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With the aim of studying nonperturbative out-of-equilibrium dynamics of high-energy particle collisions
on quantum simulators, we investigate the scattering dynamics of lattice quantum electrodynamics in 1þ 1

dimensions. Working in the bosonized formulation of the model and in the thermodynamic limit, we use
uniform-matrix-product-state tensor networks to construct multiparticle wave-packet states, evolve them in
time, and detect outgoing particles post collision. This facilitates the numerical simulation of scattering
experiments in both confined and deconfined regimes of the model at different energies, giving rise to rich
phenomenology, including inelastic production of quark and meson states, meson disintegration, and
dynamical string formation and breaking. We obtain elastic and inelastic scattering cross sections, together
with time-resolved momentum and position distributions of the outgoing particles. Furthermore, we
propose an analog circuit-QED implementation of the scattering process that is native to the platform,
requires minimal ingredients and approximations, and enables practical schemes for particle wave-packet
preparation and evolution. This study highlights the role of classical and quantum simulation in enhancing
our understanding of scattering processes in quantum field theories in real time.
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Introduction.—Scattering processes in nuclear and high-
energy physics play an essential role in studies of funda-
mental particles and interactions. Current and future fron-
tiers in scattering experiments are the Large Hadron
Collider, the Relativistic Heavy-Ion Collider [1,2], the
Electron-Ion Collider [3,4], and the Deep Underground
Neutrino Experiment [5–8]. Collisions in these experiments
involve hadronic initial states and complex many-particle
final states. The scattering proceeds in a multistage process
and may encompass a wide range of phenomena, including
the formation of exotic matter [2,9], such as quark-gluon
plasma [10,11], thermalization [12,13], fragmentation
[14,15], and hadronization [16,17]. Ideally, such phenom-
enology should be grounded in first-principles quantum-
chromodynamics (QCD) descriptions. While perturbation
theory and QCD factorization [18–21], as well as lattice
QCD [22–30], have brought about impressive advances, a
full understanding of scattering processes in QCD is still
lacking. In particular, lattice-QCD studies of hadronic
scattering based on Monte Carlo methods in Euclidean
spacetime have so far been limited to low energy and low
inelasticities [31,32]. These also do not track the state
evolution after the collision.
First-principles simulations of high-energy particle scat-

tering are a prime application for quantum simulators [33–
44]. However, realistic experiments involve a vast range of

spatial and temporal scales, placing their simulation beyond
the capabilities of current digital quantum computers.
Analog quantum simulators may enable simulating larger
Hilbert spaces and longer times, but concrete proposals for
simulating scattering processes in quantum field theories
are lacking. At the same time, classical tensor-network
methods have been shown to successfully capture ground-
state [45], and to some degree dynamical [46], phenomena
in gapped theories, including scattering processes [47–50],
particularly in 1þ 1 dimensions, but their reach remains
limited in simulating general scattering problems in quan-
tum field theories. This manuscript advances both analog
quantum simulation and tensor-network-based classical
simulation for a prototypical model of QCD, the lattice
Schwinger model, i.e., lattice quantum electrodynamics
(QED) in 1þ 1 dimensions. Previous tensor-network
[47,48,51–62] and quantum-simulation [63–88] studies
of the model focused on formulations involving fermion
(or qubit) degrees of freedom (with or without gauge
fields). Motivated to address, more generally, theories with
bosonic content, here we instead consider the bosonic
dual of the theory, a particular type of a massive sine-
Gordon model.
Our first objective is a numerical exploration of

