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Rotation, which stabilizes flow, can enhance the heat transfer in Rayleigh-Bénard convection (RBC)
through Ekman pumping. In this Letter, we present the results of our direct numerical simulations of
rotating RBC, providing a comprehensive analysis of this heat transfer enhancement relative to nonrotating
RBC in the parameter space of Rayleigh number (Ra), Prandtl number (Pr), and Taylor number (Ta). We
show that for a given Ra, there exists a critical Prandtl number (Prcr) below which no significant heat
transfer enhancement occurs at any rotation rate, and an optimal Prandtl number (Propt) at which maximum
heat transfer enhancement occurs at an optimal rotation rate (Taopt). Notably, Prcr, Propt, Taopt, and the
maximum heat transfer enhancement all increase with increasing Ra. We also demonstrate a significant heat
transfer enhancement up to Ra ¼ 2 × 1010 and predict that the enhancement would become even more
pronounced at higher Ra, provided Pr is also increased commensurately.
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Thermal convection under the influence of background
rotation manifests in various geophysical and astrophysical
flows, such as flows occurring within the Earth’s atmos-
phere, oceans, and outer core [1–3], gaseous planets like
Jupiter [4,5], and solar interiors [6]. Rotation, which
introduces the Coriolis force into the system, significantly
affects the characteristics of these flows, including heat and
momentum transfer [7,8]. The canonical model to study the
behavior of such systems is rotating Rayleigh-Bénard
convection (RBC), in which fluid motion occurs between
a hot plate (at the bottom) and a cold plate (at the top) as a
consequence of the thermal buoyancy while the system
rotates along an axis parallel to the gravity [7].
Rotating RBC is primarily governed by three dimension-

less parameters: the Rayleigh number (Ra), which represents
the strength of the buoyancy force over the dissipative forces,
the Prandtl number (Pr), which represents the ratio of the
momentum diffusivity to thermal diffusivity, and the Taylor
number (Ta), which represents the strength of the Coriolis
force relative to the viscous force. To characterize the relative
strength of convection over rotation, convective Rossby
number (Ro ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Ra=Ta Pr
p

) is commonly used. When
Ro ≫ 1, the buoyancy force dominates over the Coriolis
force, and the heat transfer characteristics of rotating RBC
systems are similar to those of corresponding nonrotating
RBC [9–11]. On the other hand, when Ro ≪ 1, rotation
becomes dominant and the heat transfer in rotating RBC, as
compared to that of nonrotating case, is severely suppressed.
Such rotatingRBC system exhibits similarities to geostrophic
flow, which is characterized by a force balance between
pressure gradient and the Coriolis force [9,12,13].
Rotation, which suppresses the intensity of flow, enhan-

ces the heat transfer in RBC for a certain range of Ra, Pr,

and Ta [8,11,14–28]. This heat transfer enhancement in
rotating RBC as compared to the nonrotating case is
ascribed to Ekman pumping. Rotation generates columnar
vortices aligned with the rotation axis in the flow, which in
turn induce a secondary motion (parallel to the rotation)
within the viscous boundary layer [29]. This secondary
motion facilitates the transport of hot fluid (at the bottom
plate) and cold fluid (at the top plate) from the thermal
boundary layers, leading to this enhancement in the heat
transfer [13,19,30].
Although prior studies have reported the effect of Ra, Pr,

and Ta (or 1=Ro) on the heat transfer enhancement in rotating
RBC [17,19,20,22,31], a clear understanding of the possible
enhancement as a function of these parameters has been
missing. In this Letter, we provide a systematic comprehen-
sive analysis of theheat transfer enhancement in rotatingRBC
in the Ra, Pr, Ta parameter space. We explore a very wide
rangeofPrandtl numbers, includingvery highPr (∼1000) that
have not been studied earlier for rotating convection, to
uncover the existence of a “critical” Prandtl number, Prcr. We
show that for each Ra (at least within the range of Ra ¼
2 × 104 − 2 × 1010 explored in the present work), a signifi-
cant heat transfer enhancement will occur only if the Prandtl
number is greater than Prcr that increases with increasing Ra.
For a given Ra, we also provide a precise definition of the
optimal Prandtl number Propt at which the maximum heat
transfer enhancement occurs at an optimal rotation rate, Taopt,
and show that Propt andTaopt also increasewith increasingRa.
Furthermore, we demonstrate a significant heat transfer
enhancement up to Ra ¼ 2 × 1010 and predict even higher
enhancement at higher Ra.
For this study, we perform direct numerical simula-

