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Magic Momenta and Three-Dimensional Landau Levels from a Three-Dimensional
Graphite Moiré Superlattice
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In this Letter, we theoretically explore the physical properties of a new type of three-dimensional
graphite moiré superlattice, the bulk alternating twisted graphite (ATG) system with homogeneous twist
angle, which is grown by in situ chemical vapor decomposition method. Compared to twisted bilayer
graphene (TBG), the bulk ATG system is bestowed with an additional wave vector degree of freedom due
to the extra dimensionality. As a result, when the twist angle of bulk ATG is smaller than twice of the magic
angle of TBG, there always exist “magic momenta” which host topological flat bands with vanishing in-plane
Fermi velocities. Most saliently, when the twist angle is relatively large, a dispersionless three-dimensional
zeroth Landau level would emerge in the bulk ATG, which may give rise to robust three-dimensional quantum
Hall effects and unusual quantum-Hall physics over a large range of twist angles.

DOI: 10.1103/PhysRevLett.132.056601

Twisted bilayer graphene (TBG) [1-3] has aroused
significant interest in recent years. When the twist angle
of TBG is around the “magic angles” [1], the lowest two
bands per spin per valley become ultraflat, and even turn
out to be exactly flat in the chiral limit [4]. These flat bands
are further found to be topologically nontrivial with
Landau-level like wave functions [4—12]. The unprec-
edented flatness combined with nontrivial band topology
yields plentiful phenomena in magic-angle TBG such as
superconductivity, correlated insulators, quantum anoma-
lous Hall effect, orbital magnetic states, and so on [13-36],
which have stimulated tremendous theoretical research
[9,10,37-61].

It is well appreciated that tuning a TBG sample to the

vicinity of the first magic angle (95,}) ~ 1.05°) is extremely
challenging, especially if the device were fabricated based
on the traditional transferring and stacking technique
[62,63]. Nevertheless, the stringent magic-angle condition
for the emergence of flat bands in TBG can be somehow
released by stacking more twisted graphene layers in the
out-of-plane direction, forming twisted multilayer graphene
(TMG) [64-72] and alternating twisted multilayer gra-
phene (ATMG) [73-77] systems, where topological flat
bands are robustly present over a finite range of twist angles
or at larger values of magic angles. Various exotic states
such as unconventional superconductivity [78,79], quan-
tum anomalous Hall effect [80], and generalized Wigner
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crystals [81] etc., have been observed in these TMG and
ATMG systems. From the perspective of fundamental
science, it 1s then natural to ask what kind of new states
and new phenomena would emerge when an infinite
number of layers of twisted graphene are stacked on top
of each other, forming a three-dimensional graphite moiré
superlattice.

Recently, an origami-kirigami approach by chemical
vapor deposition (CVD) growth has been developed for
the fabrication of graphene spiral [82]. Using such a
technique, double-helix structure of hundreds of inter-
winded graphene layers with uniform interlayer twist
angle has been successfully achieved [see Fig. 1(a) and
Supplemental Material, video 1 [83] ]. The top view of the
dual-helical graphene spiral [top panel of Fig. 1(b)]
indicates a periodic superlattice arrangement. Away from
the central dislocation line, the system exhibits an alter-
nating twisted pattern between each of the two adjacent
graphene layers, wherein intraplane moiré superlattice
vectors [t;, t, in the top panel of Fig. 1(b)] can be
identified. In principle, it is feasible to achieve the growth
of infinite graphene layers along the vertical screw dis-
location, which for the first time realizes a genuine three-
dimensional moiré graphite superlattice with alternating
interlayer twist angle. In Fig. 1(c), the transmission electron
microscopy (TEM) image of the twisted graphene spiral
sample is presented. Employing mask filtering and inverse
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FIG. 1. Structural characterizations of bulk alternating twisted
graphite. (a) The structural model of a graphene spiral with
alternating interlayer twist angle. (b) The top view and the cross-
sectional illustration (tp; and tp, denote Burgers vectors) of the
structural model. (c) High-resolution TEM image of the twisted
spiral graphene sample. (d) Electron diffraction pattern.