high-energy real-time scattering phenomenology in the
model. We work in the nonperturbative regime, near the
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confinement-deconfinement critical point and in the
thermodynamic limit, using uniform matrix product states
(uMPS) [89], which allows for the construction [49,50] and
collision of numerically exact quasiparticle wave packets in
the interacting theory at various energies, resulting in
nontrivial inelastic effects. In contrast, earlier works were
limited to elastic scattering at either weak (nearly free
fermions) [48] or strong (nearly free bosons) [47] coupling
regimes. We focus on spatial, temporal, and momentum-
resolved diagnostics of elastic and inelastic processes of
quark and meson states, involving phenomena such as
meson disintegration, dynamical string formation and
breaking, and the creation of quark and (excited) meson
states. We also investigate the role of entanglement in high-
energy scattering [47,90–97]. Our second objective is to
propose an analog circuit-QED implementation of the
bosonized lattice Schwinger model. Recently, the bosonic
dual was shown to be approximately realizable by circular
Rydberg states [98]. In contrast, we will show that circuit
QED’s basic components, its native bosonic degrees of
freedom, and the available ultrastrong coupling [99,100]
allow the model to be implemented in a simple circuit with
minimal ingredients and approximations, making it par-
ticularly suitable for near-term quantum simulation that
goes beyond the classical simulation methods.
Model.—The massive Schwinger model has the

Lagrangian density

L ¼ ψ̄
�
iγμ∂μ − eγμAμ −m

�
ψ −

1

4
FμνFμν; ð1Þ

where ψðx; tÞ is a two-component Dirac spinor, γ0 ¼ σz,
γ1 ¼ iσy with σz, σy being the Pauli matrices,m is the mass,
e is the electric charge, and Aμðx; tÞ and Fμνðx; tÞ are the
gauge field and the field-strength tensor, respectively.
Equation (1) is dual to a bosonic scalar field theory with
the Hamiltonian [101,102]

H¼
Z

dx∶
�
Π2

2
þð∂xϕÞ2

2
þe2ϕ2

2π
−
bme cosð ffiffiffiffiffiffi

4π
p

ϕ−θÞ
2π3=2

�
∶;

ð2Þ

where normal ordering (∶∶) is with respect to e=
ffiffiffi
π

p
, ϕðxÞ

and ΠðxÞ are the scalar field and conjugate momentum,
respectively, b ¼ expðγÞ with γ being Euler’s constant, and
θ∈ ð−π; π�, with its origin explained in Ref. [102] and the
Supplemental Material [103] (we assume ℏ ¼ c ¼ 1
throughout, where c is the speed of light). We work with
a lattice regularization of Eq. (2) given by

H ¼ χ
X
x

�
π2x
2
þ ðϕx − ϕx−1Þ2

2
þ μ2ϕ2

x

2
− λ cosðβϕx − θÞ

�
;

ð3Þ

where x labels lattice sites, ½ϕx; πy� ¼ iδxy, χ ¼ 1=a,

β ¼ ffiffiffiffiffiffi
4π

p
, μ2 ¼ a2e2=π, λ ¼ a2bme exp½2πΔðaÞ�=2π3=2,

a is the lattice spacing, and ΔðaÞ is the lattice Feynman
propagator at the origin [113,114]. We set a ¼ 1, with the
continuum limit corresponding to μ, λ → 0. Quantities are
assumed in lattice units throughout.
To gain insight into the anticipated phenomenology, we

proceed with a numerical study of the collision dynamics in
the lattice Schwinger model. While quantitative predictions
for the continuum theory require an extrapolation pro-
cedure [58,115], here only fixed, but sufficiently small,
values of μ and λ are considered. The model has two
dimensionless parameters, the ratio e=m, corresponding to
μ=λ in Eq. (3), and the angle θ representing a constant
background electric field Eθ ¼ ðe=2πÞθ. Gauss’s law,
∂xE ¼ eψ†ψ , ties the total electric field ET ¼ Eθ þ E to
the dynamical charges, and equals ET ¼ ðe= ffiffiffi