tions of rotating RBC for a wide range of parameters:
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Ra ¼ gβΔH3=ðνκÞ ¼ 2 × 104 − 2 × 1010, Pr ¼ ν=κ ¼
1–1000, and Ta ¼ 4Ω2H4=ν2 ¼ 0–2 × 1012, and measure
the heat transfer in terms of the Nusselt number
Nu ¼ qH=ðλΔÞ. Here, g is the acceleration due to gravity,
β is the thermal expansion coefficient, Δ is the temperature
difference between the hot and cold plates, H is the
separation between the plates, ν is the kinematic viscosity,
κ is the thermal diffusivity, Ω is the system’s rotation rate, λ
is the thermal conductivity of the fluid, and q is the heat
flux from the hot to cold plates. We perform simulations in
a horizontally periodic rectangular domain of size L × L ×
H (L × L in the horizontal directions) employing iso-
thermal and no-slip (and impenetrable) boundary condi-
tions at the top (cold) and bottom (hot) plates. For the
simulations of nonrotating RBC (Ta ¼ 0) at moderate Ra,
we use large aspect ratio (Γ ¼ L=H) to avoid the effect of
confinement on the Nusselt number [32]: Γ ¼ 8 for Ra ¼
2 × 104–106 and Γ ¼ 4 for Ra ¼ 107–108. Considering the
high computational cost at large Γ for high Ra, we use
Γ ¼ 1 for Ra ¼ 5 × 108 − 2.3 × 109 and Γ ¼ 0.5 for
Ra ¼ 1010. To obtain Nu at Ra ¼ 2 × 1010 for nonrotating
RBC, we fit the available Nu data in the range Ra ¼
106–1010 to a power law and estimate the following values:
Nu≈0.114Ra0.304≈154 for Pr ¼ 20, Nu ≈ 0.131 Ra0.298≈
154 for Pr¼50, and Nu≈0.122Ra0.301≈154 for Pr ¼ 100.
Since the horizontal length scale of the flow in rotating

convection, l, decreases with Ta, as l ≈ 0.9 Ta−1=6H [33],
we use relatively lower aspect ratios (half or one-fourth of
those for the corresponding nonrotating RBC cases) for
some simulations of rotating RBC. In all simulations of
rotating RBC, we ensure that l=L < 1=10 (and also
lc=L≲ 1=8), which is sufficient to mitigate the effect of
confinement on Nu [30,34]. Here, lc ≈ 2.4 Ta−1=6H is the
horizontal length scale that develops at the onset of
convection in rotating RBC for Pr≳0.68 [7,13]. For more
details about the simulations and the solver used in this
study, please refer to the Supplemental Material [35].
In Fig. 1, we show the variation of the normalized

Nusselt number Nu=Nu0 (Nu0 is the Nusselt number for the
nonrotating case) with the Taylor number, Ta, and the
inverse of the Rossby number, 1=Ro, for Pr ¼ 1–1000 at
Ra ¼ ½107; 108; 109; 1010�. We observe that when Pr is not
too small, Nu=Nu0 first increases and then decreases as the
rotation rate is increased. For each Ra, the maximum
enhancement in the heat transfer as compared to the
nonrotating case occurs in a certain range of Pr and rotation
rate. This maximum enhancement increases with increasing
Ra and can reach up to approximately 25%, 40%, and 55%
for Ra ¼ 107, Ra ¼ 108, and Ra ¼ 109, respectively. Note
that we observe more than 40% enhancement in heat
transfer at Ra ¼ 1010, which will be discussed later in
greater detail.
Interestingly, we observe that the Taylor number Ta

serves as a better parameter than 1=Ro in representing the

optimal rotation rate at which the maximum enhancement
occurs (see Fig. 1). Unlike the optimal rotation rate repre-
sented in terms of the inverse of Rossby number, (1=Roopt),
the optimal Taylor number, Taopt, is nearly independent of
Pr when a significant enhancement is observed at a given
Ra. Most earlier studies used 1=Roopt to represent the
optimal rotation rate but found 1=Roopt to be strongly
dependent on Pr [19,20,22]. Since the heat transfer
enhancement due to rotation is largely controlled by the
dynamics of the Ekman boundary layer [45], the thickness
of which depends only on the Taylor number (which
represents the ratio of Coriolis to viscous forces), Ta can
be expected to represent better the heat transfer enhance-
ment than 1=Ro (which represents the ratio of Coriolis to

FIG. 1. Variation of the normalized Nusselt number Nu=Nu0
with Taylor number Ta (left) and 1=Ro (right) for various Pr at
(a) Ra ¼ 107, (b) Ra ¼ 108, (c) Ra ¼ 109, and (d) Ra ¼ 1010.
Solid lines are used to connect data points, aiding visual
interpretation.
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buoyancy forces) at moderate and high rotation rates. This
finding is also in line with the hypothesis of King et al. [9]
that the boundary layer controls the rotation-dominated
regime in rotating RBC, rather than the balance between the
buoyancy and Coriolis forces. Nonetheless, the beginning
of the rotation-affected regime, i.e., the rotation rate at
which Nu=Nu0 starts deviating from 1, is better represented
by 1=Ro than by Ta, as seen from our results. Specifically,
for Ra ¼ 107 and 108, the rotation-affected regime begins
at 1=Ro ≈ 0.2, while for Ra ¼ 109, it begins at 1=Ro ≈ 0.4.
These values are consistent with the findings of Stevens
et al. [11].
In Fig. 2, we show the variation of Taopt with Ra for

