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Recent investigations on the dipolar-octupolar compounds Ce,Zr,O; and Ce,Sn,0O; suggest that they
may stabilize so-called z-flux octupolar quantum spin ice (z-O-QSI), a novel three-dimensional quantum
spin liquid hosting emergent photons. Confirmation of such an exotic phase would require the prediction of a
distinctive signature and its subsequent experimental observation. So far, however, theoretical predictions for
any such sharp smoking-gun signatures are lacking. In this Letter, we thoroughly investigate O-QSI using an
extension of gauge mean-field theory. This framework produces a phase diagram consistent with previous
work and an energy-integrated neutron scattering signal with intensity-modulated rod motifs, as reported in
experiments and numerical studies. We predict that the dynamical spin structure factor of z-O-QSI is
characterized by a broad continuum with three distinctive peaks as a consequence of the two mostly flat
spinon bands. These three peaks should be measurable by high-resolution inelastic neutron scattering. Such

spectroscopic signatures would be clear evidence for the realization of z-flux quantum spin ice.

DOI: 10.1103/PhysRevLett.132.066502

Introduction.—Quantum spin liquids (QSLs) are quan-
tum paramagnetic ground states of spin systems where
competition between local interactions prevents conven-
tional long-range order (LRO) and instead results in a long-
range entangled (LRE) state supporting fractionalized
excitations coupled to emergent gauge fields [1-8].
Decades after their initial proposal, the quest for an
unequivocal experimental realization of a QSL remains a
current endeavor—a testimony to how formidable of a
task identifying a QSL is. Indeed, even though the
experimental observation of fractionalized quasiparticles
or emergent gauge fields would be direct evidence for a
QSL ground state, conventional probes do not usually offer
such unambiguous detection. For instance, a widely used
method to “diagnose” a QSL is through the lack of
signatures indicating LRO and the presence of a broad
continuum in inelastic neutron scattering. However, this is
an unconvincing state of affairs considering that scattering
continua can be indicative of much less exotic phenomena
than a continuum of fractionalized quasiparticles [9-14].
Therefore, since the universal features of QSLs (i.e., LRE)
are not easily reachable by currently available probes, one
has to resort to a much more careful and systematic
approach where the microscopic parameters of a candidate
material are first estimated by fitting a plethora of exper-
imental measurements (e.g., heat capacity, magnetization,
neutron scattering). Specific predictions about the nature of
the ground state and its distinctive signatures can then be
made to be later confirmed by empirical studies.

Recent investigations on the dipolar-octupolar (DO)
compounds Ce,Zr,0; [15-22], Ce,Sn,0; [23,24], and
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Ce,Hf,05 [25,26] have been particularly exciting in that
regard. A large amount of experimental evidence indicates
that they may be a realization of quantum spin ice (QSI);
a QSL with an emergent compact U(1) gauge structure
that provides a lattice realization of quantum electrody-
namics [27-31]. In these DO compounds, the lowest lying
doublet of the magnetically active ions forming a pyro-
chlore lattice can be described by pseudospin-1/2 with two
components (S*,S%) that transform as dipoles and one
(S”) as an octupolar moment [32,33]. The most general
Hamiltonian with nearest-neighbor couplings can be
written as an XYZ model in a rotated local basis 'H =
Z<i.j> [/ SFST + Jny'l-VS§ +J..S;S3].

Combinations of experimental measurements and theo-
retical analyses have now strongly constrained the micro-
scopic exchange parameters for Ce,Zr,0;, Ce,Hf,05, and
Ce,Sn,0;. They indicate that the leading coupling is most
likely associated with the octupolar component (i.e.,
[Tyyl > [Tel. | T22]) [18,19,24,26], and in a region of
parameter space that is predicted to realize the so-called
z-flux octupolar quantum spin ice (7-O-QSI) phase,
although conflicting results on Ce,Sn,O; have recently
been reported [34]. In the z-O-QSI phase, the hexagonal
plaquettes of the pyrochlore lattice are threaded by a
static # flux of the emergent gauge field [see Figs. 1(a)
and 1(b)] [35-41].