π
p Þϕ in the

bosonic dual [116].
We study two regimes near the Z2 critical point, shown

in Fig. 1 as (b) and (c). Point (b) is in the deconfined phase
[red line at θ ¼ π in Fig. 1(a) terminating at the Ising
critical point], where the ground state is twofold degenerate
[Fig. 1(b-i)]. Here, fundamental excitations are “half-
asymptotic” [102] fermions (“quarks”), appearing as topo-
logical kinks in the bosonic dual [see Fig. 1(b-ii)]. Point
(c) in Fig. 1(a) is in the confined phase, with a unique
ground state [Fig. 1(c-i)] and quark-antiquark bound-state
(“meson”) excitations.
Quark-antiquark scattering.—Constructing a uMPS rep-

resentation of the two ground states [117] in the deconfined
phase [Fig. 1(b)], we use the uMPS quasiparticle ansatz
[118,119] to obtain single-particle energy-momentum eigen-
states with dispersion EðpÞ and momenta p∈ ½−π; πÞ [103].
From this,we construct twoGaussianwave packets, localized

(a) (b)

(c)

FIG. 1. (a) Sketch of the phase diagram of the massive
Schwinger model as a function of e=m (corresponding to μ=λ)
and θ. The red dot is the Ising critical point, where the deconfined
phase (red line) terminates. Points (b) and (c) correspond to
the two regimes considered in the main text. Panels (b-i) and
(c-i) show the corresponding scalar potential VðϕÞ ¼ 1

2
μ2ϕ2 −

λ cosð ffiffiffiffiffi
4π

p
ϕ − θÞ [Eq. (3)]. Panels (b-ii) and (c-ii) show both the

effective potential between the quarks [Eq. (4)] (green) and the
electric or scalar-field distributions (blue) due to the quarks and
mesons.
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in momentum and position space, centered at opposite mo-
menta �p0. The initial state consists of a finite nonuniform
region of 150 to 300 sites containing the two wave packets,
and is surrounded by the uniform vacuum [we choose
the vacuum with positive ET , i.e., the right minimum of
Fig. 1(b-i)]. We then time evolve this state under the
Hamiltonian in Eq. (3), while dynamically expanding the
nonuniform region [120–122] up to 600 to 1300 sites (see
Supplemental Material [103]). By working near the critical
point,where the quarkmassmq ≡ Eðp ¼ 0Þ is small, one can
consider momenta up to jp0j ≲ 0.8. These are sufficiently
small to keep the physics in the long-wavelength regimeof the
lattice model, where the dispersion is approximately relativ-
istic EðpÞ ≈ ðp2 þm2

qÞ12, but highly relativistic center-of-
mass (c.m.) energies Ec:m: ≡ 2Eðp0Þ ≲ 30mq are achieved.
Figure 2(a) shows the space-time distribution of the

electric field for collisions at three representative energies,
Ec:m:=mq ¼ 11.4, 23.0, and 28.8. Initially, the quark and
antiquark are separated, resembling Fig. 1(b-ii), with elec-
tric field between the charges equal in magnitude but oppo-
site in sign to the field outside [the two regions correspond
to the two degenerate ground states in Fig. 1(b-i)]. Under
time evolution, the two charges propagate ballistically,
shrinking the negative-field region until they collide.
During the collision, the particles bounce off each other
and reverse their propagation direction elastically, the sole
process at lower energies. Specifically, as can be seen in
Fig. 2(a), at the lowest energy, Ec:m:=mq ¼ 11.4, the
postcollision value of ET between the charges is practically
equal to the pre-collision value. For the higher-energy

collisions, Ec:m:=mq ¼ 23.0 and 28.8, an increase of the
postcollision electric field is observed, signaling additional
charge production.
While our numerical approach does not rely on strong- or

weak-coupling expansion, the relevant scattering channels
can be understood from weak-coupling arguments as
follows. In the Supplemental Material [103], we derive,
in the nonrelativistic limit, an effective potential between
opposite charges at the lowest order in e=m starting from
Eq. (1), which reads (in the center-of-mass frame)

