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The fundamental vibrational interval of Hþ
2 has been determined to beΔG1=2 ¼ 2191.126 614ð17Þ cm−1

by continuous-wave laser spectroscopy of Stark manifolds of Rydberg states of H2 with the H
þ
2 ion core in

the ground and first vibrationally excited states. Extrapolation of the Stark shifts to zero field yields the
zero-quantum-defect positions −RH2

=n2, from which ionization energies can be determined. Our new
result represents a 4-order-of-magnitude improvement compared to earlier measurements. It agrees, within
the experimental uncertainty, with the value of 2191.126 626 344ð17Þð100Þ cm−1 determined in non-
relativistic quantum electrodynamic calculations [V. Korobov, L. Hilico and J.-Ph. Karr, Phys. Rev. Lett.
118, 233001 (2017)].

DOI: 10.1103/PhysRevLett.132.073001

Hþ
2 is a fundamental molecular three-body quantum

system. Its energy-level structure can be calculated with high
accuracy in first-principles quantum-mechanical calculations
including relativistic and quantum-electrodynamics (QED)
corrections [1–5]. In a calculation of QED corrections up to
ordermα7, even including the largest correction of ordermα8,
Korobov et al. determined the fundamental vibrational
frequency ΔG1=2 in Hþ

2 to be 65 688 323 710.1(5)(2.9) kHz
[2191.126 626 344ð17Þð100Þ cm−1] [5], where the first and
second uncertainties are the theoretical uncertainty and the
uncertainty caused by thevalueof theproton-to-electronmass
ratio recommended at that time [6]. Hþ

2 does not have a
permanent electric-dipole moment and precision measure-
ments of this interval are challenging. The most precise
experimental values for the fundamental vibrational interval
to date remain the value of 2191.2ð2Þ cm−1 determined by
Herzberg and Jungen in 1972 [7] through extrapolation of the
Rydberg series observed in the absorption spectrumofH2 and
thevalue of 2191.126 53ð8Þ cm−1 reported in the dissertation
of Beyer [8], also obtained by Rydberg-series extrapolation.
Efforts are currently underway in several laboratories to
measure rovibrational intervals in Hþ

2 using cold Hþ
2 ions

in ion traps [9–12].
HDþ has an electric-dipole moment resulting from the

displacement of the center of mass from the center of
charge, which facilitates precision measurements of rovi-
brational transitions. Recent experiments using sympatheti-
cally cooled HDþ ions have resulted in accurate transition
frequencies [13–15], which are used in the determination of
the proton-to-electron mass ratio and other physical con-
stants [9,14,16]. However, discrepancies concerning the

hyperfine structure remain unexplained [17,18] and mea-
surements in Hþ

2 have thus regained attractivity. We present
a determination of the fundamental vibrational interval of
Hþ

2 from measurements in high-n Rydberg states of H2

following the scheme depicted in Fig. 1. The measurements
rely on the derivation of the positions of zero-quantum
defect (ZQD), i.e., of the Bohr energies −RH2

=n2, where n
represents the principal quantum number and RH2

the mass-
corrected Rydberg constant for H2. These positions are
obtained from the analysis of the Stark shifts of high
Rydberg states of H2 in weak electric fields. This method,
referred to as the ZQD method, was introduced in a
millimeter-wave spectroscopic measurement [19] of the
Stark effect in high-n Rydberg states of H2 with an Xþ 2Σþ

g

(vþ ¼ 0, Nþ ¼ 0) ion core. We extend it here to the
Rydberg series converging to the vþ ¼ 1, Nþ ¼ 0 state
of Hþ

2 , which we measure from selected rovibrational levels
of the GK 1Σþ

g state of H2.
The ZQD method relies on the precise calculation

of the binding energies of Rydberg-Stark states. In
summary, the Hamiltonian matrix corresponding to Ĥ0 þ
eFẑ is constructed in the Hund’s case d) basis set
jnlNþNMNi. The matrix Ĥ0 is diagonal and its elements
are determined either from multichannel-quantum-defect-
theory calculations for states with l ≤ 5 [20–22] or from
a polarization model for states with l > 5 [23]. We
also use experimentally determined zero-field energies
for the p and d states, which, in para-H2, are not predicted
by multichannel-quantum-defect theory as accurately
as l ≥ 3 states (see Supplemental Material [24] for an
example).
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The experiments are carried out using the same proce-
dures and apparatus as described in Refs. [19,25]. They
involve a pulsed skimmed supersonic beam of pure H2