fast Fourier transform processing in digital micrograph,
the TEM image distinctly demonstrates a moiré pattern
characterized by an average superlattice constant of L, =
a/[2sin(6/2)] = 4.9 nm [inset of Fig. 1(c), a = 2.46 A is
graphene’s lattice constant], corresponding to a twist angle
0 ~2.9° As depicted in Fig. 1(d), the electron diffraction
patterns from two sets of twisted graphene layers are clearly
distinguishable, yielding a measured twist angle of approxi-
mately 3°, in concordance with the deduction from the real-
space moiré superlattice constant. The cross-sectional
scanning transmission electron microscopy (STEM) image
offers a contrasting feature of the double-helix graphene
spiral, which confirms the successful growth of two sets of
alternatingly twisted graphene layers following the helical
dislocation path [83]. All these structural characterizations
are also presented in the Supplemental Material, video 2
[83]. A noteworthy observation is that this screw disloca-
tion itself hosts bound states [83]. The successful realiza-
tion of this macroscopically extensive bulk alternating
twisted graphite (ATG) system effectively extends the
realm of intriguing moiré graphene superlattices physics
from two dimensions to three dimensions.

In this Letter, we theoretically study the electronic struc-
tures, topological properties, and Landau levels (LLs) of
the bulk ATG system. The additional dimensionality
endows bulk ATG an additional wave vector degree of
freedom to explore flat-band physics of magic-angle TBG. In

particular, we find that when the twist angle 6 < 205,,1) ~2.1°,
one can always find a “magic quasi momentum” 71k} at which
the 2D band structures and wave functions within the k,-k,
plane are exactly the same as those of TBG at the first magic
angle. Moreover, when the twist angle 6 is smaller than twice

of the nth magic angle 95,’7 ) (withn = 2,3, ...), then for each

0, there are at least n magic momenta {k&”’*, s=1,...,n}at
which the band structures and wave functions within the
ky-k, planes are exactly the same as those of TBG at the sth

magic angle 925 ). In other words, when 6 < 65% ) ~ 1°
multiple flat bands with distinct topological properties would
coexist in the same bulk ATG system. For larger twist angles

0> 2¢9ﬁ,}) ~ 2.1°, Dirac-cone type band structures with finite
Fermi velocities persist for every &, in the Brillouin zone. The
Dirac points are almost perfectly aligned on a chain in the k,
direction, leading to weakly dispersive three-dimensional
LLs. Most saliently, given that the zeroth LL of graphene is
exactly pinned to the Dirac point, there exists a branch of
dispersionless zeroth 3D Landau band emerging from bulk
ATG under vertical magnetic fields, which may give rise to
robust 3D quantum Hall effects (QHE) at its full filling.
Magic momenta.—Neglecting the spiral dislocation at
the core, we can consider bulk ATG as an infinite aligned
stacking of TBG in the out-of-plane direction with lattice
constant 2d, = 6.7 A. The coupling between two nearest
neighbor TBG motifs is just the first-neighbor interlayer
moiré potential. Such a picture leads straight to a low-
energy effective Hamiltonian for bulk ATG [83] based on
the continuum model [1,2,97] of TBG with twist angle 6:

,_ [~hvr(k = K)o
0 TH(1 + e™i?)

et
) T(1+ ”) )
—hvp(k — K3) - o

where the Fermi velocity is Avy/a = 2.1354 eV [84] with

graphene’s lattice constant a = 2.46 A. Neglecting the
intervalley coupling, the diagonal blocks represent the
k - p Hamiltonian of the two layers of graphene in valley
u = %1 near the Dirac points K, with the Pauli matrices
6" = (uo,.0,) defined in the sublattice space, and k =
(ky, ky). The off-diagonal term 7" [83] stands for the inter-
layer moiré potential. The phase factor e™# = ¢*2k:d jg
the only new contribution arising from the nearest neighbor
interlayer couplings along the opposite out-of-plane direc-
tions in such 3D bulk system. Here, it is naturally expected
that the distance between two adjacent graphene layers is
fixed, denoted as dy, since there is no space for out-of-plane
corrugations in such a 3D moiré superlattice. This postu-
lation is verified by direct molecular dynamics simulations
of bulk ATG, which gives d, = 3.35 A [83].

