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We investigate the influence of dispersed solid spherical particles on the largest scales of the turbulent
Arnold-Beltrami-Childress (ABC) flow. The ABC flow is an ideal instance of a complex flow: it does not
have solid boundaries, but possesses an inhomogeneous and three-dimensional mean shear. By tuning
the parameters of the suspension, we show that particles modulate the largest scales of the flow toward
an anisotropic, quasi-two-dimensional and more energetic state. In this regime, particles move along
quasistraight trajectories and exhibit anomalous transport.
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Particle-laden turbulent flows have attracted the attention
of many scholars over the last decades. Their significance
goes beyond a fundamental interest and encompasses
several applications such as blood flow in the human body,
the food industry, and pyroclastic flows [1–3]. Also, the
modulation of the mean flow and the enhancement or
attenuation of turbulence due to particles are relevant in
both environmental [4] and industrial flows [5]. However,
although this is a classical problem in fluid mechanics since
the seminal work by Tsuji andMorikawa [6], the multiscale
mechanism governing the fluid-particle interaction is still
an open question. In particular, the ability of suspensions of
solid particles to modify and control the largest scales of a
generic and complex flow is unclear.
The presence of the solid phase alters the momentum

of the flow, and may result in modulation of the carrier
fluid [7,8]. When the suspension is dilute enough, the fluid
phase can be considered unaltered by the presence of the
particles. Instead, when the suspension is nondilute, the
fluid phase undergoes macroscopic changes in a way that
depends on several parameters, such as, for example, the
size and density of the particles, and the volume and mass
fractions of the suspension [9,10]. Over the last years, the
solid-fluid interaction in particle-laden turbulent flows has
been the subject of several studies in various flows, ranging
from homogeneous and isotropic flows [11] to wall-
bounded flows [12]. Nevertheless, the influence of the
solid phase on the largest scales of a generic and complex
flow has not yet been satisfactorily addressed, and the

accurate characterization of the underlying physics still
requires significant effort. Here, we aim to address the
following questions. How do suspensions of solid particles
modulate the largest and most energetic scales of the flow
in the presence of an inhomogeneous mean shear? Is it
possible to use particles to effectively modify and control
the mean flow?
In order to answer these questions, in this Letter we study

the modulation of the turbulent Arnold-Beltrami-Childress
(ABC) flow by finite-size particles, with a focus on the
largest scales. In a Cartesian reference system the laminar
ABC flow is L periodic in the three x, y, and z directions,
with a velocity field u ¼ ðu; v; wÞ that depends on four real
parameters Vo, A, B, and C, i.e.,
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A, B, and C are bounded between 0 and 1 and determine
the shape of the flow, while Vo determines the magnitude.
Here, we consider the turbulent ABC flow, which is
obtained by forcing the incompressible Navier-Stokes
equations with the ABC forcing with A¼B¼C¼1 [13]
(see Fig. 1). This provides an ideal instance of a complex
turbulent flow with a three-dimensional (3D) mean field
and an inhomogeneous mean shear, such as flow past an
object or in a curved pipe. Because of the lack of solid
boundaries, in the ABC flow the complex flow structures
induced by the presence of a wall are avoided. Thus, the
particle-laden turbulent ABC flow allows us to isolate the
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influence of the particles on the large-scale motions, that in
wall-bounded flows might be hidden by the complex near-
wall phenomenology. In this idealized framework, we show
that nondilute suspensions of solid particles can substan-
tially modify the structure of the mean flow. When tuning
their size and density, indeed, particles modulate the largest
scales of the flow toward an anisotropic, almost two-
dimensional (2D) and more energetic state (see Fig. 1).
Intriguingly, we show that this happens in the presence of a
sustained 3D external forcing, whose effect is overcome by
the presence of the solid phase. This paves the way for the
use of solid particles to control complex 3D flows.
To tackle this problem, we have performed 3D direct

numerical simulations of the flow within a triperiodic box
of size L, with dispersed particles of various finite sizes,
that lie within the inertial range of turbulence. The fluid and
the solid dynamics are fully resolved, and coupled with an
immersed boundary method [22]. The external ABC
forcing is set to achieve, in the single-phase case, a
microscale Reynolds number of Reλ ¼ u0λ=ν ≈ 435, where
u0 is the root mean square of the velocity fluctuations and λ
is the Taylor length scale [15]. The particle diameter
is varied between 0.0104 ≤ D=L ≤ 0.0796. For each
particle size, the number of particles is set to provide a
volume fraction of ΦV ≈ 0.08, which is large enough for
the suspension to be nondilute and small enough for the
particle-particle interactions to be subdominant. Finally, the
ratio between the density of the particles and the fluid is
varied between 1.3 ≤ ρp=ρf ≤ 105, to consider both light
and heavy particles, yielding a variation of the mass
fraction between 0.1 ≤ M ≤ 0.9. See Supplemental
Material for the definitions of the dimensionless groups.

