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Vector modes are fully polarized modes of light with spatially varying polarization distributions, and
they have found widespread use in numerous applications such as microscopy, metrology, optical trapping,
nanophotonics, and communications. The entanglement of such modes has attracted significant interest,
and it has been shown to have tremendous potential in expanding existing applications and enabling new
ones. However, due to the complex spatially varying polarization structure of entangled vector modes
(EVMs), a complete entanglement characterization of these modes remains challenging and time
consuming. Here, we have used a time-tagging event camera to demonstrate the ability to completely
characterize the entanglement of EVMs. Leveraging the camera’s capacity to provide independent
measurements for each pixel, we simultaneously characterize the entanglement of approximately 2.6 x 10°
modes between a bipartite EVM through measuring only 16 observables in polarization. We reveal that
EVMs can naturally generate various polarization-entangled Bell states. This achievement is an important
milestone in high-dimensional entanglement characterization of structured light, and it could significantly
impact the implementation of related quantum technologies. The potential applications of this technique are
extensive, and it could pave the way for advancements in quantum communication, quantum imaging, and

other areas where structured entangled photons play a crucial role.
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Quantum entanglement [1] is a remarkable feature of
quantum theory that has become a cornerstone in photonic
quantum information processing, encompassing quantum
computation [2], quantum teleportation [3], quantum cryp-
tography [4], and quantum dense coding [5]. Demonstrated
across various degrees of freedom, including polarization
[6], orbital angular momentum [7,8], path [9], and time-bin
[10], photonic entanglement has gained prominence as
technologies leveraging it become more integrated into
daily life. Consequently, examining intricate entanglement
structures and their applications is increasingly vital.

Distinct from homogeneously polarized light, vector
modes (VMs) of light display a complex, spatially varying
polarization structure [11]. Owing to their unique attributes,
VMs have recently attracted attention in diverse fields such
as nonlinear optics [12], high-resolution imaging [13],
laser processing [14], classical or quantum communication
[15-17], sharper focus spots [18,19], and quantum key
distribution [20,21]. Two primary approaches to generate
VMs include the intracavity method, which involves
inserting mode-selection optical elements in a laser resonator
[22-24], and the extracavity method, which entails trans-
forming Gaussian modes into VMs using specialized optical
elements like ¢ plates [25,26] or a spatial light modulator
combined with a Sagnac interferometer [27].

Entangled VMs (EVMs) have been demonstrated in
[28,29], where polarization-entangled photon pairs are
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converted into VMs, transforming spatially homogeneous
polarization entanglement into a complex, spatially variant
polarization entanglement structure. However, thoroughly
characterizing this spatially dependent entanglement
without prior knowledge of the involved modes can be
challenging, especially when the entanglement is in higher
dimensional Hilbert spaces involving the superposition of
multiple VMs. Utilizing the projective measurements
approach [28], one will have to cycle through different
g-plate combinations to determine the individual contribu-
tions of each mode. The number of measurements required
will increase exponentially with an increase in the size of
the involved Hilbert space. Alternatively, a full spatial
scanning of the EVM can be performed where the polari-
zation entanglement between every spatial point combina-
tion is characterized. Employing single-pixel detectors, such
as avalanche photodiodes, necessitates (N x N)? x 16 mea-
surements where N x N represents the number of spatial
locations on each VM to be probed and 16 denotes the
required polarization measurement combinations [30].
By using a triggerable intensified CCD (ICCD) camera,
where a single-pixel detector triggers the ICCD, a total of
(N x N) x 16 data acquisition runs will be required where in
each run a polarization measurement is taken simultaneously
between each pixel of the camera and the single-pixel
detector. This is partially demonstrated in the case of a
homogeneously polarized mode entangled to a VM [27,31].

© 2024 American Physical Society
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FIG. 1. Conceptual setup for the generation and characteriza-
tion of vector mode entanglement. Einstein-Podolsky-Rosen
(EPR) photon pairs entangled in the polarization degree of
freedom are first spatially filtered by polarization-maintaining
single-mode fibres (PMF) into the fundamental mode before
being sent onto the g plates (with different topological charges) to
create entangled structured photons. Polarization state tomogra-
phy is performed using a combination of quarter-wave plates
(QWP), half-wave plates (HWP), and polarizers with the photon
pairs detected by time-tagging event cameras from which spatial-
temporal information of the photons is collected. A spatial-
temporal correlation measurement is then performed for each of
the 16 combinations of polarization measurement. The density
matrix and, subsequently, the Bell states for each pixel combi-
nation can then be determined.