(beam velocity v ≈ 1200 m=s) emitted from a valve held at
60 K into a high-vacuum chamber. The H2 molecules are
excited to high-n Rydberg states through the resonant
three-photon excitation sequence:

X 1Σþ
g ð0; 0Þ⟶VUV B 1Σþ

uð4; 1Þ
⟶
VIS

GK 1Σþ
g ð0; 2Þ or ð2; 2Þ

⟶
NIR

np=nf½Hþ
2 Xþ 2Σþ

g ð0; 0Þ or ð1; 0Þ�; ð1Þ

where the numbers in parentheses, ðv; NÞ for H2 and
ðvþ; NþÞ for Hþ

2 , indicate the vibrational quantum number
and the quantum number for the total angular momentum
without spin. The frequency interval ΔνGK between the GK
(0,2) and GK(2,2) intermediate states is accurately known
[26] and used to determine ΔG1=2 according to (see also
Fig. 1):

hcΔG1=2 ¼ EI

�
vþ ¼ 1 ← GKð2; 2Þ�

− EI

�
vþ ¼ 0 ← GKð0; 2Þ�þ hcΔνGK: ð2Þ

The pulsed (repetition rate 25 Hz) vacuum-ultraviolet
(VUV) and visible (VIS) lasers used to populate the GK
(0,2) and (2,2) intermediate states are described in
Ref. [25]. Transitions to Rydberg states are induced from
these levels using a single-mode cw near-infrared (NIR)
laser (bandwidth 1 MHz), which crosses the supersonic
beam at near-right angles, with a small deviation angle β

from 90°. To eliminate first-order Doppler shifts, we use the
procedure described in the Appendix. The NIR laser
frequency is calibrated to an accuracy of 2 × 10−11 (Δν=ν)
using a frequency comb that is referenced to a Rb oscillator
disciplined by a Global Positioning System receiver [25].
Magnetic stray fields in the photoexcitation volume are

reduced to below 1 mG using a double-layer mumetal
magnetic shield. To both compensate stray electric fields
for the measurement of zero-field spectra and impose well-
controlled electric fields (typically below 1.5 V=cm) for the
measurement of Stark spectra, dc potentials are applied
across an electrode stack surrounding the photoexcitation
region. Field ionization of long-lived Rydberg states below
the vþ ¼ 0, Nþ ¼ 0 ionization threshold is achieved by
applying large pulsed potentials across the stack. The
resulting electric fields extract the Hþ

2 ions, including those
generated by autoionization above the vþ ¼ 0 ionization
threshold, towards a microchannel-plate detector. Spectra
are recorded by monitoring the Hþ

2 ion signal as a function
of the NIR laser frequency.
Measurements of Rydberg-Stark manifolds in series

converging to the vþ ¼ 0 and 1 Hþ
2 thresholds were

performed at several values of n between 45 and 70, as
summarized in Fig. 4 below. For each selected n value,
spectra were recorded at several electric field strengths in
the range between 90 and 300 mV=cm, where the Stark
effect of the nearly degenerate high-l (l ≥ 3) states, called
high-l manifold below, is essentially linear. The polar-
izations of all lasers were parallel to the applied electric
field, which, when Nþ ¼ 0, restricts the excitation to
ml ¼ 0 Rydberg-Stark states. The intermediate GK(0,2)
and (2,2) states have dominant 3dσ character.
Consequently, transitions are to Rydberg states with np
or nf character. Because transitions to np Rydberg states
were found to be about 2 orders of magnitude weaker than
to nf states, line intensities directly reflect the l ¼ 3
character of each k state. In the calculation of intensities,
we therefore assume them to be proportional to the f
character of the Stark states.
Figure 2 shows spectra of Xþð0; 0Þ [n ¼ 48 (a), 69 (c)]

and Xþð1; 0Þ [n ¼ 46 (b), 70 (d)] Rydberg-Stark mani-
folds. The Rydberg-Stark states are labeled by the integer
number k, which varies between −ðn − 1 − jmljÞ and
ðn − 1 − jmljÞ in steps of 2, in order of increasing energy
[27]. Figures 2(a) and 2(b) exhibit regular and smoothly
varying intensity patterns resulting from the homogeneous
distribution of the f character among the different k states.
At these n values, the l ¼ 0–2 states have large quantum
defects and are located outside of, and are not significantly
mixed with, the high-l Stark manifold. The Stark states
therefore exclusively have l ≥ 3 character and autoioniza-
tion of vþ ¼ 1 Rydberg states is inhibited by the field-
induced mixing of nonpenetrating high-l character. The
calculated spectra (inverted black traces) are in excellent
agreement with the measured ones.

