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In the past few decades, tremendous efforts have been made toward understanding the exotic physics
emerging from competition between various ordering tendencies in strongly correlated systems. Employing
state-of-the-art quantum Monte Carlo simulation, we investigate an interacting SUðNÞ fermionic model
with varying interaction strength and value of N, and we unveil the ground-state phase diagram of the
model exhibiting a plethora of exotic phases. For small values ofN—namely,N ¼ 2, 3—the ground state is
an antiferromagnetic (AFM) phase, whereas in the large-N limit, a staggered valence bond solid (VBS)
order is dominant. For intermediate values of N such as N ¼ 4, 5, remarkably, our study reveals that
distinct VBS orders appear in the weak and strong coupling regimes. More fantastically, the competition
between staggered and columnar VBS ordering tendencies gives rise to a Mott insulating phase without
spontaneous symmetry breaking (SSB), existing in a large interacting parameter regime, which is
consistent with a gapped quantum spin liquid. Our study not only provides a platform to investigate the
fundamental physics of quantum many-body systems—it also offers a novel route toward searching for
exotic states of matter such as quantum spin liquid in realistic quantum materials.
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Introduction.—Understanding competing orders arising
from strong electronic interactions plays a vital role in
fathoming the fundamental theory of quantum many-body
physics [1,2], as well as many appealing phenomena in
quantum materials, including high-Tc superconductivity
[3–5]. More intriguingly, the competitions between various
ordering tendencies offer a route toward yielding exotic
states of matter. A typical example is quantum spin liquid
(QSL) [6–11], a Mott insulating phase featuring deconfined
fractionalization, without symmetry spontaneously break-
ing even at zero temperature. Despite vigorous studies in
past decades [12–34], most of them focus on spin systems,
and in particular, QSL has been revealed to be realized in
realistic spin models [32]. An unambiguous demonstration
of realizing QSL in realistic fermionic models by an
unbiased theoretical approach remains elusive.
On a different front, another promising mechanism to

trigger exotic states of matter is assigning more degrees of
freedom to the microscopic models and extending sym-
metries. By extending the spin symmetry group SU(2) in an
electronic spin system to SUðNÞ, it is theoretically pre-
dicted that the quantum fluctuation of the spin is enhanced
with increasing N [35,36], rendering the possibility of

exotic quantum paramagnetic phases such as valence bond
solids [37–41] and QSLs [27,42,43]. Fruitful, fascinating
physics is revealed in the interacting SUðNÞ systems by
virtue of the cooperative effects of enlarged symmetry and
strong correlation [44–74]. Benefiting from celebrated
progresses in cold-atom experiments, various SUðNÞ sym-
metric systems are realized in an optical lattice [75–81].
More recently, enlarged SUðNÞ symmetry is proposed to
emerge in the twisted bilayer graphene system [82–84] as a
low-energy effective description combining spin and valley
degrees of freedom [85–88]. Hence, designing a concrete
model with extended symmetry and investigating the effect
of strong correlation in a theoretically controlled approach
is vastly desired.
In this Letter, we construct a SUðNÞ interacting

fermionic model on a square lattice. Remarkably, the
model is sign-problem free at half filling for any N [89–
92], and is thus amendable to approximation-free quantum
Monte Carlo (QMC) simulation [93–95] at low temperature
(or zero temperature) with large system sizes. We perform a
large-scale projector QMC simulation and investigate
ground-state properties of the model with varying inter-
action strengths and values of N. At small values of N, the
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ground state is an antiferromagnetic (AFM) spin ordered
state, like the SU(2) Heisenberg model on a square lattice.
With increasingN, the quantum fluctuation of spin destroys
spin long-range order, creating valence bond solid (VBS)
ordering that breaks translational symmetry while pre-
serving spin rotational symmetry. The most intriguing
phenomena occur with intermediate values of N, wherein
the insulating phases in the weakly coupling regime and
strongly coupling regime feature distinct patterns of VBSs.
The competition between the two ordering tendencies
gives rise to an intermediate insulating phase without
any spontaneous symmetry breaking (SSB) even at zero
temperature. Such a symmetric Mott insulator is a possible
gapped QSL phase featuring topological order [96–99].
Model and method.—We consider the following inter-

acting microscopic model of SUðNÞ fermions on the square
lattice [known as the Su-Schrieffer-Heeger (SSH) interact-
ing model] [100]:

H ¼ −t
X

hiji;α
ðc†iαcjα þH:c:Þ − J

2N

X

hiji

�X

α

c†iαcjα þH:c:

�
2

;

