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We present the first study of the quark mass dependence of the heavy quark momentum and spatial
diffusion coefficients using lattice QCD with light dynamical quarks corresponding to a pion mass of
320 MeV. We find that, for the temperature range 195 MeV < T < 293 MeV, the spatial diffusion
coefficients of the charm and bottom quarks are smaller than those obtained in phenomenological models
that describe the pT spectra and elliptic flow of open heavy flavor hadrons.
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Introduction.—Heavy-ion experiments at high energies
hint toward a rapid thermalization of heavy (charm and
bottom) quarks. These observations are surprising since the
relaxation time of a heavy quark immersed in a quark-gluon
plasma (QGP) is expected to be M=T times larger than the
relaxation time of the light bulk degrees of freedom
constituting the QGP, where M is the heavy quark mass
[1,2] and T is the temperature of the QGP. These exper-
imental observations corroborate the picture that the QGP
created in such high-energy heavy-ion collisions is an
almost perfect fluid, see Refs. [3–5]. This makes the heavy
quark diffusion coefficient one of the fundamental transport
properties of the QGP, along with other transport coef-
ficients such as shear and bulk viscosities.
The heavy quark momentum diffusion coefficient κ is

defined as the average momentum transfer squared to a
heavy quark from the medium per unit time, and thus
characterizes the kinetic relaxation of heavy quarks toward
thermal equilibrium. One can also define the spatial heavy
quark diffusion coefficient Ds in terms of the conserved
net heavy flavor number through the usual Kubo formula.
This spatial heavy quark diffusion coefficient will depend
on M, and also has a well defined limit when M goes
to zero. Close to equilibrium, in the limit M ≫ T, the

momentum and spatial heavy quark diffusion coefficients
are related [2,6],

Ds ¼
2T2

κ

hp2i
3MT

; ð1Þ

where hp2i is thermal averaged momentum squared of the
heavy quark.
Experimentally measured pT spectra and the elliptic

flows of open charm and open bottom hadrons provide
information on the degree of thermalization of the heavy
quarks in the QGP, see Refs. [3–5] for reviews. Ds can be
estimated by fitting these experimental measurements using
phenomenological transport models, see Refs. [3–5]. A
key ingredient of these transport models is an effective
momentum-dependent heavy-quark diffusion coefficient,
which in turn may depend on some effective in-medium
cross sections. The Ds appearing in the Kubo formula can
be obtained as the zero-momentum limit of this effective
diffusion coefficient.
Very recently, Ds has been calculated in 2þ 1 flavor

QCD for infinitely heavy quarks [7]. This QCD result for
the infinite-mass limit turns out to be smaller than the
phenomenological estimate ofDs for the charm and bottom
quarks. This begs the question of whether or not these
discrepancies arise solely due to the mass dependence of
Ds. In this Letter, we address this question by presenting
first lattice QCD calculations of the mass-dependent Ds
with light dynamical quarks.
Theoretical framework.—For M ≫ T, κ can be calcu-

lated using heavy quark effective theory [6,8,9]. In this
framework κ is expressed in terms of the correlation
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function of chromoelectric (E) and chromomagnetic (B)
fields connected by fundamental Wilson lines [6,8,9]. In
this effective theory

κ ¼ κE þ 2

3
hv2iκB; ð2Þ

where κE;BðTÞ ¼ 2Tlimω→0½ρE;Bðω; TÞ=ω� [6,9], ρE;B are
the spectral functions corresponding to the E and B field
correlation functions, and hv2i is the mean-squared thermal
velocity of the heavy quark [6]. The quark mass depend-
ence of κ enters through hv2i. At the leading order in 1=M,
hv2i ¼ 3T=M. In this way, κB controls the quark mass
dependence of κ.
Lattice QCD calculations of κB rely on accessing

ρBðω; TÞ from the correlator [6]

GBðτ; TÞ ¼
X3
i¼1

hReTr½Uðβ; τÞBiðx; τÞUðτ; 0ÞBiðx; 0Þ�i
3hReTrUðβ; 0Þi ;