FIG. 1. Energy-level diagram and intervals used to determine
the fundamental vibrational interval of Hþ

2 (ΔG1=2). Transitions
from the two GKðv; 2Þ intermediate states to the Rydberg-Stark
manifolds with vþ ¼ 0 (magenta) and vþ ¼ 1 (blue) ion cores are
shown as black arrows (νlaser). The zero-quantum-defect positions
(−RH2

=n2) are shown with respect to the vþ ¼ 0 and vþ ¼ 1

ionization thresholds. The relative energy spacings are not to
scale.
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When the l ¼ 0–2 states have a small enough quantum
defect, they are already fully mixed in the high-l Stark
manifolds at low fields. In this case, the intensity distribu-
tions become irregular and exhibit minima located near the
zero-field positions of the low-l states, where the f character
is reduced, as illustrated in Figs. 2(c) and 2(d). In the case of
vþ ¼ 0, n ¼ 69 [Fig. 2(c)], the s and p Rydberg states are
located far from the manifold, but the quantum defect of the
d state is small enough for this state to be fully integrated in
the Stark manifold. The intensity minimum is located where
the d character (dashed purple line) is maximal and the
l ¼ 3 character minimal. This behavior is accounted for by
the calculations of relative intensities (black inverted spec-
trum). For the vþ ¼ 1, n ¼ 70 state [Fig. 2(d)], both the p
and d Rydberg states have small enough quantum defects to
be integrated in the Starkmanifold. Twominima result in the
intensity distribution, which deviate from the calculated
positions of maximal p (dotted turquoise line) and d (dashed
purple line) character because of the field-induced inter-
action between these states.

The admixture of core-penetrating low-l character
enhances the autoionization of the vþ ¼ 1 Rydberg-
Stark states, which leads to spectral broadening and to
asymmetric line shapes (Fano profiles [28]) in the regions
near the intensity minima. An example is provided in
Fig. 3, which shows the vþ ¼ 1, n ¼ 56 Stark manifold.
This spectrum reveals two regions of weak intensities
originating from the small quantum defects of the 56p01
and 56d02 Rydberg states. In these regions, the lines
display asymmetric Fano profiles, with a change in sign
of the Fano parameter qwhen passing through the positions
of minimal intensity. This q-reversal phenomenon has been
previously observed in studies of atomic and molecular
Rydberg states (see Refs. [29–37]) and is attributed to
complex resonances involving the interaction of at least two
closed and one open channel [29–36]. Here, we observe a q
reversal when l < 3 states are mixed into the vþ ¼ 1 high-
l Rydberg-Stark manifolds. The complex resonances result
from the interaction between (i) the Rydberg-Stark states
with predominantly high-l character that are only very

FIG. 2. Spectra of the n ¼ 48 [Xþð0; 0Þ] [(a), magenta trace], n ¼ 46 [Xþð1; 0Þ] [(b), blue trace], n ¼ 69 [Xþð0; 0Þ] [(c), magenta
trace], and n ¼ 70 [Xþð1; 0Þ] [(d), blue trace] Rydberg-Stark manifolds and calculations (black traces), recorded at values of the electric
fields of 180 (a), 210 (b), 140 (c), and 110 mV=cm (d). The purple (turquoise) dashed (dotted) lines in (c) and (d) indicate the relative
jhl ¼ 2jkij2 (jhl ¼ 1jkij2) character of each k state. The k quantum numbers assigned to each Rydberg-Stark state are indicated on the
gray axes. The lower panels show the residuals of the fit of the Stark calculation to the experimental line positions. The error bars
indicate the uncertainties in the determination of the experimental line positions. All frequencies are referenced to the ZQD position for
each value of n.
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weakly coupled to the vþ ¼ 0 continua, (ii) the low-l states
that are strongly coupled to both the high-l Rydberg-Stark
states and the vþ ¼ 0 continua, and (iii) the vþ ¼ 0
continua. In the perturbed regions, the experimental line
shapes were analyzed using Fano profiles of adjustable
widths, line centers, and q parameters to determine reliable
positions (see inverted calculated spectrum in Fig. 3).
The calculated Stark-state energies were matched to the

observed relative positions by optimizing the field strength
and locating the ZQD position in the measured spectra, as
illustrated schematically in Fig. 1, in a least-squares fit. The
ionization energies were obtained by adding RH2