ð1Þ
where hiji refers to the bond between nearest-neighbor
(NN) sites i and j, and c†iα creates a fermion on-site i with
fermion flavor labels α ¼ 1;…N. Here, t is the fermion
hopping amplitude and is set t ¼ 1 as an energy unit.
J represents the strength of the SSH interaction, which can
be induced by SSH electron-phonon couplings in the fast-
phonon limit [101,102]. Remarkably, the model in Eq. (1)
is free from the notorious sign problem for any N at half
filling and for even N at generic filling, and is thus a
promising platform to investigate the exotic physics
emerging in the SUðNÞ fermions. In this work, we perform
unbiased, large-scale projector QMC simulation to study
the ground-state properties of the model. The details
of the projector QMC simulation are introduced in the
Supplemental Material [103]. We focus on the model at half
filling with a perfectly nested Fermi surface, and we
explore the insulating phase with competing ordering
arising from the interplay between the strong correlation
and extended symmetry of multicomponent fermions.
Notice that for N ¼ 1, the interaction in Eq. (1) is

reduced to the nearest-neighbor density interaction, which
favors charge-density-wave order on a bipartite lattice
[104–107]. For N ¼ 2, the model is a SSH electron-phonon
coupling model at the antiadiabatic limit, the ground state
of which is revealed to be an AFM ordered state in recent
works [108–111]. In the present work, we focus on
understanding the nature of the multicomponent fermions
with enlarged symmetry—namely, N ≥ 3—in the presence
of strong correlation.
Quantum phase diagram.—Before presenting the details

of QMC results, we summarize our main findings and
the ground-state phase diagram of the model in Eq. (1).

The schematic phase diagram with varying fermion-flavor
numberN is shown in Fig. 1. For smallN—more explicitly,
N ¼ 2, 3—the ground state is an insulating phase with
AFM spin long-range order. With increasing fermion-flavor
number N, the quantum fluctuation of spin is enhanced,
resulting in the emergence of valence bond ordering. The
emergence of VBS order for the large-N case is revealed by
our systematic numerical calculation. In the large-N limit,
where the saddle-point approximation can render accurate
results, we perform a mean-field calculation and unambig-
uously show that the ground state is a VBS ordered phase
with momentum ðπ; πÞ—namely, a staggered VBS (sVBS)
phase. In the case of large but finite N, we perform QMC
simulation to decipher the rich ground-state phase diagram.
For example, for N ¼ 4, 5, the AFM spin order is sup-
pressed, and VBS order becomes dominant. More strik-
ingly, QMC simulation shows that the patterns of VBS
orders in the weak and strong coupling regimes are
completely different. In the weakly interacting regime,
the VBS order in the ground state carries momentum ðπ; πÞ
as a consequence of Fermi surface nesting. In the strongly
coupling regime, the dominant pattern of VBS ordering is
the columnar VBS (cVBS) with momentum ðπ; 0Þ=ð0; πÞ.
Appealingly, in a large interacting regime [1.4ð1.5Þ < J <
3.5ð5.4Þ for N ¼ 4ð5Þ], a phase without SSB arises from
the competition between two VBS ordering tendencies.
This phase without any SSB in the intermediate strength of
J possesses finite single-particle and spin gaps. Therefore,

FIG. 1. Schematic ground-state phase diagram of SUðNÞ
fermions with SSH interaction on a square lattice at half filling:
for N ¼ 2, 3, the ground state is an AFM ordered phase. In the
large-N limit, the dominant ordering is VBS with momentum
ðπ; πÞ. For intermediateN values, such asN ¼ 4, 5, the insulating
phases in weakly and strongly interacting regimes possess VBS
orders with distinct patterns of SSB. The VBS order carrying
momentum ðπ; πÞ is dominant in the weakly interacting regime
owing to the presence of Fermi surface nesting, while in the
strongly coupling regime, a VBS order with momentum
ðπ; 0Þ=ð0; πÞ appears. Most appealingly, in a large parameter
regime between two VBS phases, the ground state is a Mott
insulator without SSB, consistent with gapped QSL.
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it is a Mott insulating phase, and possibly a QSL with
exotic topological order.
Staggered VBS order in the large-N limit.—In the large-