Even if the position of these compounds is solidly
established in parameter space, there are still doubts
regarding the nature of their ground state. The experimen-
tally identified parameters are far from the perturbative
Ising limit where the theoretical prediction for the z-flux
QSI ground state is well established and disorder or
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FIG. 1. (a) The network of corner-sharing tetrahedra forming
the pyrochlore lattice and the sites of its parent (premedial)
diamond lattice. (b) Hexagonal plaquettes of the pyrochlore
lattice. (¢) GMFT phase diagram of DO systems in the octupolar
dominant regime. The dotted line indicates the J. = O boundary.

interactions beyond the XYZ model could potentially
stabilize other competing states [21]. These suspicions
would be put aside if a prediction for a specific and distinct
signature of the z-flux state could be experimentally
observed. So far, no theoretical study of octupolar quantum
spin ice (O-QSI) has been able to put forward such
experimentally accessible smoking-gun signatures.

In this Letter, we present a comprehensive study of
0-QSI using a recently introduced extension of gauge mean
field theory (GMFT) [42]. We first classify all symmetric
GMFT Ansdtze and study their stability to produce a phase
diagram widely consistent with previous numerical inves-
tigations [43-47]. We then compute the equal-time and
dynamical spin structure factor for the 0- and z-flux O-QSI
states. It is crucially highlighted that, due to their two
largely flat energy bands, the spinons’ contribution to the
dynamical spin structure factor of the z-flux state is formed
of abroad continuum with three distinctive peaks, in contrast
to only one peak in the O-flux phase. This highly distinctive
and unique feature should be accessible by neutron scatter-
ing on either powder or single crystal samples with a
resolution of about an order of magnitude higher than the
leading exchange coupling J,,. The experimental identi-
fication of these structures would be cogent proof for
the long sought-after experimental discovery of a three-
dimensional QSL.

Model.—In this analysis, we examine the XYZ model in
the experimentally relevant octupolar dominant regime
where J,, >0 and J, > |J,,|.|J ;|. In the Ising limit
(.e., J,, >0 and Jy, > |J[,|[/.]), the dominant term
restricts the system to a subspace where the sum over the y
component of all spins is zero for every tetrahedron (i.e.,
2-in-2-out). The transverse couplings lead to mixing
between these states and promote the system from a
classical spin liquid to a QSL whose low-energy behavior

can be described by a compact U(1) gauge theory of the
form Hege ~ (o +J.2)° /I3, > cos(V x A) on the parent
diamond lattice [27,37,48,49]. From this perturbative argu-
ment, one expects a deconfined U(1) QSL with O flux
(7 flux) threading the hexagonal plaquettes for J,, +J,, <0
(Jyx + J,, > 0). The stability of the O-flux state is now
firmly established from quantum Monte Carlo (QMC)
simulations [46,47,50,51].

To go beyond such a perturbative treatment, we employ
GMFT where a bosonic matter field that conceptually
corresponds to tetrahedra breaking the 2-in-2-out rule is
introduced on the parent diamond lattice [36,37,52-54]. In
such a framework, the pseudospins are expressed in terms
of an emergent compact U(1) gauge field A, its canonically
conjugate electric field E that takes on half-integer values,
and the spinon operator d);l = e'?r that creates a gauge
charge Q. Explicitly, S b2 = ®f, (eMraratn /2)D, b,

y — + _ Qz iQX
and Sr(,+n(,b,,/2 = NaEr, v 1n,b, where S* = S*+iS%, r,

labels the positions on the diamond lattice, n, = 1(—1) if
the site belongs to the a = A(B) sublattice, and b,
(u =0,1,2,3) are vectors connecting the center of a
tetrahedron to its four nearest-neighbor diamond lattice
sites (see Supplemental Material [55] for conventions).
Such a mapping is exact if the discretized Gauss’s law
O, = Zi:o Er r. +1ab, is imposed on every tetrahedron.