The moiré potential 7 are characterized by intra- and
intersublattice interlayer tunnelling amplitudes uy =
uy = 0.103 eV. Up to an overall bandwidth Avyk, [with
ko = 4x/(3Ly)], when uy = u;, the continuum model of
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FIG. 2. (a) Evolution of magic momenta ki"”’* as a function of
twist angle 6. The green dots are the results from tight-binding
calculations [83]. (b) Evolution of Fermi velocity near the moiré
K point as a function of k, for & = 0.45°. The red dots indicate the
four magic momenta. Inset shows Fermi surface at & = 7° with
Fermi energy 0.1 eV. (c) Evolution of bulk ATG (with 6 = 0.8°)

2D band structures in the (k,, k,) plane from k.dy = 0 to z/2,
where k""" and k¥ mark the two magic momenta. (d) Chern
number of the valence flat band of bulk ATG in valley K as a

function of k, and 6.

TBG is fully characterized by a dimensionless ratio
ao(0) = uy/(hvpky). Similarly, since &, is a good quantum
number and the bulk ATG can be seen as a series of
decoupled TBG indexed by k_, the noninteracting physics
of each of them is totally governed by

a(k,.0) = ap(0)|1 + €20, )

where k_d, € [0, z]. Therefore, given a twist angle 6, one
can explore a range of k -dependent effective moiré
potential, which varies from zero (k, = 7/2d,) to doubled
moiré potential strength (k, = 0) of the corresponding
isolated TBG. In the small-angle approximation, as long

as 6/2 is smaller than sth magic angle 95,‘:) of TBG, one can

always find the corresponding sth magic momentum k"

such that a(kg“‘)’*, 0) = ao(ef,i)), as shown in Fig. 2(a). For
example, to achieve the flat bands at the first magic angle in
TBG, it only suffices to twist the bulk ATG of angle
0 < 26\, ~ 2.1°. Furthermore, the bulk ATG can simulta-

neously host flat bands of TBG at several magic angles if
0 < 29%0 with n > 2. Accordingly, we can define n magic
momenta {k?)’*, s =1,...,n} for bulk ATG at fixed twist
angle 0 < 26'5,'}). For example, if 0 = 0.45° < 2 x 95,?), the
flat bands of TBG from first to fourth magic angle emerge

concomitantly in the bulk ATG at four magic momenta, as
shown in Fig. 2(b). In Fig. 2(c), we present the moiré band

structures of bulk ATG with @ = 0.8° at several different k.

In such a case, 2953 ) <0< 29,(3 ), topological flat bands at

the first and second magic angles of TBG coexist at

different magnetic momenta k§l>’ and kf)’*, as plotted
by cyan and magenta lines in Fig. 2(c). It is worth noting
that in Ref. [73], Khalaf et al. argued the presence of “a

continuum of magic angles” when 8 < 295,}) in the inifinite-

layer limit of ATMG. In the above discussions we have
shown that the continuum of magic angles are manifested
as #-dependent magic momenta in the 3D bulk limit.

Band topology.—Since bulk ATG integrates a continuum
of k,-indexed TBG into a single bulk system, it is intriguing
to explore the topological properties by varying both 6
and k,. By introducing a small sublattice mass term
(~0.1 meV) into the Hamiltonian Eq. (1), the Dirac points
are gapped out such that every band can be associated with
a Chern number. At each &, and 6, we calculate the Chern
number of the valence flat band from valley K, and the
calculated topological phase diagram is shown in Fig. 2(d).
First, the Chern number can change only if the twist angle
of bulk ATG @ is smaller than 6., = 2.3°, which corre-
sponds to the apex point of the rightmost phase boundary.
From right to left across 8., the Chern number at k, = 0
switches from 1 to 0. Nevertheless, the Chern number shifts
back to unity if € is smaller than another critical angle
0., = 2.15° If one continues to decrease 8, a series of such
phase boundaries are passed, resulting in a rich topological
phase diagram as shown in Fig. 2(d) [83].

