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We show that there exists a generalized, universal notion of the trace anomaly for theories which are not
conformally invariant at the classical level. The definition is suitable for any regularization scheme and
clearly states to what extent the classical equations of motion should be used, thus resolving existing
controversies surrounding previous proposals. Additionally, we exhibit the link between our definition of
the anomaly and the functional Jacobian arising from a Weyl transformation.
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Introduction.—Anomalies in quantum field theory (QFT)
arise whenever a symmetry of a classical action cannot be
preserved after quantization [1,2]. While anomalies in local
symmetries may render a theory inconsistent, anomalies of
global symmetries can result in physical effects of major
significance.

Indeed, already the first anomaly described, the chiral
anomaly of Adler, Bell, and Jackiw [3,4], resolved the
difference between the theoretical and the observed decay
rate of the process 7° — 2y. During the last decades, the
range of applications of anomalies has pervaded all the areas
of physics in which quantum effects play a privileged role,
such as condensed matter [5—7], astrophysics [8,9], effective
field theories [10,11], as well as more formal aspects in
quantum field theory [12-16] (including the celebrated
connection between Hawking radiation and the trace
anomaly [17-21]). There has been a renewed interest in
the community after the measurement of anomaly signatures
in the thermal transport of Weyl semimetals, both for the
chiral [22] and mixed chiral-gravitational anomalies [23].

In this Letter we are particularly interested in the trace
anomaly, also known as Weyl or conformal anomaly
[24,25], which arises in the following way: for Weyl-
invariant theories, the symmetry forces the corresponding
stress tensor to be classically traceless on shell (see the
discussion below). The Weyl anomaly then consists of the
emergence of a nonvanishing trace in the quantum theory
[26-31].
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Generically, it is a function of the background fields to
which the theory is coupled [32,33]. Such a function is
made of terms that must satisfy the usual constraints of the
Wess-Zumino consistency conditions [34]. Moreover, all
possible contributions have been classified and computed
using algebraic methods in arbitrary dimensions [35].

Less studied is the fate of the trace anomaly once
conformal invariance is broken in a theory. In contrast to
the conformal case, a concrete generalization of the
anomaly in this context is subtle: While the trace of the
quantized stress tensor is clearly well-defined, the identi-
fication of its intrinsically quantum, anomalous part has
been debated [36,37]. It is the purpose of this Letter to
clarify this definition.

Before going into detail, it should be emphasized that the
understanding of this subject is far reaching. For example,
since in extended supergravity the anomalies of different
local and global symmetries are coupled, to obtain a
consistent theory the full trace anomaly must vanish.
Under this requirement, candidate theories have been built
out of the N = 4 multiplet of supergravity and an arbitrary
number of N = 4 Yang-Mills multiplets [38—40], as well as
for N >5 Poincaré supergravities [41,42], having to
assume a certain choice of anomaly coefficients for the
not always conformally invariant higher-spin sectors.

A further motivation follows from the guiding principles
of the renormalization group, which describes critical
systems in terms of conformal theories [43]. Building real
systems at criticality is hard, if not impossible. Even if the
anomaly could vanish at a fixed point also in the quantum
theory of models breaking scale invariance [44], the under-
standing of theories along the renormalization flow requires
the comprehension of nonconformal theories [45,46].

Returning to the generalization of the anomaly, in the
literature [36,37] the formula
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Ap = }}_{I}‘ [d{Z)<TﬂV(x)> - <9‘(4:)T/w>] (1)

has been proposed in the context of dimensional regulari-
zation (though it is considered to be more general in the
folklore). While Eq. (1) encompasses the general idea that
the classical trace, which breaks conformal symmetry,
should somehow be subtracted (the second term on the
right-hand side), its physical origin is rather obscure. In
addition, we find Eq. (1) unsatisfactory for at least two
further reasons.

First, it is defined only for a specific renormalization
method. If the anomaly possesses a physical meaning, it
should be independent of the computational strategy
employed; a sine qua non condition to check this inde-
pendence is to have a reliable definition valid for arbitrary
schemes. If we choose a non-metric-modifying scheme
(essentially, anything else than dimensional regularization),
Eq. (1) trivially vanishes. Thus, requiring that the definition
should be valid also for Weyl-invariant theories, we are lead
to an inconsistency. Related to this critique, it is not even
clear how one should extend an arbitrary given metric
background to n dimensions, whether this extension is
unique or even if different possibilities would lead to the
same result.