VeffðxÞ ¼
e2

2

�
jxj − θ

π
x

�
þ e2

4m2
δðxÞ: ð4Þ

Here, x is the distance between charges. For θ ≠ π, one
recovers linear confinement [Fig. 1(c-ii)] [52,102,116,123],
while at θ ¼ π, charges experience short-range repulsion
due to the delta function in Eq. (4) [Fig. 1(b-ii)]. This
implies the absence of stable bound states (mesons) in the
deconfined phase, which is confirmed numerically in the
Supplemental Material [103]. All possible scattering chan-
nels are, therefore, (even-numbered) multiquark states. The
lowest-order inelastic channel is the four-quark production
(qq̄ → qq̄qq̄), exhibiting quark fragmentation. The two
inner particles screen the electric field produced by the
outer two, consistent with the two rightmost panels in
Fig. 2(a).
Elastic and inelastic processes are also distinguished by

the von Neumann entanglement entropy [124] across the
collision point (x ¼ 0), shown in Fig. 2(b) as a function of
time. Figure 2(c) also shows the asymptotic (t → ∞)
entanglement as a function of the collision energy. The
entanglement is maximal during the collision but quickly
approaches a constant afterwards. At lower energies, it
nearly returns to its precollision (vacuum) value. A small
increase is observed because different momentum compo-
nents of the wave packets acquire slightly different elastic
scattering phase shifts [50]. At higher energies, however,
significant net entanglement is generated, indicating inelas-
tic particle production [34].
Finally, we compute elements of the momentum-

resolved scattering S matrix by projecting the postcollision
state onto a basis of asymptotic two-particle states (see
Supplemental Material [103]). This basis is constructed
from the single-particle wave functions, requiring the
particles to be widely separated to ensure orthogonality
and avoid interaction effects. For 2 → 2 scattering, this is
guaranteed sufficiently far from the collision point. From
this, we obtain the elastic scattering probability Pðqq̄Þ,
displayed in Fig. 2(c), as a function of the collision energy.
The elastic scattering probability is near unity at lower

energies, decreasing monotonically, falling below 0.5
around Ec:m:=mq ≳ 28. Interestingly, the energy required
for significant inelastic scattering is many times the thresh-
old energy (Ec:m: ¼ 4mq). While we did not obtain the

(a)

(b) (c)

FIG. 2. Quark-antiquark scattering in the deconfined phase.
(a) Time evolution of the electric field for different center-of-mass
energies. (b) Time evolution of the von Neumann entanglement
entropy for a cut at x ¼ 0, for the same three collisions as in (a).
(c) Elastic scattering probability (right, blue) and asymptotic von
Neumann entanglement entropy for the x ¼ 0 cut (left, green) as
a function of the center-of-mass energy. The parameters are
μ2 ¼ 0.1 and λ ¼ 0.5 [see Eq. (3)].
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precise contribution of the four-quark (or higher-quark-
number) states [125], the decrease of Pðqq̄Þ confirms the
presence of significant inelastic scattering, consistent with
the increase in entanglement in Fig. 2(b) and the screening
of ET in Fig. 2(a).
Meson-meson scattering.—We next choose θ ¼ π − ε

with ε ≪ 1, which gives rise to weak confinement of
quarks, but keeps us close to the critical point (all other
parameters are unchanged). In contrast to the deconfined
regime, the interplay of high-energy and weak confinement
yields rich behavior following the collision. There are
multiple stable scalar meson excitations, which are labeled
by πjðj ¼ 1; 2;…Þ, with increasing masses mπj . Here, we
consider π1π1 collisions, with meson wave packets pre-
pared similarly as before, centered at p0 ¼ �0.6 with
Ec:m:=mπ1 ¼ 6.84 (5.95) for ε ¼ 0.04 (0.07).
The electric-field evolution for the two collisions is