=n2. The
residuals between calculated and measured line positions
are typically below 1 MHz (see lower panels of Fig. 2).
The ionization energies for all investigated n values (see

color coding) and field strengths are displayed in Figs. 4(a)
and 4(b) for the vþ ¼ 0 and vþ ¼ 1 thresholds, respec-
tively. The error budget corresponding to one such deter-
mined value of the ionization energy is presented in Table I.
The statistical contributions to the uncertainties (vertical
error bars) result from the least-squares fit described above.
The uncertainties associated with the residual first-order
Doppler shifts average out over the dataset, which com-
prises the results of multiple measurements carried out after
complete realignment of the optical layout, and are thus
treated as statistical. In Fig. 4, the dashed lines correspond
to the weighted standard deviation of the datasets and the
shaded regions to the weighted standard deviation of the
mean, obtained by assuming that only measurements
carried out after a full realignment of the experimental
geometry are independent. Whereas the individual vþ ¼ 0
ionization energies have similar error bars and agree with
each other within better than 400 kHz, several vþ ¼ 1
ionization energies, corresponding to n ¼ 55–58, exhibit
large error bars and systematic shifts to higher values.
At these n values, the low-l states are integrated in the
Stark manifolds, leading to the intensity and line-shape

perturbations described above. We attribute these discrep-
ancies to the quantum defects and the exact wave functions
of the perturbing low-l states not being precisely known.
The systematic deviations are compatible with the sensi-
tivity analysis of the Stark-state positions on the quantum
defects presented in Ref. [19]. Because of the large error
bars, these ionization energies hardly contribute to the
weighted mean. The remaining systematic uncertainties, to

FIG. 3. Spectrum of the n ¼ 56 [Xþð1; 0Þ] Rydberg-Stark
manifold recorded from the GK(2,2) state at a value of the
electric fields of 300 mV=cm (blue trace), and calculation (black
trace). The inset shows an expanded version of the spectrum
corresponding to the region indicated by the dotted black
rectangle. All frequencies are referenced to the ZQD position
for n ¼ 56.

FIG. 4. Fitted binding energies of the GK(0,2) [GK(2,2)] states
of H2 with respect to the vþ ¼ 0 (a) [vþ ¼ 1 (b)] ionization
threshold. For each n, individual points correspond to measure-
ments taken at different values of the electric field strength (in the
range 90–300 mV=cm). The dashed lines indicate the weighted
standard deviations of the datasets, and the shaded regions
indicate the weighted standard deviations of the means (see text
for detail).

TABLE I. Error budget and frequency corrections for the
determination of the binding energy of the GK(0,2) [GK(2,2)]
state from the measurement of transitions to the Rydberg-Stark
manifold for one value of n and one value of the electric field
strength. All values and uncertainties are reported in kHz.

Δν σstat σsys

Least-squares fit of ZQD method <500
a

Residual 1st order Doppler shift 250b

Line-shape model 100(200)c

2nd order Doppler shift þ2 0.5
ac Stark shift ∼5
Zeeman shift ∼10
Pressure shift ∼1
Photon-recoil shift −160d

aDependent on the measurement.
bAverages out upon multiple realignments.
cFor vþ ¼ 0 (vþ ¼ 1).
dCorresponds to ν̃laser ¼ 12 701.365 cm−1.
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which the line-shape model makes the largest contribution,
are considered separately, as detailed in the lower part of
Table I.
Table II compares the ionization energies of the GK(0,2)

and GK(2,2) states [12 723.757 440 7ð18Þstatð40Þsys cm−1
and 13 138.046 319ð5Þstatð8Þsys cm−1, respectively], as well
as the fundamental vibrational wave number ΔG1=2 ¼
2191.126 614ð17Þ cm−1 derived using Eq. (2), with earlier
values. The results obtained in the present work are all
within about 1σ of earlier theoretical [5] and experimental
[7,38] results. The fundamental vibrational interval deter-
mined here is 4 orders of magnitude more precise than the
early pioneering experimental result (Ref. [7]), but still 2
orders of magnitude less precise than the theoretical
value [5].
We have demonstrated the use of the ZQD method

introduced in Ref. [19] to determine, for the first time, the
fundamental vibrational interval of Hþ