Figure 2 shows that the modulation of the carrier ABC
flow changes with the size and density of the particles.
In the top panel, we plot the total kinetic energy of the
flow hEðx; tÞi for different values of D and M, where
Eðx; tÞ ¼ juðx; tÞj2=2, while h·i and · indicate average
along homogeneous directions and in time, respectively.
Overall, the total energy decreases while reducing D and
increasing M, in agreement with the findings of previous
authors [11,23–25]. However, the trend is nonmonotonic,
and the large increase of hEi forM ≳ 0.45 andD=L≲ 0.04
shows that the solid phase modulates the carrier flow in a
way that sharply changes with the density of the particles.
Interestingly, solid suspensions of particles with 0.02≲
D=L≲ 0.04 and 0.45 ≤ M ≤ 0.6 enhance the total energy
of the carrier flow with respect to the single-phase case. In

FIG. 1. Instantaneous velocity field in the x ¼ L=2 plane for the
(top) single-phase case and the (bottom) particulate case with
D=L ≈ 0.02 and M ¼ 0.6. Left: u; center: v; right: w. The
symmetric black-to-red color map goes from −9 ≤ ui=Uo ≤ 9
[14]; see Supplemental Material [15]. We denote with z the
direction orthogonal to the trajectories’ plane [21]; see Supple-
mental Material [15].

FIG. 2. Modulation of the flow energy by finite-size solid
particles. Top panel: total kinetic energy of the flow as a function
of the mass fraction M and of the mass loading ϕm, for different
particle size. E0 is the total kinetic energy of the single-phase
flow. Circles and diamonds refer to the isotropic (I) and
anisotropic (A) regimes. In the central panels the influence of
the solid phase on the mean and fluctuating field is isolated for
D=L ≈ 0.02. Center left: variance of the mean velocity compo-
nents. Center right: variance of the fluctuating velocity compo-
nents. Bottom panel: modulation of the kinetic energy of the flow
as a function of M and Stokes number St. Blue symbols are for
hEi < hE0i, red symbols for hEi > hE0i with the divergent blue-
to-red color map being for 0.25 ≤ hEi=hE0i ≤ 1.75. The shaded
region shows the anisotropic regime.
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the central panels of Fig. 2, we use a temporal average to
isolate the influence of the solid phase on the large and
small scales of the carrier flow. We consider the D=L ≈
0.02 particulate cases and, after decomposing the velocity
field into its temporal meanUðxÞ ¼ uðx; tÞ and fluctuations
u0ðx; tÞ ¼ uðx; tÞ − UðxÞ, we plot the variances of their
three components [14]. Light particles (M ≤ 0.3) modulate
the flow without introducing a preferential direction, and
attenuate the energy of the fluid phase by modifying the
mean and fluctuating fields in an isotropic way. Indeed,
here hUUi ≈ hVVi ≈ hWWi and hu0u0i ≈ hv0v0i ≈ hw0w0i.
Heavier particles (M ≥ 0.45), instead, modulate differently
the mean and fluctuating fields. They continue to attenuate
the energy of the fluctuations in an isotropic way, but
modulate the mean field toward an anisotropic, quasi-2D
and more energetic state. In this case, hUUi ≈ hVVi ≫
hWWi [21], while hu0u0i ≈ hv0v0i ≈ hw0w0i. The increase of
the total flow energy observed for 0.45 ≤ M ≤ 0.6 is thus
entirely due to the mean-flow energy enhancement.
The anisotropic state is observed in a limited portion of