ð3Þ

where β ¼ 1=T is the inverse temperature, τ is the
Euclidean time separation of the B operators, and
Uðτ1; τ2Þ is a thermal Wilson line connecting the B fields
located at Euclidean times τ1 and τ2. ρB is related to
GBðτ; TÞ via the integral equation

GBðτ; TÞ ¼
Z

∞

0

dω
π

ρBðω; TÞ
cosh½ωτ − ω=ð2TÞ�

sinh½ω=ð2TÞ� : ð4Þ

Lattice QCD setup.—In the present calculation we use
the same lattice QCD setup and ensembles that were used
for the calculation of κE [7], specifically, 2þ 1 flavors of
quarks in the highly improved staggered quark fermionic
action [10] and the tree-level improved Lüscher-Weisz
gauge action [11,12] with physical values of the kaon
and 320 MeV pion masses and at T ¼ 195, 220, 251, and
293 MeV. At each temperature we use three lattice spacings
(a) to carry out continuum extrapolations (a → 0) of GB.
Further details are provided in Supplemental Material [13].
The B fields are discretized on the lattice as BiðxÞ≡

ϵijk
�
UjðxÞUkðxþ ĵÞ −UkðxÞUjðxþ k̂Þ�=2. For measure-

ments of GB we use a Symanzik-improved version [34] of
gradient flow [35–38]. Guided by our experience [14,15]
and perturbative QCD (pQCD) [39] we limit the gradient-
flow time (τF) within the range

ffiffiffiffiffiffiffi
8τF

p
< τ=3. We find that

gradient flow improves the signal-to-noise ratio of GB.
At 1-loop level [40] in pQCD GB has a nontrivial

anomalous dimension, and gradient flow serves as a non-
perturbative renormalization scheme forGB. The continuum-
extrapolated GB are renormalized in the gradient-flow
scheme at the scale μF ¼ 1=

ffiffiffiffiffiffiffi
8τF

p
. The renormalization-

group invariant physical correlator, Gphys
B , is obtained via

the one-loop pQCD matching [16]

Gphys
B ðτ; TÞ ¼ lim

τF→0
Zmatchðμ̄T; μ̄τF ; μFÞGBðτ; T; τFÞ: ð5Þ

The power-law corrections arising from mixing with high-
dimension operators are removed through the τF → 0 extrap-
olations at each T. The matching function, Zmatch, involves
three components:matching from the gradient flow to theMS
scheme at a scale μ̄τF , matching between MS-renormalized
thermal QCD to the static quark effective theory at a scale μ̄T ,
and running of the anomalous dimension of the operator from
μ̄T to μ̄τF . If Zmatch were known up to all orders in pQCD, the

dependence of Gphys
B on the scales μ̄T and μ̄τF would exactly

cancel. Since Zmatch is known only up to one loop (NLO), we
estimate the uncertainty fromunknownhigher-order effects in
the matching by varying the values of each scale; for μ̄T we
consider the two choices μ̄T ¼ 2πT or 19.18T, and for μ̄τF we
consider μ̄τF ¼ μF or 1.4986μF. Further details and the
expression forZmatch aregiven inSupplementalMaterial [13].
Data analysis.—To estimate the physical B-field corre-

lator from lattice calculations we first have to take the conti-
nuum limit of the correlation function calculated at a given
flow time. The B-field correlator GB scales with a strong
negative power of τ since ρB ∝ ω3 at largeω. To mitigate this
as well as the lattice artifacts and distortion due to gra-
dient flow [7] we normalize GB with Gnormðτ; T; Nτ; τFÞ ¼
GLO

B ðτ; T; Nτ; τFÞ=ðCFg2Þ, whereGLO
B is the tree-level pQCD

results for GB at nonzero lattice spacing and gradient-flow
time, CF is the Casimir factor, and g2 is the strong coupling.
For brevity we suppress the arguments of the normalization
correlator.
Our lattice data are not GBðτ; T; τFÞ directly, but