The second concern has to do with the equation of
motion (EOM): it is not specified whether one may use it to
simplify any of the terms on the right-hand side before
taking the expectation value, an operation which is per-
formed in Ref. [37]. The educated guess, that the EOM
should not be used at all, turns out to be wrong, even for
classically conformally invariant theories.

In this Letter we will explicitly show that an unambigu-
ous, generalized definition of the trace anomaly that avoids
the above-mentioned criticisms is possible for nonconfor-
mal models. We will illustrate how this can be achieved in
the simple example of a scalar field, its generalization to
other spins being straightforward.

(Non-)conformal anomalies in curved spacetime.—
Consider a nonminimally coupled, real scalar field of mass
m defined on an n-dimensional Lorentzian manifold,
whose action reads

S = _% / (VEpV,up + m*d? + ER¢?)/=gd"x. (2)

The geometric quantities in this action are the Ricci scalar
R, the compatible covariant derivative V,, and the deter-
minant g = det(g,,), all of them corresponding to the
metric g,,. We define as usual the (local) Weyl trans-
formation parametrized by o(x) as

¢~ ¢ =elg, (3a)

—20(x)

G = G =€ Guw- (3b)

The parameter w is called the Weyl weight and depends on
the type of field being analyzed; for a scalar field it reads
wy = [(n —2)/2]. As is well known, the action in Eq. (2) is
Weyl invariant only if we choose special values for the
mass and the nonminimal coupling, namely m = 0 and
E=¢=[(n—2)/4(n—1)]; we will refer to them as the
conformal couplings, leaving the adjective nonconformal
for any other situation. By virtue of the symmetry, in the
Weyl-invariant case the stress tensor is classically traceless
on shell, while for arbitrary couplings it contains terms
proportional to & — &, or m?.

At the quantum level, the fields are promoted to
operators, whose expectation values are to be computed.
For the general strategy of the computation, we define the

composite operators P> := > and <I>,(,3y) =V, pV, ¢,
which are the independent operators that appear in the
stress tensor of our free theory, and write

-2 65
Ty = S
V=969

1
- €<vﬂvu - gﬂvvz - R/w + Egm/R> (I)(2)7 (4)
where V? denotes the curved spacetime d’ Alembertian and
Ry, is the Ricci tensor. By the same token, we have the
direct, unregularized trace

n—2 oo (3 1
T = —Tg/ (I)'ﬁm—) - Enmsz(z)
2

+En - 1)V —¢ZZROC.  (5)

Recall that in quantum field theory expectation values
are usually divergent and that of the stress tensor is no
exception; thus, a renormalization process is required to
give them a physical meaning. For the sake of generality,
we are not going to fix a scheme until we perform the
explicit computation of the anomaly. After subtracting the
infinities, “finite renormalizations” are still possible [47]. In
effect, even after requiring locality and covariance, the
existing freedom in the definition of the operators (Wick
products) is larger in curved spacetime than in Minkowski,
given that it corresponds to polynomials in the metric,
curvature, and other invariants of the theory (see the
Supplemental Material for the n =4 case [48]). This
freedom can be used to impose further conditions on the
renormalized operators; in particular, it is natural to require
the conservation of the renormalized stress tensor [49]. At
first sight, it is curious that some coefficients remain
undetermined even after imposing conservation; however,
it is easy to verify that they give rise to trivial contributions
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to the anomaly (m*, m’R, and V?R), i.e., they can be
removed by adding local counterterms to the action.