Directly replacing the parton construction in the XYZ
Hamiltonian leads to an interacting quantum rotor model
strongly coupled to a compact U(1) gauge field. To get a
tractable model, three successive approximations are car-
ried out. (i) A mean-field (MF) decoupling is performed on
the four bosons interaction arising from terms of the form
S*S* such that @[®/®,®, — O®y;, + D70+
Zd)fd)jf,-k + 2<Dj(1>k§i. j» Where the intersite pairing y, on-
site pairing »°, and intersublattice hopping & MF param-
eters have been introduced. (ii) The gauge field is fixed to a
constant saddle point background A — A. This effectively
decouples the matter and dynamical gauge field sectors.
(iii) Finally, a large-N approximation is made by relaxing
the constraint on the rotor length |©Ia<l>ra| =1 to an
average one Era@)lad)ra) /N =k for a = A, B imposed
by the Lagrange multipliers A*. We pick k = 2 since such a
constraint recovers the correct spinon dispersion &, (k) =
Jyy/2 in the Ising limit (i.e., J,./J,, = Oand J . /J,, — 0).
It also reproduces the QMC results for the position of the
phase transition from the O-flux QSI to an ordered state
and for the position of the lower and upper edges of the
two-spinon continuum [42,46,50]. See Supplemental
Material [55] for detailed discussion, which includes
Refs. [56-60]. Following these prescriptions, we get the
GMFT Hamiltonian
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where J, = —(J +J..)/4 and o = (J ., —J,)/4 A
detailed construction of Hgypr is presented in the Supple-
mental Material [55].

Phase diagram.—At this stage, one usually has to make
an educated guess on the general form of the background
gauge field and the other MF parameters [36,52,53].
Using a framework recently introduced by the authors
[42], we make no such ad hoc assumptions and classify
all field configurations that yield QSI states symmetric
under all space group operations of the diamond lattice.
The nontrivial transformation properties of the DO pseu-
dospin moments lead to a distinct classification than
in the effective spin-1/2 case [42]. For a chosen subset
of inequivalent field configuration, we solve the self-
consistency conditions and compute the ground state
energy over the whole quadrupolar dominant quadrant to
obtain the GMFT phase diagram presented in Fig. 1(c) (see
Supplemental Material [55] for the classification).

The GMFT phase diagram is consistent with previous
works [43,44]. We observe a large region where the
spinon dispersion becomes gapless at the I' point, thus
leading to condensation of the bosons (®y _g) # 0. This
region corresponds to X or Z all-in-all-out magnetic
ordering, as expected by classical simulations, since it
has ordering wave vector k. = 0 and condensation implies
(8%) ~ A (@") (@) #0.

Most significantly, we find the 0-O-QSI and z-O-QSI
phases separated by the transition line J, = 0, as predicted
by the perturbative argument outlined above. Along
the XXZ line (i.e., Jo. = 0), we find a transition from
0-O-QSI to the ordered state at J/J,, =~ 0.048, in spec-
tacular agreement with QMC where the transition occurs at
Ji/J yy ~ 0.05 [45-47,61]. In these deconfined QSI phases,
the spinon spectrum is gapped, and all MF parameters
vanish (i.e., y = y° = £ = 0). When examining the GMFT
Hamiltonian in Eq. (1), we see that the disappearance of the
MF terms implies that the U(1) symmetry breaking term
associated with the J, . coupling vanishes as well. Even
though this emergent U (1) symmetry within the QSI phases
might a priori seem like an artifact of GMFT, recent exact
diagonalization (ED) results corroborate its naturalness [22].
ED calculations observed that for an anisotropic XY Z model
(e, Jow #Jyy, #J,;) in a parameter regime where the
7-O-QSI should be stable, the equal-time pseudospin

1Dy + 2(D1a¢)ra+l1,,bb ér,,,r(,+i1,,b,,) + H'C'] ’ (1)

|

correlations in the local frame [i.e., S¢%(q) = (1/N) x
i e""l'(Ri‘Rf)<Sj?S§?>] satisfy Sfk = Sf%, whereas in
classical simulations Sig: # St

Equal-time correlations.—Now that the range of stability
of 0-O-QSI and 7-O-QSI has been established, we study
their physical properties in detail. Since the S* and S”
components of the pseudospins are octupolar in nature,
they are not expected to linearly couple to the magnetic
dipoles of neutrons. Accordingly, we assume that the only
nonvanishing ¢ factor in the local frame is g,,, an accurate
approximation for Ce,Zr,0; [18,19]. With g,, = g,, =0,
neutron scattering probes correlations between the local z
components of the pseudospins associated with the spinon
excitations (S* ~ @' ¢iA®), not the photons (S’ ~ E).