GBðτ; T; Nτ; τFÞ with Nτ the number of points across the
lattice time direction, which is related to the lattice spacing
via Nτa ¼ 1=T. Therefore, before performing the τF → 0
limit in Eq. (5), we must first take the Nτ → ∞ limit to find
GBðτ; T; τFÞ. Because the available τ values also depend on
the lattice spacing, we first perform a τ interpolation of
GBðτ; T; Nτ; τFÞ=Gnorm on the two coarsest lattices, sepa-
rately at each ðT; τFÞ pair, to establish the value at the τ
values available on the finest lattice. This then allows the
Nτ → ∞ extrapolation, which is performed independently
at each ðτ; T; τFÞ triple. In extrapolating to Nτ → ∞ we
assume that the discretization errors scale as 1=N2

τ ¼ ðaTÞ2.
For each τT, to take the τF → 0 limit we multiply the

continuum-extrapolated results for GB=Gnorm by Zmatch
and do linear extrapolations in τF, as suggested by NLO
pQCD [41]. To avoid potentially large discretization effects
and to keep the gradient-flow scale smaller than all relevant
physical scales in the problem, we restrict to the range of
flow times 0.25 ≤

ffiffiffiffiffiffiffi
8τF

p
=τ ≤ 0.30 [7].

As an example, in Fig. 1 (left panel) we show the
resulting Gphys

B for different choices of μ̄τF and μ̄T . In Fig. 1
(right panel) we show the T dependence of Gphys

B for
μ̄T=T ¼ 19.18 and μ̄τF=μF ¼ 1.0. Further details on and
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examples of Gphys
B can be found in Supplemental

Material [13].
Gphys

B are fitted to Eq. (4) to obtain κB. κB is encoded in
the infrared region of the spectral function,
ρirBðωÞ ¼ ωκB=ð2TÞ. For the ultraviolet region of spectral
function, ρuvB ðω; μÞ, we use leading order and NLO vacuum
pQCD results. To convert the NLO pQCD results [16,17]
from the MS scheme, at the scale μ, to the renormalization-
group invariant physical scheme we use the matching NLO
Wilson coefficient [18], c2Bðμ; μ̄TÞ, to the static quark
effective theory. To account for possible higher order
effects we also introduce another (in addition to κB) ω-
independent fit parameter, K. The resulting choices for the
UV part of the physical spectral function are ρuv;physB ðωÞ¼�
Kρuv;LOB ðω;μÞ;Kc2Bðμ; μ̄TÞρuv;NLOB ðω;μÞ�. Expressions for

ρuv;LO, ρuv;NLO, and c2Bðμ; μ̄TÞ are given in Supplemental
Material [13].
Following the previous works [7,14,19,42] we use three

models to interpolate between ρirB and ρuvB to obtain ρB over
all ω. (1) The maximum (max) model, ρmax ¼
max

�
ρirBðωÞ; ρuv;physB ðωÞ�, which imposes a hard switchover

between the two regimes. (2) The smooth maximum (smax)

model, ρsmax ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðρirBðωÞÞ2 þ ðρuv;physB ðωÞÞ2

q
, which im-

poses a smooth switchover. (3) The power-law (plaw)
model, ρplaw, which is ρirBðωÞ up to ω ¼ ωir and ρuv;physB ðωÞ
above ω ¼ ωuv. In between, it is connected by a power-law
curve ρBðωÞ ¼ cωp. The parameters c and p are chosen to
provide continuity at the boundary. Physically motivated
choices of these boundaries areωir ¼ T andωuv ¼ 2πT [7].
ρmax, ρsmax, and ρplaw also depend on the intermediate

MS renormalization scale μ. For reasons discussed in
Supplemental Material [13], we consider two options μ ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð0.13306ωÞ2 þ μ2DR

p
and μ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4ω2 þ μ2DR

p
, where μDR ≈

9.1T is a typical thermal scale inferred from the high
temperature three dimensional effective theory [20].

