2(d), we show the super-
conducting gap function Δðk; iωÞ of the present model at
n ¼ 1.5 in the band representation. It can be seen that the
gap function is large at portions of the band where the
d3z2−r2 orbital component is large, and the bonding and
antibonding portions of the d3z2−r2 bands [see Fig. 2(b)]
have opposite signs of the gap.
In Fig. 2(a), we also show a yellow shade presenting the

range of the typical values of λ for the high Tc cuprates
obtained in the same way [82,83]. It can be seen that the
present model, for n ¼ 1.5 or larger, exhibits large λ values
comparable to those of the cuprates, which implies that the
calculation results are consistent with the experimental
observation of Tc ∼ 80 K. To elaborate on this point, we
further perform FLEX calculation at n ¼ 1.5 adopting
more realistic values for the two-body interaction param-
eters obtained by constrained random phase approximation
(cRPA) [81], and plot the eigenvalue in Fig. 2(a). The
obtained value is close to the original value, reinforcing our
conclusion. For comparison, we also show the eigenvalue
for the infinite layer nickelate obtained in our previous
study [83], which falls below the lower bound of the
cuprate region and hence also consistent with the experi-
ment [84].
To understand the origin of the large λ values, we study

three other models in the same manner, namely, models
in which the following couplings between the d3z2−r2 and

the dx2−y2 orbitals are eliminated: (i) the interorbital
interactions U0, J, J0, (ii) the hybridization, and (iii) both
the interorbital interactions and the hybridization.
Definition of the models, including those discussed later,
is summarized in Table II. The band structure without the
hybridization is also presented in Fig. 2(c). In model (iii),
the d3z2−r2 and the dx2−y2 orbitals are completely decoupled,
so that the superconducting state is equivalent to that of the
bilayer Hubbard model consisting solely of the d3z2−r2
orbitals. It can be seen that both the hybridization and the
interorbital interactions degrade superconductivity of the
bilayer Hubbard model, but since λ of the bilayer model is

FIG. 2. (a) The eigenvalue of the Eliashberg equation λ at T ¼ 0.01 eV as a function of the band filling n, (b),(c) the band structures of
the four-orbital model with and without the orbital hybridization for n ¼ 1.5 (see main text), and (d),(e) the superconducting gap
functions of for n ¼ 1.5 at T ¼ 0.01 eV in the band representation. The interorbital interactions are considered in the both calculations
for (d) and (e). The vertical line in panel (a) corresponds to the stoichiometric composition of La3Ni2O7 (n ¼ 1.5). For this particular
band filling, we also plot as a cross symbol the calculation result adopting the interaction parameters evaluated in Ref. [81] using cRPA.
The yellow (pink) hatched region indicates the range of λ calculated for the cuprates [82,83] (infinite-layer nickelate [83]) by FLEX at
T ¼ 0.01 eV. The strength of the Wannier orbital characters are shown in (b)–(e) with the thickness(radius) of the color coded line
(circles), where the weight of the d3z2−r2 orbital is indicated by either green or blue, depending on whether the band energy is above or
below E ¼ 0.2 eV in (b),(d) and E ¼ 0.0 eV in (c),(e).

TABLE II. Definition of models (i)–(v) (see main text) con-
sidered in this Letter. Y or N indicates that the effects written in
the column headers are present or absent. In models (iv) and (v),
ΔE and t⊥ are changed from the original values as listed,
respectively.

U0; J; J0 Hybridization δðΔEÞ δjt⊥j
Original model Y Y 0 0
(i) N Y 0 0
(ii) Y N 0 0
(iii) N N 0 0
(iv) Y Y þ0.2 eV 0
(v) Y Y 0 þ0.2 eV
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significantly large, λ of the original model (full model with
both the interorbital interactions and the hybridization
included) is still large enough to explain the experimental
observation. We will further elaborate on the suppression of
superconductivity due to inter-orbital coupling in the
Supplemental Material [51].
The nature of the superconducting gap of the original

model [Fig. 2(d)] can be more clearly understood by
comparing it with that of model (ii) (the model in which
the two orbitals are decoupled in the one-body level) shown
in Fig. 2(e). Here, the gap has opposite signs between the
bonding and antibonding d3z2−r2 bands. It is an s�-wave
superconducting gap in the wide sense of the term in that it
changes sign between the two bands, but the antibonding
band does not form a Fermi surface. We stress that even
when one of the bands does not intersect the Fermi level,
the spin fluctuations with finite energy arise as a pairing
glue [16]. Further details on this point are given in the
Supplemental Material [51]. The overall resemblance of the
superconducting gaps in Figs. 2(d) and 2(e) further con-
firms our picture that the superconductivity in the present
model is d3z2−r2 orbital driven.
In this context, it is also intriguing to give a look into