2 at sub-MHz accu-
racy. The accuracy is currently limited by the uncertainties
in the quantum defects of the np and nd Rydberg series
converging on the vþ ¼ 1 level of Hþ

2 . We expect that 1 to 2
orders of magnitude in precision could be gained by
restricting the three-photon excitation to ml ¼ 3 Rydberg-
Stark states using circularly polarized radiation [39]. Such
states do not contain l ≤ 2 character and their vibrational
autoionization is suppressed. The method presented here is
generally applicable. Because it does not rely on the
existence of a permanent electric-dipole moment, it is ideal
for determining the rovibrational structures of homonuclear
diatomic cations.

We thank J. A. Agner and H. Schmutz for their con-
tributions to setting up and maintaining the experimental
infrastructure and Professor Ch. Jungen for fruitful dis-
cussions. This work is supported financially by the Swiss
National Science Foundation (Grant No. 200020B-
200478).

Appendix: Cancellation of first-order Doppler shifts.—
To determine and eliminate Doppler shifts, the NIR laser

is retroreflected by a mirror located beyond the
photoexcitation region. This configuration leads to two
Doppler components for each transition, with opposite
first-order Doppler shifts �ðv sin β=cÞ · νNIR (see Fig. 5).
The center frequency is determined by averaging their
frequencies, after overlapping the incoming and reflected
laser beams at a distance of 12 m (see Ref. [25] for
details). This procedure automatically eliminates any
contribution to the Doppler shifts that could arise from
the selection of certain velocity classes through the
resonant two-photon excitation from the X(0,0) ground
state to the GK 1Σþ

g ðv; 2Þ intermediate states.
Figures 5(a) and 5(b) display spectra measured under

field-free conditions for the two transitions 70f03 ðvþ ¼
0Þ ← GKð0.2Þ and 70f03 ðvþ ¼ 1Þ ← GKð2; 2Þ. Individual
Doppler components have linewidths of 5.2(5) and
6.9(7) MHz, respectively. The slight broadening of the
70f03 ðvþ ¼ 1Þ ← GKð2; 2Þ transition is attributed to

TABLE II. Summary of energy intervals used to determine the fundamental vibrational interval in Hþ
2 and their

uncertainties.

Energy interval Value (cm−1) Ref.

Xþð0; 0Þ − GKð0; 2Þ 12 723.757 440 7ð18Þstatð40Þsys This Letter
Xþð0; 0Þ − GKð0; 2Þ 12 723.757 461(23) [38]
Xþð1; 0Þ − GKð2; 2Þ 13 138.046 319ð5Þstatð8Þsys This Letter
GKð2; 2Þ − GKð0; 2Þ 1776.837 736 1(14) [26]
Xþð1; 0Þ − Xþð0; 0Þ 2191.126 614ð5Þstatð12Þsys This Letter
Xþð1; 0Þ − Xþð0; 0Þ 2191.2(2) [7]
Xþð1; 0Þ − Xþð0; 0Þ 2191.126 626 344(17)(100)a [5]

aThe two uncertainties reported for the calculated value [5] correspond to the theoretical uncertainty and the
uncertainty in the proton-to-electron mass ratio.

FIG. 5. Upper panels: spectra of the 70f03 ðvþ ¼ 0Þ ←
GKð0; 2Þ (a) and 70f03 ðvþ ¼ 1Þ ← GKð2; 2Þ (b) transitions
(dots) and fits using a Voigt line-shape model (solid lines). The
vertical dashed lines indicate the Doppler-free transition frequen-
cies. Lower panels: weighted residuals and their corresponding
relative weights (gray traces).
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vibrational autoionization. The measurements of Stark
spectra were performed with one Doppler component only,
to avoid spectral congestion. To correct for the first-order
Doppler shift, two field-free Doppler-compensation spectra
were recorded, one at the beginning and one at the end of
each measurement session, and it was verified that they
yielded identical values of the Doppler shifts.
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