We start by considering the equal-time correlations in
both deconfined phases. On top of the diagonal equal-time
pseudospin correlations Sf¢, we compute the equal-time
neutron scattering structure factor

Il . G9E D] ks
S(a) =330 |12y - LD e, 2

ij

where Z; is the local z axis at site i. With polarized neutrons,
this total contribution can be separated into the spin-flip
(SF) Sse(g), and non-spin-flip (NSF) Syse(q) channels
(neutrons are polarized perpendicular to the scattering
plane). These results are presented in Fig. 2 for 0-O-QSI
and 7-O-QSI along the [hhl] plane. The qualitative features
of Ssr(g) are similar to S(g). Thus, we do not present
Sse(q) separately.

It should first be noted by looking at the equal-time
correlations in the local frame and S(q) that the inten-
sity gets reversed at the transition between 0-O-QSI and
7-0-QSI while the pattern remains similar. This can be
understood by considering the Ising limit where the ground
state is an equal weight superposition of 2-in-2-out con-
figurations in the y basis. Such a state corresponds to an
equal weight superposition of all single tetrahedra configu-
rations (i.e., 2-in-2-out, 3-in-1-out, 1-in-3-out, and all-in-all-
out) in the x or z basis, leading to completely flat Si%(q),
Si5(q), and S(q). Then in the 0-O-QSI (z-O-QSI) phase
close to the Ising limit, the ferromagnetic (antiferromag-
netic) transverse coupling favors the all-in-all-out (2-in-2-
out) configurations. As argued in Ref. [62], decoupled
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FIG. 2.

(top-1) Diagonal equal-time pseudospin correlations in the local frame for the transverse components, (middle-2) total neutron

scattering equal-time structure factor and its contribution to the (bottom-3) non-spin-flip channel in the [AAl] plane for 7-O-QSI with
Ji/J,y equal to (a) —0.40, (b) —0.20, and (c) —0.05 and 0-O-QSI with J, /J,, equal to (d) 0.02, (e) 0.03, and (e) 0.04.

tetrahedra where all-in-all-out (2-in-2-out) configurations
are favored lead to S(q) with flat high-intensity (low-
intensity) rod motifs as observed in panel (2.c) (panel
2.d). Going further away from the Ising limit, the intensity
of §f%(q) = Sik(q) keeps increasing at the (0,0,2) and
(0,0,0) points for z-O-QSI and 0-O-QSI, respectively. The
previous single-tetrahedron argument outlined above starts
to fail, as signaled by an increasing intensity modulation
along the rods in S(q). As correlations between tetrahedra in
the z basis increase, we interestingly find a corresponding
rise of the contrast in the NSF channels. This intensity
modulation along the rods and in the NSF channels is
especially striking considering that such features are
observed in experiments and ED [15,18,22], but all classical
calculations report completely flat rods and a featureless
NSF channel [18,19,22]. Such features can only be obtained
classically by artificially introducing next-nearest neighbor
or dipolar interactions [19,63]. This observation seems to
imply that the variations along the rods and in the
NSF channel are due to quantum fluctuations that evade
classical treatments. A detailed comparison presented in
the Supplemental Material [55] shows that these equal-
time correlations are consistent with the 32-site ED results of
Ref. [22] and recent experimental measurements on
C622r207.