Here, we present the full characterization of spatially
dependent polarization entanglement between EVMs using
only 16 data acquisition runs, where in each data acquisition
run, a projection measurement on a polarization observable is
made in parallel for each spatial location pair of the EVM.
Facilitated by a time-tagging event camera, in each data
acquisition run, a polarization measurement is taken simul-
taneously for all position combinations between the
EVMs in a four-dimensional space. Covering approximately
40 x 40 pixels per VM, ~2.6 x 10°® modes between a
bipartite entangled state are measured simultaneously.
Various polarization-entangled Bell states have been gener-
ated naturally using the EVMs of this work. To showcase the
versatility of our technique, we perform the characterization
for various polarization topological patterns, including vec-
tor-vortex, lemon, star, and spiral polarization patterns,
all exhibiting exceptional agreement with the anticipated
entanglement pattern derived from theory. Compared to past
demonstrations [27-29,31], this is the first time the four-
dimensional spatially dependent polarization entanglement
structure of EVMs is fully characterized without requiring
prior knowledge of the involved VMs. The ability to perform
this type of measurement within a reasonable time will have a
profound impact on the fundamental studies of structured
light entanglement as well as their potential applications in
fields such as quantum communications and quantum sensing.

The conceptual diagram for the generation and charac-
terization of spatially varying polarization-entangled pho-
tons is shown in Fig. 1. A polarization-entangled state with a
Gaussian mode profile of the following form is first prepared,

V2

where |L,R) = |L), ® |R); with |L) and |R) denoting left-
and right-circular polarization, and the subscripts s and i
denoting the signal and idler photons, respectively. This
initial polarization-entangled state can be chosen to be any of
the four Bell states; we have chosen to use this particular
antisymmetric state simply because this is the output state of
our photon source (see the Supplemental Material [32] for
more details). The setup of Fig. 1 does not need to be changed
for different initial Bell states, and the theoretical calculations
to follow can also be easily modified based on the initial state.

The unitary action of a ¢ plate with topological charge ¢
acting on a circularly polarized Gaussian mode can be
written as [35]

o [8]-mane ] Qi

[mn)

ei2q6'|L>

|‘Po>=L2(|H7V>—|V7H>)= (IL.R)=|R,L)), (1)

(2)

where F(r) and F,(r) determine the radial profiles of the
unconverted and converted modes, respectively—here, we
considered ¢ plates wherein the local optical axis distri-
bution of the liquid crystals is a(6) = g6. Both F(r) and
F,(r) can be expressed analytically in terms of hyper-
geometric Gauss modes [36]. However, for g plates with
low g values, within a good approximation, both radial
functions can be expressed in terms of the Laguerre-Gauss
modes possessing azimuthal indices of 0 and 2¢, and radial
index zero at z =0, respectively, ie., F,(r)e*? =
LGy 12,(r.6) [35]. 6€10,7] is the optical retardation of
the g plate, which can be tuned based on the voltage applied
to the ¢ plates [37]. Therefore, sending each photon onto
different ¢ plates yields the following complex space-
varying polarization-entangled state,

1 [~ ~ s, oy s,
1) =75 (051,03 1R~ 0% 1R, 0% 113, ). 3

Here, f]’;f; and Uz’; denote the signal and idler g-plate
actions, respectively—note that the global U(1) phase of
7/2 is omitted. The four parameters of {gy,3d,.q;,5;}
determine the polarization entanglement state between
signal and 1idler photons. For instance, setting
qg;=¢q;=1/2 and 6, =06, =nr/2, the polarization
Einstein-Podolsky-Rosen (EPR) state is transformed
into the radial and azimuthal entangled state, i.e.,
(|radial, azimuthal) — |azimuthal, radial))/+/2.

To characterize the spatially varying entanglement
between the entangled photons, polarization state tomog-
raphy is performed using 16 different combinations of
polarization measurement. Each photon is then collected
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by a time-tagging event camera (TPX3CAM [38,39])
placed in the near field of the two ¢ plates from which
spatial-temporal information about the photons is recorded.
A spatial-temporal correlation measurement is then per-
formed between the two cameras for each of the 16
polarization measurements from which the spatially vary-
ing density matrix and, subsequently, the Bell states
contributions can be determined.