Now let us try to generalize the definition (1) to arbitrary
renormalization schemes. To render it consistent, a natural
try is to consider the addition of a supplementary con-
tribution, which, taking into account the quantum nature of
the anomaly, should vanish at the classical level. Hence, an
instinctive guess is that it should involve the EOM, whose
product with other operators has an expectation value that
does not necessary vanish [50]. Following Ref. [47], if we
require analyticity in the parameters of the theory and the
geometric invariants, dimensionality determines the only
available operator, which expressed in terms of ®? and
@0 is

E = V20 —2(m? + ER)D? — 2¢°®f).  (6)

For this reason we add the terms fg, E and S E,
respectively, to the stress tensor (4) and its classical trace
(5). Generalizing the definition in Eq. (1) and renormaliz-
ing appropriately, for non-metric-modifying schemes we
obtain

Aﬂ’ﬁ[r = gm/<<T/w +ﬂg”yE)ren> - <(T +ﬁtrE)ren>

_ nﬂ_ﬂtf v en en
= s A T+ B )

+ Am (@) 4 [(n - 2)
— 4(n = V@), ™

3).
where we have expressed @Ly) e

B E)" [51].

It is clear that the so-defined anomaly in general depends
on the parameters £ and f,, which control the onshellness
of the operators and lead to different results [52]. We argue
in the following that there is a single physically acceptable
choice of these coefficients.

To begin with, notice that the role of the f inside the
brackets in Eq. (7) is to render the stress tensor conserved if
chosen appropriately. Indeed, for a large class of schemes it
has been shown that the finite renormalization leading to
conservation corresponds to a particular value of f. For
renormalization methods whose counterterms are them-
selves conserved [53], f = —i yields a conserved stress
tensor [54]. On the other hand, for methods whose counter-
terms are not conserved such as point splitting and
Hadamard subtraction, a different f is required [56].

In this way, conservation restricts the scheme depend-
ence to the overall factor in Eq. (7). The only possibility to
have a scheme-independent contribution is thus to choose

in terms of (T,, +

N n—2

P =Py = — 4 (8)

since then the overall factor becomes f independent.
Importantly, this assertion does not depend on whether
we are working with a conformal or a nonconformal theory.

Combining these arguments, we are led to define the
generalized anomaly as

A= g ()" = (T)* = B E™)r (9)

where the star means that the renormalization employed is
such that the resulting stress tensor is conserved. In this

expression, ,Btr will depend on the field content (see below
the result for fermion and vector fields), but we insist that it
does not depend on the scheme. In addition, the usual
definition of the trace anomaly, i.e., ¢ (T};") in the Weyl-
invariant case, is a special case of Eq. (9); this can be easily
corroborated, given that in this situation 7" reduces to an
expression proportional to E, which is exactly cancelled by
the f, term. It is curious, however, that in the non-
conformal case the classical trace is still partially off shell,

T +ﬁtrE = (l’l - 1)(5 - ‘fcc)vngz - m2¢2' (10)

This fact seems to obscure the physical origin of J,
rendering it unintelligible. As we will show shortly,
physical cogency can be found within the functional
integral approach.

Trace anomaly from the functional integral—The
understanding of trace and axial anomalies in terms of
Jacobians of functional integrals was developed by
Fujikawa [57]. In the case of trace anomalies, the dis-
cussion naturally involved classically Weyl-invariant the-
ories. We will show below that the idea can be generalized
for nonconformal theories, leading to fixed off-shell exten-
sion parameters # and, more importantly, f,.

In the functional integral formalism, we consider the
effective action I'[¢"*], defined in a Lorentzian manifold as

[[¢*] := —iln / S0 1Dg. (11)

The corresponding quantum stress tensor is defined as in
Eq. (4), replacing S with I'. In these definitions, a regulator
is obviously implicit and suitable counterterms must be
added to the action S to obtain a finite result. Using
functional techniques, Fujikawa [2,27] has pointed out that
the appropriate measure to obtain a covariant effective

action involves a redefinition of the quantum fields, ¢ :=
(—g)i¢; as shown by Toms [58], this redefinition corre-
sponds to the choice of an orthonormal frame in field space.
In this way, the modified effective action

['[g] == —iln / eis[(‘9>_%‘35’9”]17$ (12)
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automatically leads to a conserved stress tensor, which is
related to the previous one as follows:

el 2w [0
<Tm/> = \/_—959,”, <T;w> 2\/_—g<¢5¢5> (13)

Since ¢(5/5¢)S = %,/=gE, the conservation of the stress
tensor is thus equivalent to an off-shell extension of
the stress tensor with f# = —%, as we have anticipated in
the previous section (by defining the stress tensor as the
variation of an action, the included counterterms are
covariantly conserved).