N limit for Eq. (1), the mean-field saddle-point approxi-
mation is capable of capturing the exact ground-state
properties. Hence, before presenting QMC results on the
finite-N system, we perform self-consistent mean-field
calculation to understand the ground-state properties of
Eq. (1) in the large-N limit. We decouple the interaction in
Eq. (1) in the bond channel φx=y;i ¼ hðc†i ciþx̂=ŷ þ H:c:Þi
and solve the mean-field equation self-consistently. Our
calculation indicates that VBS with momentum ðπ; πÞ and
VBS with momentum ðπ; 0Þ=ð0; πÞ are two dominant
ordered states with close energies. We perform systematic
self-consistent mean-field calculation to compare the ener-
gies of the two states, unequivocally revealing that the
sVBS ordered state is energetically favored in the whole
interaction parameter regime under consideration. The
details and results of mean-field calculation are included
in Sec. X of the Supplemental Material [103]. Furthermore,
we perform QMC simulation for an extremely large N—
namely, N ¼ 10—and we verify that the ground state
possesses sVBS order in a relatively large interacting
regime (see Sec. IX of the Supplemental Material [103]),
which is consistent with the saddle-point approximation
calculation at the large-N limit.
AFM order for small N.—At small or intermediate values

of N, quantum fluctuation beyond saddle-point approxima-
tion becomes pronounced. Consequently, an approximation-
free approach incorporating the effect of quantum fluctuation
is strongly desired in order to investigate the possible SSB at
small or intermediate values of N. We employ numerically
exact QMC simulation to explore the accurate ground-state
properties of Eq. (1). To demystify various possible sym-
metry-breaking orders, we compute the static structure factor
Sðq⃗; LÞ ¼ ð1=L4ÞPi;j e

iq⃗·ðr⃗i−r⃗jÞhÔiÔji of the correspond-

ingorder Ô, andL refers to the linear system size of the square
lattice. The order parameter characterizing SSB is given by
the peaked-momentum structure factor at the thermodynamic
limit: Δ2 ¼ limL→∞SðQ⃗peak; LÞ. In our study, we focus on
VBS and spin orderings, the definition of which are given in
Sec. I of the Supplemental Material [103]. First, the momen-
tumdistribution of the spin structure factor in Fig. 2(a) clearly
displays a sharp peak at momentum ðπ; πÞ, implying the
existence of AFM ordering atN ¼ 3. The scaling analysis of
theAFMstructure factorwith1=L unambiguously reveals the
existence of AFM long-range order, as shown in Fig. 2(b),
while theVBS structure factor vanishes at the thermodynamic
limit. To further confirm the AFM long-range ordered
ground state at N ¼ 3, we perform a more sophisticated
finite-size scaling procedure by calculating the RG-invariant
correlation-length ratio, RðLÞAFM=VBS ¼ ½SAFM=VBSðQ⃗; LÞ=
SAFM=VBSðQ⃗ − δq⃗; LÞ� − 1, where Q⃗ labels the momentum
at which the structure factor is maximum, and δq⃗ ¼
½ð2π=LÞ; ð2π=LÞ� is a minimal momentum shift from Q⃗.

As shown in Fig. 2(c), RAFM increases with system size,
corroborating the existence of AFM long-range order.
Conversely, the system-size dependence of the VBS corre-
lation-length ratio, as shown in Sec. III of the Supplemental
Material [103], strongly indicates the short-range property of
VBS ordering at N ¼ 3.
In addition to static structure factor, we investigate the

spectral properties of Eq. (1) by virtue of the imaginary-
time Green’s function. At N ¼ 3, we extract a spectral gap
from the imaginary-time Green’s function, with the details
illustrated in Sec. II of the Supplemental Material [103].
The results of single-particle gaps at N ¼ 3 with varying J
are shown in the Sec. III of the Supplemental Material
[103], explicitly demonstrating the existence of a finite
single-particle gap at the thermodynamic limit. Further-
more, in the AFM ordered phase, the spin gap is expected
to vanish at momentum ðπ; πÞ as a consequence of
Goldstone modes. Figure 2(d) depicts the scaling analysis
of the spin gap versus 1=L, explicitly indicating the absence
of a spin gap and corroborating the existence of AFM long-
range order at N ¼ 3. Our numerical results unambigu-
ously demonstrate that the AFM order driven by SSH
interaction persists up to N ¼ 3 [108].
Intermediate Mott insulator without SSB.—In this sec-

tion, we perform projector QMC to investigate ground-state
properties of the model in Eq. (1) in the intermediate values