the space of mass fraction M and Stokes number St, i.e.,
5≲ St≲ 60 and M ≳ 0.4 (see the bottom panel of Fig. 2).
The anisotropy of the large scales is indeed favored by the
motion of the particles when, due to their inertia, they tend
to move along straight trajectories. Particles with St≲ 5
follow the complex fluid motion and hence do not
significantly modify the flow. However, for 5≲ St≲ 60,
inertia causes the particle trajectories to straighten, causing
the fluid motion to reorganize into a quasi-2D state. When
St further increases, the particles become less responsive to
the fluid motion, and the 2D state does not develop. Note
that the isotropic flow modulation observed for St≳ 60 is
consistent with the limit of infinite inertia: when St → ∞,
the particles do not move, and the quasi-2D flow does not
arise. The dependence of the flow modulation on M shows
that the emergence of the anisotropic state requires a strong
enough backreaction of the particles to the fluid phase.
Also, the ability of the particles to modulate the largest
scales of the carrier flow strongly depends on the ratio
D=L. In fact, the strongest flow modulation (and largest
mean-flow enhancement) is observed for the intermediate
D=L ≈ 0.02, while the effect is lower for both smaller and
larger particles. For D ≪ L, indeed, particles have a small
inertia, follow the fluid, and do not favor the flow two-
dimensionalization. For D ≈ L, instead, the motion of the
particles is only marginally influenced by the mean shear,
as it is mainly driven by fluid velocity fluctuations with
a length scale larger than their characteristic size. See
Supplemental Material [15] for further discussions, and for
the dependence of the anisotropic flow modulation on the
inhomogeneous mean shear.
Next, we use Poincaré sections [26] to characterize the

modulation of the mean flow U. These are a 2D coding of a
3D dynamical system, in which one represents only the
successive intersections of the mean-flow streamlines with

one plane of the triperiodic domain. Figure 3 shows the
x ¼ L=2 Poincaré section for the mean flow of the
turbulent single-phase case, and of the D=L ≈ 0.02 par-
ticulate cases withM ¼ 0.3 andM ¼ 0.6. For each stream-
line many successive intersections with the x ¼ L=2 plane
are represented. At first glance, the Poincaré maps show
that points associated with the same streamline are found to
span a narrower range of z as the flow anisotropy increases.
This confirms that in the anisotropic regime, particles
attenuate the W velocity component and modulate the
mean field toward a quasi 2D state (see Fig. 2). The density
of the points in the Poincaré section is proportional to the
magnitude of the mean velocity component aligned with
the direction perpendicular to the plane [27]. In the laminar
case, indeed, the density of the points in the x ¼ L=2
Poincaré plane falls to zero along theU=Vo ¼ sinðz=LoÞ þ
cosðy=LoÞ ¼ 0 line (see Fig. 5 of Supplemental Material
[15]). A similar pattern is observed for the turbulent single-
phase case. In fact, a remarkable property of the ABC flow
is that even in the turbulent regime, the mean velocity has
nearly the laminar ABC profile, as observed by others for
the Kolmogorov flow [28,29]. In the particulate cases, the
scenario progressively changes with M. Interestingly, the
solid phase modulates the mean flow in a way that it
resembles a generic ABC flow, but with different values
of A, B, C, and Vo. In view of this, the bottom panels of
Fig. 3 report the coefficients of the generic ABC flow that
best approximates the mean flow forD=L ≈ 0.02 and 0.1 ≤
M ≤ 0.9 [15]. As M (and St) increases, A ¼ 1 remains
constant, while B ≈ C decrease and reach a minimum
for M ¼ 0.6 (St ≈ 9.42) where the flow anisotropy is
maximum. In this case, A ≫ B ≈ C and the streamlines

FIG. 3. Mean flow field for D=L ≈ 0.02. Top: Poincaré section
for the mean flow of the single-phase case (right) and of the
particulate cases with M ¼ 0.3 (center) and M ¼ 0.6 (right).
Twenty streamlines are considered, each identified by a different
color. Bottom: variation withM and St of A, B, C, and Vo used in
Eq. (1) to approximate the mean flow. Without losing generality
we set that the maximum between A, B, and C is equal to 1 [15].
The black lines in the Poincaré sections are for U ¼ A sinðzÞ þ
C cosðyÞ ¼ 0 with A and C as in the bottom left panel.
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of the mean flow are almost straight lines that lay in the
x-y planes, as ðU;V;WÞ ∼ ½sinðz=LoÞ; cosðz=LoÞ; 0�.
Thus, particles with 0.45 ≤ M ≤ 0.9 and 5.13≲ St ≲
25.45 attenuate the W velocity component, and the mean
flow approaches an anisotropic and 2D state, almost losing
its dependence on x and y; see the black lines in Fig. 3. Vo
sharply increases for M ≥ 0.45 (St≳ 5.13), in agreement
with the enhancement of the mean-flow energy shown in
Fig. 2. This anisotropic and almost 2D state resembles the
bifurcated A2 state of the single-phase laminar ABC flow
found by Podvigina and Pouquet [13], spontaneously
emerging at lower Reynolds numbers. Thus, it appears
that the presence of particles with 5≲ St≲ 60 and
M > 0.3, and their tendency to follow straight trajectories,
changes the stability of the system, enabling thus the
occurrence of an anisotropic A2-like state at the large
scales also for these larger Re [15].
To further investigate the fluid-solid interaction, Figs. 4