3D quantum Hall effect.—The unusual band dispersions
and nontrivial topological properties of bulk ATG imply its
unconventional responses to electromagnetic fields. It
follows from Eq. (1) that k, plays a special role compared
to the other two wave vectors, leading to a strongly
anisotropic, quasi-2D Fermi surface as shown in the inset
of Fig. 2(b), which is desirable to realize 3D QHE [98,99].
To this end, the twist angle of the bulk ATG should be

sufficiently larger than 292), otherwise at some k, the
lowest bands would flatten, which suppresses LL spacing
thus disfavors QHE. In the case of large twist angles, the
moiré potential can be treated by perturbation theory, and
the bulk ATG around each Dirac point can be described by
a Dirac Hamiltonian with renormalized Fermi velocity

*

Heff = hUF[l - 9a2(kz’ 9)](kx6x + kyay)’ (3)

which is valid if 6%6° based on an attempting criterion
9a?(k,,0) < 0.1. In practice, 3D QHE is present at even
smaller angles (numerically checked at least for %4°).
Based on the Hamiltonian Eq. (3), at fixed k_, the LL should
be exactly the same as graphene but with k_-dependent LL
spacing. Remarkably, for every k, there exists the zeroth LL
exactly pinned at the Dirac point, which remains robust even
in the presence of slight inhomogeneity and disorder by
virtue of Atiyah-Singer index theorem [100]. This gives rise
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(a) Global gap (in units of eV) between the first and the zeroth 3D LLs under B = 3-15 T for § = 3.0-9.5°. (b) Global gap

between the second and the first 3D LLs in the same parameter space as (a). The gap is closed for 6 5 7°. (c) Color map of the filling
factor of 3D LLs in bulk ATG as a function of 3D electron density and magnetic field. The white dashed lines indicates the different
integer fillings. (d) Hofstadter butterfly of bulk ATG for k, = 0 and 6 = 7° for one spin sector. Green dashed lines mark the calculated
Laudau-level dispersions for n = 1, 2, 3 using the approximated Hamiltonian Eq. (3). The Chern number of the gaps are given. (e) k,
dispersions of LLs at B = 9.8 T. (f) Wannier plot associated with Hofstadter butterfly in (d).

to exactly dispersionless 3D zeroth LL [see Fig. 3(e)] if the
small coordinate-rotation effect is omitted.

The moiré periodicity splits LLs in a fractal manner
forming the well-known Hofstadter butterfly [91-93,101—
103]. Our calculations [83] show that for @ = 7°, the fractal
splitting of the first LL starts at B ~ 100 T, which is way
beyond the usual experimentally achievable magnitude [see
Fig. 2(d)]. Therefore, the renormalized Dirac Hamiltonian
Eq. (3) suffices to get the qualitative LL structure of the
bulk ATG if 0 g 6°. Under B = 9.8 T, the first and zeroth
LLs of the bulk ATG at @ = 7°, extracted from Hofstadter
butterfly calculations, are separated in energy by a large gap
~66 meV; and the first and second LLs are also separated
by a global gap ~2 meV [see Fig. 2(e)]. Consequently,
several quantized Hall conductivities may be observed.
Specifically, when the nth LL is occupied and is separated
from the higher one by a global gap, the Hall conductivity
should follow the sequence

o2

—2(n2
Ouy = 240 +2) 700

(4)