the present system from a strong coupling viewpoint.
Calculating within the second order perturbation, the
interlayer exchange coupling between the d3z2−r2 orbitals
gives J⊥ ¼ 4t2⊥=U ≃ 0.6 eV for U ¼ 3 eV, which is quite
large compared with, for example, the nearest neighbor
superexchange coupling in the cuprates. J⊥ is also much
larger than the intralayer hopping between the neighboring
d3z2−r2 orbitals. Such a large J⊥ should lead to opening of a
spin gap, and induce interlayer pairing superconductivity
[85], whose gap function changes its sign between bonding
and antibonding bands in momentum space. This strong
coupling picture is indeed consistent with the FLEX results
for both the pure bilayer Hubbard model [16] and the
present model.
In Refs. [23,86], some of the present authors studied

cases where superconductivity emerges or is enhanced due
to the interorbital interactions between the dx2−y2 and other
d orbitals. The effect of the interorbital interactions in the
present model is the opposite, namely, they degrade super-
conductivity. A large difference is that there is a bonding–
antibonding splitting in the d3z2−r2 bands in the present
bilayer system, which might be the reason why the effect of
the interorbital interactions is the opposite. Further study on
the origin of the difference between the single and bilayer
systems is underway.
Finally, we discuss possible ways to further enhance

superconductivity. The band filling dependence presented
in Fig. 2 suggests that Tc may be enhanced by doping
electrons. In case it is difficult to dope electrons in the
actual material, here we propose alternative ways for
achieving a similar effect. We consider a model in which
(iv) the level offset between the dx2−y2 and the d3z2−r2

orbitals ΔE ¼ Ex2−y2 − E3z2−r2 is increased by δðΔEÞ ¼
0.2 eV or (v) jt⊥j is increased by δjt⊥j ¼ 0.2 eV (see also
Table II). As depicted in Fig. 3(a), in both models, the band
filling dependence of λ appears to be shifted toward the left
(i.e., toward the smaller n regime), so that larger values of λ
are attained at n ¼ 1.5, i.e., the stoichiometric band filling.
From a material designing viewpoint, increasingΔE and/or
jt⊥j might be achieved by considering mixed anion
materials.
The effect of increasing ΔE and/or jt⊥j can be under-

stood by counting the number of electrons occupying the
d3z2−r2 orbitals (namely, summing up the d3z2−r2 orbital
weight assuming the noninteracting band structure) for
each case. In Fig. 3(b), we plot λ against n½d3z2−r2 �, which is
the average number of electrons per d3z2−r2 orbital. It can be
seen that λ is mainly determined by n[d3z2−r2] within these
three models, which once again supports the picture that the
present superconductivity is d3z2−r2 orbital driven. Here,
increasingΔE and/or jt⊥j results in self-doping of electrons
from the dx2−y2 to the d3z2−r2 orbitals [see Fig. 1(b)].
Superconductivity is enhanced as n½d3z2−r2 � approaches
unity, that is, as the d3z2−r2 orbital approaches half filling, so
that the electron correlation effects are enhanced, and at the
same time, the Fermi level approaches both the bonding
band top and the antibonding band bottom, thereby shifting
the spin fluctuations toward the lower energy regime and
making them more effective as a pairing glue.
Summary.—To summarize, we have studied the pos-

sibility of superconductivity in La3Ni2O7 taking into
account the crystal structure under high pressure. The
system can be considered as a bilayer Hubbard model of
the d3z2−r2 orbitals coupled with the dx2−y2 orbitals through
interorbital interactions and hybridization. Although the
interorbital couplings degrade superconductivity, the Tc
can still be high enough to explain the experimental

FIG. 3. (a) The eigenvalue of the linearized Eliashberg equation
λ at T ¼ 0.01 eV against the band filling n or (b) the average
number of electrons per d3z2−r2 orbital. The three lines correspond
to the three different one-body Hamiltonians: the original model
and models (iv)–(v) given in Table II. The vertical line in panel
(a) corresponds to the stoichiometric composition of La3Ni2O7

(n ¼ 1.5), and the vertical arrows in the both panels indicate data
points corresponding to n ¼ 1.5 for the original model and
models (iv),(v).
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observation, thanks to the very high Tc reached in the
bilayer Hubbard model. We have also discussed possible
ways to enhance the superconductivity. Electron doping is
likely to enhance superconductivity, but in case this is not
feasible, increasing ΔE and/or jt⊥j are alternative ways of
achieving a similar effect. This is because these modifica-
tions result in a self-doping of electrons from the dx2−y2 to
the d3z2−r2 orbitals. Studies on material designing along this
line is underway.
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