and 5 characterize the particles’ dynamics for D=L ≈ 0.02.
In the isotropic regime (M ≤ 0.3 and St≲ 2.68), particles
are able to follow the intricate ABC cellular forcing, and
exhibit complex trajectories as expected by the chaotic
Lagrangian structure of the ABC flow [27]. In this case, the
particles do not select a preferential direction, and explore
the entire computational domain. Indeed, the probability
density functions of the three velocity components almost
collapse, exhibiting a symmetric unimodal distribution.

On the contrary, in the anisotropic regime (0.45 ≤ M ≤ 0.9
and 5.13≲ St ≲ 25.44), the particles move along almost
straight trajectories with up ≈ vp ≫ wp. The direction
of the trajectories of the particles in the x-y plane changes
with z, in agreement with the fact that A ≫ B ≈ C, andU ∼
sinðz=LoÞ and V ∼ cosðz=LoÞ. As a result, the in-plane
components of the particle velocity exhibit a symmetric
bimodal distribution, and the modes �ũp and �ṽp change
with the density of the particles (see bottom panel of Fig. 4).
Figure 5 shows the mean squared displacement of the

particles, RðtÞ2 ¼ hjxpðtÞ − xpð0Þj2ip; here, h·ip indicates
average over particles. The particle motion is diffusive
(ballistic) when R2ðtÞ ∼ tα with α ¼ 1 (2). As expected, in
the isotropic regime, particles show ballistic motion for
short times, while at large times, their motion becomes
uncorrelated under the action of the random velocity
fluctuations, and they exhibit a diffusive process; see
the M ¼ 0.3 case in the left panel. In the anisotropic
regime, instead, particles exhibit anomalous transport
with 1 < α < 2 at large times; see the M ¼ 0.6 case in
the right panel. The scaling of the anomalous transport
slightly changes with the density of the particles in the
1.6 ⪅ α ⪅ 1.75 range, increasing as the particles’ motion
becomes more coherent and their trajectories more straight.
Note that considering the z direction alone, i.e., RzðtÞ2 ¼
hjzpðtÞ − zpð0Þj2ip, the diffusive transport with α ≈ 1 is
recovered also for heavy particles.
To conclude, we have shown that in the presence of a 3D

and inhomogeneous mean shear, solid particles can sub-
stantially modify the structure of the largest scales of the
flow. By tuning the size and the density of the particles,
nondilute suspensions can modulate the largest scales of the
flow toward an anisotropic, almost 2D and more energetic
state, while preserving isotropy at smaller scales. The
ability of solid particles to modify the large-scale flow
may pave the way for their use in flow-control purposes.
For example, the cooling and cleaning effects of oil in
an engine are undermined by recirculating regions in the
flow [30,31]. We showed that adding particles can poten-
tially eliminate such recirculating regions, improving
engine efficiency and lifetime. Also, our results show that
there is a specific regime in which the ballistic motion of
the particles is favored over diffusive motion, with rele-
vance for drug delivery and pollen dispersal [32,33].

FIG. 4. Particle dynamics for D=L ≈ 0.02. Top panels: two
representative trajectories for (left)M ¼ 0.3 and (right)M ¼ 0.6;
the red (blue) circle indicate the beginning (end) of the trajecto-
ries. Central panels: probability density functions for (left)
M ¼ 0.3 and (right) M ¼ 0.6. Bottom panel: dependence of
the modes ũi of the probability density functions on M and St.

FIG. 5. Particle mean squared displacement R2ðtÞ for
D=L ≈ 0.02. Left: M ¼ 0.3. Right: M ¼ 0.6. The thin dashed
line represents t2, while the thin dash-dotted line t.
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