In this Letter, we demonstrate the entanglement charac-
terization for two g-plate settings: the case of when both ¢
plates are perfectly tuned (6, = §; = #) and when both are
partially tuned (6, = 6; = x/2). For two tuned ¢ plates with
topological charges ¢, and g; applied to the signal and idler
photons, respectively, Eq. (3) can be rewritten as a super-

position of the four Bell states, |¢*) = (1/v/2)(|H),|H); +
V)sIV)i) and |y*) = (1/V2)(|H)|V); £ [V),|H),), as

|lpf> = Fq,.,q,»(rs’ ri)[Sin 2(qs6s - QZ91)|¢+>
= q:0;)ly7)], (4)

where F, ,(ry.r;) = F, (r,)F,(r;), and (r,,6;) and
(r;,0;) are the transverse coordinates of signal and idler
photons.

For the partially tuned case, (6, = §; = #/2), we can
rewrite Eq. (3) as

—cos2(q,0,

1
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(5)

Detailed calculations can be found in the Supplemental
Material [32].

The Bell state contributions for EVMs generated with
tuned ¢ plates depend only on the azimuthal degree of
freedom (d.o.f.), 6, and 6;, and of course, the plates,
topological charges ¢, g;, while both ¢~ and y™ states
make no contributions. For partially tuned ¢ plates, the
situation is more complex since all four Bell states make
contributions. Indeed, Bell states are a function of both the
azimuthal d.o.f., 6, and 6;, and the radial d.o.f., r; and r;.

In the experimental demonstration (see Supplemental
Material [32] for the detailed experimental setup), a single
time-tagging camera was employed as an alternative to the
originally proposed dual-camera setup. Each photon of the
EVM pair was directed toward a corner of the camera,
encompassing an area of roughly 40 x 40 pixels. An initial
temporal correlation measurement was conducted to iden-
tify photon pairs using the position and time data of each

photon captured by the camera. This was followed by a
spatial correlation measurement conducted in cylindrical
polar coordinates, which will give a better visualization of
the predicted patterns as given by Egs. (4) and (5). This
procedure was repeated for 16 distinct polarization meas-
urement combinations, as required for biphoton polariza-
tion state tomography [30]. The quantum state tomography
for EVMs generated with ¢ plates of topological charges
q, = 1/2 and g; = 1 is illustrated in Fig. 2. The measured
spatial correlation between signal and idler photons in the
azimuthal d.o.f. 8, with radial d.o.f. r summed over, is
presented for the 16 different polarization combinations
employed in polarization state tomography; see Fig. 2(a).
Correlations in the radial d.o.f. exhibited minimal variation
between distinct polarization measurements and are,
therefore, not depicted here, but can be found in the
Supplemental Material [32]. Subsequently, an azimuthal
angle-dependent density matrix was reconstructed using a
maximum likelihood method (as detailed in Sec. VI of
[30]), and to simplify visualization, the corresponding Bell
state decomposition is displayed in Fig. 2(c). We observe
azimuthally that the measured Bell state contributions
oscillate between the |y ™) and |¢T) states, with negligible
contributions from the |¢~) and |w™) states. This outcome
aligns well with the theoretical expression reported in
Eq. (4). A concurrence is also measured for every 6,
and 0; combination of the EVM with an average value of
0.540 + 0.005. Compared to the ideal value of 1, this
reduced concurrence is likely a result of experimental
imperfections, such as imperfections in the g plate, which
may introduce a radial dependence of the entangled state, as
well as a nonuniform retardation. Imperfect alignment, the
slightly nonuniform quantum efficiency across the pixels of
the camera, and the quality of the initial Bell state used in
generating the EVM will all have an effect on the measured
concurrence. Results for two partially tuned ¢ plates with
topological charges g, = 1/2 and ¢; = 1 are displayed in
Figs. 2(d)-2(f). Because of the increased complexity of the
spatially variant structure and sensitivity to optical align-
ment, the state tomography results are noisier, yet they still
demonstrate reasonable agreement with theoretical expect-
ations. The average concurrence of the EVM is measured to
be 0.517 £ 0.005.

Figure 3 displays the experimentally measured Bell state
decomposition for EVMs generated using both tuned and
partially tuned g plates at various combinations of topo-
logical charges. The probability amplitudes of the Bell
states are mapped onto a torus for a more compact and
clearer depiction of the cyclic nature of the azimuthal angle
of polar coordinates (0,,0;). For the measured spatial
correlations of all g-plate combinations, please refer to
the Supplemental Material [32].