FIG. 2. Numerical evidence of AFM order for N ¼ 3. (a) The
momentum distribution of AFM structure factors for J ¼ 2,
L ¼ 16, clearly showing the peak occurring at momentum
ðπ; πÞ. (b) Finite-size scaling of AFM, sVBS, and cVBS structure
factors. The second-order polynomial is used to fit structure
factors versus 1=L, with the intercept of the extrapolation
indicating the results at thermodynamic limit. (c) AFM correla-
tion-length ratio versus interacting strength J for various system
sizes. The increase of the correlation-length ratio with L is a
strong evidence of long-range order. (d) The extrapolation of spin
gap versus 1=L for J ¼ 2, 3, 4. The vanishing spin gaps are
consistent with AFM long-range order.
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of N, wherein the competition between various ordering
tendencies is expected to yield exotic phases. We first focus
on N ¼ 4. The results of the structure factor and correla-
tion-length ratio clearly show that AFM order is destroyed
by the quantum fluctuation of spin, included in Sec. IV of
the Supplemental Material [103]. The dominant instability
for N ¼ 4 is VBS ordering. We present the results of the
correlation-length ratio for the sVBS and cVBS orders in
Figs. 3(a) and 3(b), respectively. In the weak coupling
regime, the dominant VBS ordering is VBS with momen-
tum ðπ; πÞ, owing to the Fermi surface nesting on the
square lattice at half filling. Remarkably, in the presence of
strong interaction, the ground state displays VBS order
with momentum ðπ; 0Þ=ð0; πÞ, distinct from the VBS
pattern at weak coupling. Differently from sVBS in the
weak coupling regime arising from Fermi surface insta-
bility, the cVBS order is a consequence of strong electronic
interaction. The results of the correlation-length ratio
unambiguously establish the existence of the sVBS and
cVBS long-range orders in the regions J < 1.5 and
J > 3.5, respectively. Hence, for the intermediate fer-
mion-component number N ¼ 4, our simulation unequivo-
cally reveals two different VBS ordered phases emerging in
the weak and strong coupling regimes, with distinct
patterns and underlying mechanisms.
The competition between various ordered phases with

incompatible broken symmetries offers a promising route
toward yielding an exotic QSL phase. In Eq. (1) for N ¼ 4,

the results of the correlation-length ratio reveal an inter-
mediate phase in the region 1.5 < J < 3.5, in which both
the sVBS and cVBS orders are short range. The finite-size
scaling of VBS structure factors with momentum ðπ; πÞ and
ðπ; 0Þ=ð0; πÞ, as depicted in Figs. 3(c) and 3(d), confirm the
absence of VBS long-range ordering. We exclude the
possibility of other SSB orderings occurring in this
intermediate phase, including AFM, nematic, and hopping
square orderings, by means of finite-scaling analysis of the
structure factor as shown in Secs. IV, V, and VI of the
Supplemental Material [103]. Furthermore, the correlation
functions of VBS order exhibit exponentially decaying
behavior, excluding the existence of a quasi-long-range
order of VBS. The occurrence of intermediate phase in the
absence of VBS long-range order is also witnessed by the
momentum distribution of VBS structure factors, as shown
in Fig. 4. In the weak-coupling (J ¼ 0.5) and strong-
coupling (J ¼ 5) regimes, as expected, the VBS structure
factors are sharply peaked at momenta ðπ; πÞ and ðπ; 0Þ,
respectively. In the intermediate phase (J ¼ 2, 3), the peaks
of VBS structure factors are obviously broadened, implying
the suppression of long-range ordering. In the intermediate
disordered phase, the fluctuating short-range VBS orders
with momenta ðπ; 0Þ and ð0; πÞ are both present. The two
states are easily tunneled to each other. The simultaneous
presence of short-range x-bond VBS with momentum
ðπ; 0Þ and y-bond VBS with momentum ð0; πÞ gives rise
to the short-range plaquette ordering with momenta in the
diagonal direction. We present the results of correlation
length for VBS order normalized by L, estimated from the
relation ξ ¼ ð1=δqÞ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi½SðQÞ=SðQþ δqÞ� − 1

p
, shown in

Sec. IV of the Supplemental Material [103]. In the

FIG. 3. The upper two graphs display the results of VBS
ordering for N ¼ 4: correlation length ratios of (a) sVBS and
(b) cVBS. The results of sVBS increase with system size in the
weakly interacting regime J < 1.4, indicating sVBS long-range
order. The results of cVBS increase with system size in the
strongly interacting regime J > 3.5, indicating cVBS long-range
order. The lower two graphs show the finite-size scaling of
(c) sVBS and (d) cVBS structure factors in the regime of
intermediate interaction strength 1.4 < J < 3.5. Both sVBS
and cVBS orders vanish in the thermodynamic limit.