If we change the variables in the functional integral (12)
according to the Weyl transformation of the fields (3), we
obtain

fleg] = —iln / &S 0 T(oDY,  (14)

where we have taken into account that a Jacobian j may
arise in the measure. Evidently, for ¢ = 0, ﬁ should be
trivial. In order to characterize the system under such a
transformation, it is natural to analyze the variations with
respect to o. This provides a modified Ward-Takahashi
identity

i S
N

—j—f_g<¢%s> T T (5)

Undoubtedly, the contribution from the Jacobian is a
purely quantum contribution; moreover, it is the one
responsible for the trace anomaly for Weyl-invariant
theories. We therefore define

g <T/w> =

o=0

i 5 4
= oo

) o

where the last line is a consequence of Eq. (15). This
formula is all we need in order to determine the coefficient
P in the general formula (7). In fact, if in Eq. (7) we
express ¢ (T};") in terms of (E™") and (@) "we obtain
App. = (nff = Py )(E™"). Since we have already deter-

mined that f = —zlp it follows that g, = ﬁm Hence, once
we properly identify the anomaly as arising from the
Jacobian a la Fujikawa, the degree of onshellness is not
arbitrary, but fixed even for nonconformal theories.
Conclusions.—We have shown that the frequently
acknowledged generalization of the trace anomaly for
nonconformal theories, Eq. (1), entails some intricacies

Ag(x)

=0

that are often overlooked. We have shown that the unique
scheme-independent possible definition of the anomaly
is Eq. (9). In particular, it is not tied to the use of
dimensional regularization, which is not always a suitable
tool. Conceptually, the physical origin of the anomaly is
(once more) the Jacobian arising in the measure after a
Weyl transformation of the variables.

Notice that the last term in Eq. (9) can be understood as a
special off-shell extension of the classical trace of the stress
tensor. In general, this term is relevant and must be
included, even though it might vanish in some regulariza-
tion and renormalization schemes. Nevertheless, in some
cases it cancels out with the second term in Eq. (9), as can
be readily seen from the expression (10) for the scalar field,
resulting in the formula associated to the anomaly for
classically Weyl-invariant theories.

For a scalar field in n = 4, using our definition (9) and
the heat-kernel renormalization technique described in
detail in the Supplemental Material [48] (see also
Refs. [59-62] therein), we find the anomaly

An=4 — 3Cﬂypﬂcﬂwm - &+ 5(1 - 65)2R2 (17)
= 360(4r)? ’

which is written in terms of the square of the four-dimen-
sional Weyl tensor C and the Euler density:

1
c°C,,,, = R*"°R,,,, —2R"R,, + §RZ, (18)

£y = R™°R,,,, —4R"R,, + R*.  (19)

Note that in the expression (17) we have dismissed all the
trivial contributions to the anomaly. The result is thus mass
independent, which could have been predicted from the
available terms that can be built with the right dimensions
using geometric invariants. Moreover, it is consistent with
the massless result in Ref. [37], which was obtained using
dimensional regularization and a perturbative expansion
around flat space, together with a dose of intuition to use
the right amount of onshellness. Notice also the appearance
of the R?, which, contrary to the Weyl and Euler density
terms, signals the violation of the Wess-Zumino consis-
tency condition [63]. This does not imply at all an
inconsistency in our result, given that the Wess-Zumino
consistency cannot be recast as a second order variation
(using our definition).

Importantly, the arguments that we have presented for a
scalar field can be straightforwardly extended to higher
spins as well, except for the fact that the choice of the
coefficients may differ. For massive Dirac fermions (Ref. [64]
has been pointed out to us, which provides relevant compu-
tations for massive fermions and vectors), the expression for
the anomaly is encoded in Eq. (9), by simply replacing the
symbols with E¥ = (1/2,/=g)[(6x.5/5w)w + (6.5/6)]
andBi"/? = 1 — n;p*=1/2 = —1 ensures the conservation of
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the stress tensor. This coincides with the expression given by
Fujikawa [27] and, after removing the trivial terms, a direct
computation shows that it coincides with the trace anomaly
for massless Dirac fermions which is found in the literature.