displayed in Fig. 3(a-i). Before the collision, the back-
ground electric field is only locally disturbed by the charge-
neutral mesons [Fig. 1(c-ii)]. After the collision, the mesons
partially fragment into a quark-antiquark pair. The quarks
are joined by an electric-field string which screens the
background electric field (light-blue regions) inside the
collision cone. As the quarks travel outward, their kinetic
energy gets converted into the potential energy of the string.
Eventually, they turn and propagate back in the opposite
direction [see also Fig. 3(c)] causing a second collision.
Weaker confinement ε ¼ 0.04 allows the quarks to propa-
gate farther.
Next, we project the time-evolved state onto two-particle

components, focusing on the lightest two mesons π1, π2,
and the quark-antiquark pair qq̄. While the latter are not

true (i.e., asymptotic) quasiparticles, at weak confinement
ε ≪ 1, (anti)quarks can be approximately described by the
modified quasiparticle ansatz of Ref. [50]. This requires a
uMPS representation of the electric-flux string, which we
approximate by its lowest energy state, a so-called “false-
vacuum” state [126,127], corresponding to the second
(local) minimum in Fig. 1(c-i).
Figure 3(d) shows the probabilities of the π1π1, π2π2,

π1π2, π2π1, and qq̄ states [where in state μν, the par-
ticle μðνÞ is on the left (right)]. One can observe signi-
ficant flavor-conserving elastic scattering, π1π1 → π1π1,
a smaller probability of exciting one of the outgoing
mesons, π2π1 and π1π2, and a substantial qq̄ component.
Interestingly, for ε ¼ 0.07, the qq̄ component is decreasing
in time, indicating string breaking [52,128], which is also
visible in the gradual increase of the bipartite entanglement
entropy in Fig. 3(b-i) [see also Fig. 3(b-ii)], and in the gra-
dual reduction of the electric-field screening [Fig. 3(a-ii)].
At a late time t ¼ 700, asymptotic two-particle states
(including the quark-antiquark state) account for about
90% (76%) of the state at ε ¼ 0.04 (0.07) [129].
The projection onto the asymptotic two-particle basis

also provides the full momentum, and, consequently,
position, distributions of the particles. Figure 3(c) shows
the mean and standard deviation of the positions and
momenta of the quarks, and the mean positions of the
mesons, computed from fits of these distributions to a
Gaussian form. The mean momenta of the quarks are
approximately hpðtÞi ∝ �t, in agreement with the expect-
ation from the linear potential of Eq. (4). Their extracted
positions in Fig. 3(c) are consistent with the boundaries of
the screened-field region in Fig. 3(a-i) and with the

(a) (b) (c) (d)

FIG. 3. Meson-meson scattering in the confined phase. (a) Time evolution of the electric field for different θ ¼ π − ε at all positions x
[panels (i)] and at x ¼ 0 [panels (ii)] with μ2 ¼ 0.1 and λ ¼ 0.5 as in Fig. 2. The wave packets are centered at p0 ¼ �0.6, corresponding
to Ec:m:=mπ1 ¼ 6.84, 5.95 for ε ¼ 0.04, 0.07. (b) Time evolution of the von Neumann entanglement entropy at all positions x [panels (i)]
and at x ¼ 0 [panels (ii)]. (c) Momenta and positions (mean� std: extracted from a Gaussian fit of the projected distributions) of the
quarks for ε ¼ 0.04 (top) and the mean positions of the right-moving mesons for ε ¼ 0.07 (bottom). (d) Probabilities of two-particle
states μν (μ; ν∈ ½π1; π2; q; q̄�), where μðνÞ is the particle on the left (right). The curves for π1π2 and π2π1 overlap due to the reflection
symmetry of the initial state. Near the initial collision (shaded region), and the secondary collision at t ≈ 550 for ε ¼ 0.07, the state
cannot be fully captured by a basis of asymptotic particles.
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localized increase in the entanglement entropy in
Fig. 3(b-i). From the mean position of the mesons,
Fig. 3(c), one can see that the heavier meson π2 has a
slightly lower average velocity compared to π1, as
expected.
Circuit-QED implementation.—The increasingly large