From our results, we can see that it is possible to
determine the involved charges of unknown ¢ plates based
on the patterns seen in the measured probability plot for the
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FIG. 2. Measured spatial correlations and entanglement characterization for biphoton with spatially varying polarization states
generated via two ¢ plates. (a) Two-photon spatial correlations between two entangled vector modes measured in the azimuthal degree
of freedom from 16 different polarization measurements. Two tuned ¢ plates (6, = §; = ) with topological charges ¢; = 1 and
q, = 1/2 are used to generate the entangled vector-vortex photons. (b) Graphical representation of the polarization patterns overlaid on
the photon probability distribution for an input EPR pair in the antisymmetric Bell state. (c) Reconstructed probabilities for the four Bell

states {|y ™), [w™),|¢1),|¢7)}. The insets are the respective theoretical probabilities. (d)—(f) Corresponding results for two partially
tuned ¢ plates (§; = 8; = x/2) with topological charges ¢; = 1 and g, = 1/2. Red lines in (b) and red (blue) ellipses in (e) show the

major axes of the polarization.

four Bell states. For tuned ¢ plates with a single charge,
the involved charges can be determined by looking at the
frequency and orientation of the bright stripes in the y~
and ¢* basis. In cases where the ¢ plate contains a
superposition of charges, a brute-force approach may be
necessary. The tomography patterns of different charge
combinations can be calculated theoretically. Then, using
the theoretically generated patterns, a comparison can be
drawn between theory and experiment to identify the best
matching case. The process may be sped up if one can
identify distinct structures in the tomography results based

on the charges involved. For instance, in our case of partially
tuned ¢ plates, a superposition of charges 0 and ¢, patterns
seen in the tomography results, such as the frequency and
orientation of the stripes and spots, can provide clues to the
charges involved. Ultimately, the challenge of finding the
contributing modes experimentally now shifts to a theoretical
and computational problem, which can be performed sig-
nificantly faster. This, however, is beyond the scope of this
work and will require further investigation.

One significant limitation of the current demonstration
is the low efficiency of single-photon detection, i.e., the
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FIG. 3.

The experimental results for the probabilities of the four Bell states. The Bell state probabilities at different azimuthal angles

between the two entangled vector modes are mapped onto a torus. The vector modes are generated for a combination of ¢ plates with a
fractional topological charge of ¢ = —1/2, 1/2, or 1 in each path.

camera, which results in significant noise and extended data
acquisition times of 8 min per data acquisition run.
The camera’s low efficiency of approximately 8% [34],
combined with the need to couple polarization-entangled
photons into single-mode fibers with a coupling efficiency
of around 30%, only provides a coincidence efficiency of
0.06%. To improve the system’s performance, a potential
first step would be to generate entangled photons directly
from fibers through spontaneous four-wave mixing [40],
eliminating the losses associated with fiber coupling. This
modification could result in an order of magnitude
improvement in coincidence efficiency and, consequently,
a reduction in data acquisition time. Moreover, with the
coincidence efficiency scaling quadratically relative to the
single-photon efficiency, further improvements could be
achievable with the development of more sensitive cameras
in the near future, allowing for entanglement characteri-
zation to be performed in mere seconds.

In conclusion, we have successfully demonstrated
the generation and characterization of the nonuni
form transverse polarization entanglement between various
classes of VMs in a scan-free manner. This is the first
experiment in which the four-dimensional entanglement
structure of EVMs is fully characterized and has revealed
previously unseen entanglement structures. Past experi-
ments could only perform the characterization in either two
or three dimensions [27-29,31]. The demonstrated method
can be invaluable for quickly characterizing spatially
varying entanglement in EVMs, which are gaining interest
in various high-dimensional quantum systems such as
quantum communication and quantum imaging. We uti-
lized spatial-temporal correlation measurements on data

collected by a time-tagging event camera to perform
polarization state tomography on approximately 2.6 x 10°
(40 x 40) spatial modes using only 16 data acquisition runs.
In our work, it has been observed that various polarization-
entangled Bell states can naturally arise from EVMs. The
measurement results agreed well with theoretical predic-
tions. Future improvements to the detection efficiency of
time-tagging camera technology could potentially enable
real-time state tomography on EVMs by splitting the
photons onto multiple cameras, with each camera measuring
a different polarization. These developments would signifi-
cantly enhance the capabilities of quantum communication
and quantum imaging systems. The local entanglement
measurements in our system could be exploited to
enhance the sensitivity of photonic gears [41,42]. Our
study also shows some promising applications—for
example, quantum sensing of birefringent materials,
and the generation of high-dimensional topological
structures such as 4D skyrmions.
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