Results.—Combining different choices of (1) μ̄T and μ̄τF
in Gphys

B , (2) ρuv;physB ðω; μÞ and μ, and (3) three interpolating
models ρmax, ρsmax, and ρplaw, we carry out 24 different fits
for K and κB on each bootstrap sample of gauge configu-
rations at each T. The final result for κB at each T is obtained
from the median and 68% confidence limit of the distribu-
tion of all the bootstrap samples over gauge configurations
and fit forms and, thus, include both statistical as well
as systematic errors arising from different model and
scales choices. We find κBðT¼195MeVÞ¼10.42þ2.66

−3.61T
3,

κBðT ¼ 220 MeVÞ ¼ 8.78þ2.20
−3.21T

3, κBðT ¼ 251 MeVÞ ¼
7.18þ1.94

−2.90T
3, and κBðT ¼ 293 MeVÞ ¼ 5.02þ1.92

−2.24T
3, which

are of similar magnitude to κE obtained for the same
ensembles [7]. The κB for 2þ 1 flavor QCD turns out be
much larger than those from quenched QCD [15,17] at the
same values of T=Tc. For further details on the fits and
results see Supplemental Material [13].
The hv2i appearing in Eq. (2) can be obtained either from

the low-frequency part of the spectral function correspond-
ing to the net-flavor current [9,43] or in the quasiparticle
model with a temperature dependent quark mass [21]. In
quenched QCD it has been shown that a quasiparticle
model with a temperature dependent heavy quark mass
fitted to the heavy quark number susceptibility gives a hv2i
that agrees with the one obtained from the low-frequency
part of the net heavy quark current spectral function [21].
Therefore, in this work we adopt the quasiparticle model to
calculate hv2i. For the temperature dependent charm quark
is obtained from the continuum-extrapolated lattice QCD
results for the charm susceptibility [22]. No lattice QCD
results for bottom quark susceptibility are available pres-
ently. Therefore, we simply fix the effective bottom quark
mass to 4.8 GeV. The hp2i needed to obtain Ds, cf. Eq. (1),
are estimated from the quasiparticle model in the same way
as for the hv2i. For further details, see Supplemental
Material [13]. There we also show that the hv2i, hp2i
and the values of Ds are not too sensitive to the precise
choice of the bottom quark mass.

FIG. 1. Left: Scale dependence of Gphys
B [cf Eq. (5)] at T ¼ 195 MeV. Right: Temperature dependence of Gphys

B for μ̄T=T ¼ 19.18 and
μ̄τF=μF ¼ 1.0. The dashed curves denote the central values of the smaxmodel fit toGphys

B withNLO ρuv at scale μ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð0.133 06ωÞ2 þ μ2DR

p
.
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Final results for Ds are summarized in Fig. 2. We find a
slight increase inDs with decreasing heavy quark mass. We
compare our results with those obtained from a phenom-
enological quasiparticle model (QPM) [44] and the
T-matrix approach [45,46]. We find that Ds in QCD is
smaller than the results of these calculations and shows
smaller dependence on the heavy quark mass, with the
exception of the T-matrix result at the highest temperature
considered by us. Our result for Ds is also smaller than
other phenomenological estimates [47,48], which do not
take into account the quark mass dependence. Finally, for
completeness, we show the AdS=CFT estimate [8] of Ds
with a certain value of λ and the result of the NLO
perturbative calculation [49] in the limit M → ∞.
Conclusion.—We presented the 2þ 1 flavor lattice QCD

calculations of the quark mass dependence of the momen-
tum and spatial heavy quark diffusion coefficients. In the
temperature range 195 MeV ≤ T ≤ 293 MeV the quark
mass dependence turns out to be quite small. In conjunction
with the previous results for an infinitely heavy quark [7],
the present calculations provide the first nonperturbative
QCD results for the charm and bottom quark diffusion
coefficients in the QGP. These nonperturbative QCD results
will serve as critical inputs to and benchmarks for various
dynamical models to study thermalization of charm and
bottom quarks in the strongly coupled medium created in
heavy-ion collisions at the Large Hadron Collider and the
Relativistic Heavy-Ion Collider.

All computations in this work were performed using
SIMULATeQCD [50–52].

All data from our calculations, presented in the figures of
this Letter, can be found in [53].
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