As a further example, consider a free massive, non-
minimally coupled Abelian vector field A,,. A rather general
action for this field reads

1 1
Se—1 = _z/ |:§ F;wFlw + (m2 + éR)A”AM
+ (- 1DAAR"Y +a ' (V,A")?|/=gd"x, (20)

where a, {, and £ are arbitrary coefficients parametrizing
the different nonminimal and gauge fixing terms, m is the
mass, and as usual we have defined the field strength
F, =V,A,—V,A,. From this action one can derive the
corresponding EOM

0=M

= (V2 —m? - ¢R)A,

- [é’RﬂIJ + (1 - a_l)vyvv]Ay7 (21)

as well as the stress tensor, whose explicit expression can
be found in the Supplemental Material [48]. The vectorial
character of the field implies that we have two different
ways of implementing the EOM [65], which we para-
metrize with coefficients a;_; 5:

Th =T, + o (AM, +AM,) + 20,9,,A M. (22)

Following the above-described procedure and fixing
for simplicity n = 4 and a = 1 (Feynman—‘t Hooft gauge),
using heat-kernel renormalization we find o = 1/2,
a, = —1/4, p>=1 = 0 and the following anomaly (we are
including the ghost contribution present in the gauged case
as discussed in the Supplemental Material [48]):

1
= 360(47)° [(90¢* — 54)CmreC,,,pp,
(9082 = 28)&, + 60(12& + (£ — 1)¢
+ &(6C — 4))R?]. (23)

An adaptation of these results sheds light on present
discussions regarding the trace anomaly for massless
Weyl fermions. In effect, the appropriate definition of
the anomaly has recently become the kernel of the debate
69-66]]; this might have tremendous consequences on the
unitarity of some theories (for instance, the standard model
with at least one massless neutrino), since it implies the
occurrence of an imaginary term in the anomaly.
Employing our definition for the anomaly, we see that
there is indeed a term corresponding to the expectation
value of the trace (T%), as claimed in Ref. [68]. However,

one should not forget to also include the term proportional
to the EOM, which exactly counterbalances it and pre-
cludes the appearance of imaginary terms.

We can also extend our discussion to other dimensions,
including the subtler n = 2 case. Following the same lines
as before, for a number N of scalars and N, of fermions
we obtain

(1=65)Ny+ Ny
247

A deeper discussion of this outcome is left to the
Supplemental Material [48] (see also Refs. [70-73]
therein).

In view of our results, it is not surprising that some
ambiguities are present in the literature of trace anomaly
cancellations in supergravity [42]. The fact is that several of
these computations have been done using the b,, coefficient
of the heat kernel, which can be related to the quantum trace
of the stress tensor, while the theory involves supermultip-
lets whose higher-spin components possess non-Weyl-
invariant actions [74]. Hence, according to Eq. (9), those
computations are in general not universal and might thus be
plagued by ambiguities; Understanding the exact mecha-
nism behind them is not straightforward and work has still
to be done.

The last question we want to tackle is what happens
for interacting theories. The application of the Fujikawa
method to interacting theories is involved, since the
recasting of the functional integral measure in terms of
the coefficients accompanying the basis of eigenfunctions
would imply solving nonlinear differential equations. In
spite of that, without computing the explicit Jacobian, one
can consider expressions in terms of composite operators,
i.e., analogous to Eq. (7). These are tractable in a pertur-
bative computation at the multiloop level and are thus
expected to be compatible with an effective field theory
approach, as long as one is able to introduce order by order
the appropriate terms proportional to the EOM. An under-
standing of the generalized trace anomaly for nonconformal
theories would provide a new avenue to ¢ theorems, given
that the existing proof in n = 4 [75] relies on the matching
of the trace anomaly between appropriate infrared and
ultraviolet conformal field theories; instead, our anomaly
could provide a connection throughout the whole flow
without the need to introduce spurious interactions.

An=2 —

R. (24)

Note added.—Regarding the (odd) trace anomaly for Weyl
fermions, a new article has appeared that support our claims
[76]. The interested reader might also compare it with the
Pauli-Villars computation [77], which leads to the same
conclusion.
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