Dynamical correlations.—Next, we turn to the dynami-
cal spin structure factor (DSSF). Figure 3 presents the
spinon dispersion and DSSF between high symmetry
points for 0-O-QSI and #-O-QSI. The intensity is

concentrated near the upper edge of the two-spinon
continuum for 0-O-QSI. A detailed analysis shows that
predictions from GMFT are in excellent semiquantitative
agreement with the QMC results of Ref. [50] for the O0-flux

r0.8

r0.6

0.4

0.2

oo

FIG. 3. (top-1) Spinon dispersion and (bottom-2) dynamical
spin structure factor for (a) z-O-QSI with J . /J,, = —0.1875 and
(b) 0-0-QSI with J. /J,, = 0.04 along high-symmetry lines of
the pyrochlore lattice first Brillouin zone. The solid white lines
denote the upper and lower edges of the two-spinon continuum.
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FIG. 4. Momentum-integrated dynamical spin structure factor for (b) 7-O-QSI and (c) 0-O-QSI as a function of J /J”. Cuts at
specific values of J, /J,,, indicated by the vertical white lines in (b) and (c), are presented in (a) and (d). The upper and lower edges of
the two-spinon continuum are represented by solid white lines in (b) and (c), whereas the solid red lines indicate the spinon gap.

phase (see Supplemental Material [55]). We take this highly
nontrivial check as convincing evidence that GMFT does
provide a reliable description of spinons dynamics in QSIL.
In the case of z-O-QSI, the spinon dispersion is composed
of two bands (the flux enlarges the unit cell [42,64]) that are
mostly flat (i.e., standard deviation of the two bands is
much lower than their separation). This leads to a two-
spinon density p(®) (@) ~ > aparq 00— Ea(d1) — E4(q0)]
with three peaks coming from processes involving two
spinons in the lowest band (lowest energy peak), the two
different bands (central peak), and the highest band (highest
energy peak) (see Supplemental Material [55] for further
details). Since inelastic neutron scattering probes the two-
spinon continuum, these three contributions are visible in
the DSSF of 7z-O-QSI presented in panel (2.a) of Fig. 3,
although the high energy peak close to the upper edges of
the continuum is faint.

This continuum with three peaks is a distinctive sig-
nature. To see if it could still be measured by inelastic
neutron scattering experiments on powder samples, we
present the momentum-integrated DSSF as a function of
J./Jy, inFig. 4. For J, /J,, — 0, the DSSF collapses to a
single peak at w = J, since the spinon dispersion is
entirely flat [ie., £, (k) = J,,/2] in that limit. A single
peak concentrated near the upper edge of the two-spinon
continuum is observed for 0-O-QSI from that point up to
when the spinon gap vanishes and the bosons condense.
For 7-O-QS]I, the three peaks are clearly discernible. As one
moves from the Ising limit to the Heisenberg point, their
separation as well as the relative intensity of the lowest
energy peak compared to the second and third ones slowly
increase. As a confirmation, we show in the Supplemental
Material [55] that 32-site ED results display signatures of
this multiple-peak structure despite strong finite-size
limitations.

Discussion.—In this Letter, we used a newly introduced
extension of GMFT to study octupolar QSI. We obtained a

phase diagram consistent with previous studies where the
deconfined 0-O-QSI and z-O-QSI phases are separated
by the J,. = 0 line. We further showed that 0-O-QSI and
7-0-QSI have energy-integrated neutron scattering signa-
tures that have inverted intensities in momentum space and
highlighted that GMFT produces the typical rod motifs
observed in experiments with intensity modulation along
the rods and in the NSF channels—features absent from
classical treatments. It is then shown that 0-O-QSI has a
DSSF with a single peak close to the upper edge of the two-
spinon continuum, whereas 7z-O-QSI has three distinctive
peaks resulting from two mostly flat spinon bands.

These three peaks provide a distinctive experimentally
accessible smoking-gun signature for z-flux QSI. The third
peak is most likely too faint to be measured, but high-
resolution inelastic neutron scattering on powder samples
should be able to observe the first two. For instance, using
the microscopic parameters of Refs. [18,19], the separation
of the first two peaks for Ce,Zr,0O; should be approx-
imately of 0.06 meV and could be resolved with the best
available experimental apparatus [55].

Note added.—Recently, a new inelastic neutron scattering
experiment on powder samples of material candidate
Ce,Sn,0; achieved an energy resolution of 0.7 peV and
reported the presence of three peaks of decreasing intensity
in the measured dynamical spin structure factor [65].
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