entanglement production occurring with higher-energy
collisions (Fig. 2) or stronger confinement and longer
collision times (Fig. 3) limits the regimes of applicability
of the MPS-based methods. This motivates the use of
quantum simulators as an alternative approach, which is
expected to evade such limitations. Remarkably, the lattice
Schwinger Hamiltonian [Eq. (3)] can be exactly realized in
a simple superconducting circuit, shown in Fig. 4. The
circuit can be regarded as a chain of inductively coupled
fluxoniums [130]. It consists of nodes i, each correspond-
ing to a lattice site with a local bosonic degree of freedom
described by flux ϕi and charge πi, composed of a parallel
arrangement of a capacitor, an inductor, and a Josephson
junction with respective energies EC, EL, and EJ [131].
Nodes are coupled by inductors with energy EL0. The
circuit parameters are related to those of Eq. (3)
via χ ¼ ð8EC=β2Þ, ðEL0β4=8ECÞ ¼ 1, μ2 ¼ ðELβ

4=8ECÞ,
λ ¼ ðEJβ

2=8ECÞ, and θ ¼ Φext − π, whereΦext is a tunable
external flux threading each loop, and β ≠ 0 can be chosen
arbitrarily (see Supplemental Material [103]). In fact, when
β ≠

ffiffiffiffiffiffi
4π

p
, the circuit describes a more general model

known as the massive Thirring-Schwinger model [132].
In the Supplemental Material [103], we present a method
for preparing initial wave packets of bosonic particles using
two ancillary qubits, hence providing a complete protocol
for preparation and evolution of mesonic wave packets for a
scattering experiment. Measurements of the local density
[133] or the output field at the edges [134,135] can be
performed using standard techniques.
Discussion and outlook.—Using ab initio numerical

uMPS computations and working with a bosonized for-
mulation of the Schwinger model, we analyzed the real-
time dynamics of high-energy particle scattering in the
nonperturbative regime of QED in 1þ 1 dimensions. We
also proposed an analog circuit-QED implementation of the
bosonized Schwinger model. This implementation requires
minimal ingredients and no approximations (besides a
lattice discretization), in contrast to previous circuit-QED
proposals based on a quantum-link model [85]. We studied
both the confined and deconfined regimes of the model,
exhibiting a multitude of phenomena, including inelastic
particle production, meson disintegration, and dynamical
string formation and breaking.

The single-particle excitations allowed us to obtain
complete time-resolved momentum and position distribu-
tions of the outgoing 2 → 2 scattered particles. To account
for higher-order scattering it appears necessary to include
states where two particles can be close, which could
potentially be accomplished using the two-particle uMPS
ansatz from Ref. [136]. This might also shed light on the
nontrivial transient dynamics in Fig. 3(d). It would also be
interesting to explore the string dynamics more systemati-
cally [137]. Additionally, it will be valuable to investigate
how other nonequilibrium phenomena, such as dynamical
quantum phase transitions (DQPTs) [66,138], weak ergo-
dicity breaking, and quantum many-body scars [139,140],
can be probed in scattering processes.
In addition to exploring scattering in regimes inacces-

sible to the MPS methods, our circuit-QED implementation
can also be used to study quench dynamics. For example,
the Schwinger mechanism or DQPTs can be studied in
quenches of the θ parameter [66,138], which can be
accomplished using time-dependent flux control [131].
Finally, our circuit-QED implementation applies to other

bosonic theories [141–144], including the ϕ4 theory
(achieved in the β → 0 limit) in 1þ 1 or 2þ 1 dimensions
[103] and generalizations of the bosonized Schwinger
model, including to multiflavor fermions [102,145] and
to Thirring interactions [132]. In the latter case, sufficiently
strong Thirring interactions give rise to attractive short-
range interactions between quarks in the deconfined phase,
as shown in the Supplemental Material [103], leading to
stable meson particles and hence qualitatively different
scattering dynamics.
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