FIG. 4. Momentum distribution of VBS structure factors for
N ¼ 4: (a) J ¼ 0.5. (b) J ¼ 2.0. (c) J ¼ 3.0. (d) J ¼ 5.0. The
linear system size is fixed as L ¼ 20.
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intermediate regime 1.5 < J < 3.5, the correlation length is
much smaller compared with the linear system size L,
confirming that VBS order is short range and that our
computational system is sufficiently large to capture the
physical properties at the thermodynamic limit. Taken
together, our simulation provides compelling evidences
supporting the emergence of an intermediate phase without
SSB for N ¼ 4 in model Eq. (1).
To further investigate the nature of intermediate sym-

metric phase, we calculate the single-particle and spin gaps.
The finite-size scaling results of spin and single-particle
gaps for various values of J are shown in Figs. 5(a) and
5(b), respectively. The extrapolated values unambiguously
reveal finite single-particle and spin gaps, demonstrating
the nature of a Mott insulating phase, and possibly a gapped
QSL featuring topological order. We also calculate the
valence bond correlation function, excluding the possibility
of algebraically decaying VBS order (see Sec. VII of the
Supplemental Material [103]). Moreover, the gapped QSL
is consistent with the Lieb-Schultz-Mattis theorem [112–
115]. In our simulation, the average filling number is two
electrons per unit cell; hence, the possibility of gapped
SU(4) symmetric phase without ground-state degeneracy is
excluded, owing to the LSM theorem for the SUðNÞ
symmetric system [115]. In conclusion, our systematic
simulations establish a possible gapped QSL phase existing
in the intermediate interacting regime for N ¼ 4. To further
corroborate our conclusion and investigate how the QSL
region evolves with N, we perform QMC simulations at
N ¼ 5 (see Sec. VIII of the Supplemental Material [103]).
The results confirm that the conclusion for SUð4Þ quali-
tatively holds at N ¼ 5. More remarkably, the parameter
regime of QSL is even larger with the increase of N to 5.
The larger regime for N ¼ 5 is possibly because the Dirac
gapless QSL coupled to the Uð1Þ gauge field is a parent
state of the gapped QSL unveiled in our study [116,117].
With increasing N, the scaling dimension of the monopole
increases and the deconfined spinons are more stable, thus
enlarging the parameter regime of QSL. The more rigorous
studies are required to confirm the scenario, which is left
for future work.

Discussions and concluding remarks.—In this Letter, we
perform approximation-free numerical simulation to deci-
pher the ground-state properties of a SUðNÞ fermionic
model with SSH interaction on a square lattice. Various
competing orderings emerge at varying interaction strength
and the number of the fermion component N. At small
values of N—namely, N ¼ 2, 3—the ground state is an
AFM ordered state. However, in the large-N limit, the
dominant order is a VBS carrying momentum ðπ; πÞ while
preserving spin rotational symmetry. The results at inter-
mediate values of N are particularly intriguing. At N ¼ 4, 5
with at weak coupling, the dominant VBS ordering is sVBS
with momentum ðπ; πÞ, persisting up to J ¼ 1.4ð1.5Þ,
whereas the strong electronic interactions establish the
VBS order carrying momentum ðπ; 0Þ=ð0; πÞ in the region
J > 3.5ð5.4Þ. More remarkably, in a large intermediate
regime, an exotic Mott insulating phase without SSB
develops. The intermediate symmetric Mott insulating
phase possesses finite single-particle and spin gaps. All
these features are consistent with a gapped QSL phase.
Notably, although we focus on the simulation on model

in Eq. (1) at half filling, the model is sign-problem free at
generic filling for even N. The possible superconductivity
arising from doping various spontaneous symmetry-
breaking phases or QSL is of particular interest. Further-
more, Eq. (1) is sign free at half filling for even N in the
presence of repulsive Hubbard interaction, making it
feasible to investigate the effect of Hubbard interactions
on the various VBS and QSL orders unveiled in our
simulation. For gapped QSL, topological entanglement
entropy is the fingerprint to identify topological order,
which exhibits a universal value γ ¼ − lnN for the phase
with ZN topological order [118–120]. It is interesting to
investigate entanglement properties through QMC simu-
lation to determine the type of topological order in the
intermediate QSL phase [121–126]. Another interesting
direction to explore in the future is the nature of quantum
phase transition between QSL and different VBS ordered
phases. Therefore, our simulation paves a novel direction of
constructing a concrete theoretically tractable model to
investigate these crucial ingredients in quantummany-body
physics.
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FIG. 5. Finite-size scaling of (a) the spin gap and (b) the single-
particle gap in the intermediate symmetric phase for N ¼ 4.
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