where the prefactor of 2 comes from spin degeneracy . This
can be shown by the Wannier plot (from one spin species)
in Fig. 3(f). According to the Diophantine equation, the
slope of each line is precisely the Chern number of the
filled Hofstadter bands [104-107]. The eightfold degen-
eracy is due to two Dirac cones in each of two valleys for
two spin sectors. The calculated global gap between the
first and zeroth 3D LLs in the (B, #) parameter space is

presented in Fig. 3(a) [see Fig. 3(b) for the gap between
second and first 3D Laudau levels], which cearly supports
3D QHE over a wide range of twist angles. The Hofstadter
butterfly spectra for 8 ~ 2° show more delicate structures at
low energies, which are presented in the Supplemental
Material [83].

The exact flatness of the 3D zeroth Landau is protected by
a particle-hole symmetry of the Bistritzer-MacDonald type
continuum model [5,6,86], which pins the zeroth LL exactly
to the Dirac point of the same energy at each k,. Including
the frame-rotation effect would break the particle-hole
symmetry that introduces a k,-dependent energy shift
~2y, cos?(2k.dy) 2], with yo = (uia)/(2zhvr). This is
the bandwidth (~7 meV) acquired by the 3D zeroth LL,
independent of the twist angle. Nevertheless, the k,
dispersion y,, is at least an order of magnitude smaller than
the LL spacing 7w, even under a weak magnetic field B =
1 T (hw,. ~ 30 meV), which would not affect the 3D QHE
discussed above. Unlike the quantum Hall problem in 2D
electron gas or in graphene, here the degeneracy of each
zeroth LL is D = 8BSN_ /¢y, where B, S, N, denote the
magnetic field, total cross-sectional area of the bulk system,
and number of primitive cells in the out-of-plane direction,
respectively. The factor of 8 comes from valley, spin, and
orbital degeneracy. The additional k, degeneracy may lead
to a variety of unconventional correlated and topological
states for the partially occupied 3D zeroth LL. For example,
at partial integer fillings a gap may be opened up due
to strong e-e interaction effects, such that the system
may undergo a field-induced metal-to-insulator transition
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through the spontaneous breaking of flavor (valley and spin)
symmetry. The additional k, degeneracy may lead to further
out-of-plane charge modulation driven by e-e and/or elec-
tron-phonon couplings, which may give rise to potential 3D
topological charge density wave state. Other new states of
matter are also anticipated at fractional fillings of the 3D
zeroth LL. We note that although it is difficult to introduce
charge carriers to the bulk ATG system using electrostatic
gating methods, the actual ATG sample turns out to be
naturally charge doped with carrier density ~10' cm™3
[108]. Consequently, the Landau-level filling factor can be
effectively tuned by increasing magnetic field, so that the
proposed 3D quantum Hall physics becomes experimentally
feasible.

Discussions.—The physics of bulk ATG has even more
to explore than TBG. First, when 6 < 295,1), under zero
magnetic fields, the flat bands of magic-angle TBG coexist
with linearly dispersive Dirac fermions [Fig. 2(c)], and the
e-e interaction effects and electron-phonon coupling effects
of such peculiar band structures are open questions. To
answer these questions, we propose to apply gate voltages
to BN-encapsulated ATG thin film with thickness of tens of
nanometers. For example, when the twist angle ~1° and the
thickness ~20 nm, a straightforward estimation shows that
one can completely fill or deplete a moiré band by
electrostatic gating with nondisruptive gate voltages, which
may unveil potential correlated phenomena at partial filling
of the flat bands under zero magnetic field. In the mean-
while, a 20 nm thin film (containing 30 primitive cells) is
thick enough to resolve the magic momenta in the system.

Second, when 0 < 265,% >, topological flat bands of TBG at
multiple magic angles are integrated into a single bulk ATG
system, and unusual interacting ground states would be

anticipated. Last, when 0 is sufficiently larger than 295,?,
dispersionless 3D zeroth LLs would emerge. Unprecedented
quantum states of matter may emerge in the partially
occupied dispersionless 3D LLs [109,110], which deserves
further explorations.
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