various Prandtl numbers. As discussed earlier, we observe
that at a given Ra, the optimal Taylor number does not vary
significantly with Pr. Also, Taopt follows a power law close
to Taopt ∝ Ra1.5 up to a certain Ra and this limiting Ra for
the power law seems to increase with increasing Pr. Note
that the Taylor number at which rotating RBC transitions
from a convective state to a conductive state (Tacs) also
follows the scaling Tacs ∝ Ra1.5 for Pr≳0.68 and Ta ≫ 0
[7,13]. Similar to Tacs, it is plausible that Taopt also
signifies a regime transition in rotating RBC that occurs
at Taopt ∼ 0.02 Tacs (see Fig. 2).
In Fig. 3, we show the variation of the normalized

maximum Nusselt number, Numax=Nu0, with Pr for
Ra ¼ 2 × 104 − 2 × 1010. At any given Ra and Pr,
Numax, by definition, corresponds to the Nusselt number
at the optimal Taylor number for that Ra and Pr. The
maximum heat transfer enhancement represented by
Numax=Nu0 for each Ra increases with Pr up to a certain
Pr and then decreases. Note that for each Ra there exists a
Prandtl number (obtained by extrapolating the data for each
Ra to Numax=Nu0 ¼ 1) below which there will be no (or
marginal) heat transfer enhancement at any rotation rate.
We call this Pr the critical Prandtl number Prcr. In rotating
convection, columnar vortical structures are known to play

an important role in the heat transfer by transporting the
temperature anomaly from the hot (cold) wall to the cold
(hot) wall [19,30]. However, for Pr < Prcr, it is likely that
the lateral diffusion of the heat or temperature anomaly
away from the vortex columns restricts their ability to trans-
port heat between the top and bottom walls [22,31]: see the
contours of the temperature field for Pr ¼ 1 in Fig. 4, which
shows the instantaneous flow structures for various Pr at
Ra ¼ 108 and Ta ≈ 109. Note that for Ra ¼ 108, Prcr ≈ 2,
Propt ∼ 100 (discussion on Propt follows), and Taopt ∼ 109.
As Pr increases, this effect is expected to weaken [e.g., see
the contours of the temperature field in Figs. 4(b) and 4(c)],
and so the heat transfer enhancement increases.However, the
heat transfer enhancement decreases again at very large Pr. At
any Ra, we define the Prandtl number at which Numax=Nu0
reaches its maximum as the optimal Prandtl number Propt for
thatRa. Some studies (e.g., Stevens et al. [22]), comparing the
heat transfer at a constant Ro, have proposed that at large Pr,
theEkmanboundary layer (δu) is significantly thicker than the
thermal boundary layer (δθ); consequently, the columnar
vortices do not reach the thermal boundary layer and the fluid
entering them is not as hot (or as cold), leading to a decrease in
the heat transfer enhancement at large Pr. However, we
observe that the maximum enhancement (which occurs at
Taopt) decreases at large Prandtl number even though 1.3≲
δu=δθ ≲ 1.5 for Pr > Propt (see Supplemental Material [35]).
Currently, we lack a concrete explanation for the

existence of Propt. However, to gain a preliminary under-
standing of the effect of Pr on Ekman pumping and,
consequently, on the heat transfer enhancement, we present
the contours of the vorticity component in the direction of
rotation (z vorticity) along with the contours of the temper-
ature fields in Fig. 4. Note that the normalized z vorticity,
ω̂z ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðPr =RaÞp

ωz, serves as a proxy for the strength of
Ekman pumping [29]. It is clear that similar to the heat
transfer enhancement, the strength of Ekman pumping
(represented by ω̂z) reaches a maximum at Pr∼Propt.
Importantly, rotation seems to change profoundly the effect

FIG. 2. Variation of the optimal Taylor number Taopt with Ra
for various Pr. Dashed line represents Taopt ¼ 0.02 Tacs, where
Tacs ¼ ðRa=8.7Þ1.5.

FIG. 3. Variation of the normalized maximum Nusselt number
Numax=Nu0 with Pr for various Ra.
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of Pr on convection. At high Pr, a significant difference
exists between the scales of the temperature and vorticity
fields in nonrotating convection [46] (also see Fig. S5
in Supplemental Material [35]). However, as evident in
Fig. 4(d) and Fig. S5 of [35], in rotating convection the
temperature field maintains a high degree of coherence with
z vorticity. Consequently, the lateral spatial scales of the
temperature field exhibit a substantial increase as Pr
increases beyond Propt and are likely to be associated with
a decrease in the heat transfer enhancement in comparison
to nonrotating convection.
Now, we make an important observation. Our results

show a significant heat transfer enhancement compared to
nonrotating RBC at Ra ¼ 1010 (≈43% for Pr ¼ 200) and
Ra ¼ 2 × 1010 (≈41% for Pr ¼ 100), and the trends

(see Fig. 3) suggest an even more pronounced enhancement
for higher Pr (up to the respective Propt). Earlier, Weiss
et al. [27] also reported the heat transfer enhancement at
Ra ∼ 1010 for Pr ¼ 4.38–35.5. However, the enhancement
observed in their study, (≈4% − 17%), is significantly
lower than that in the present study because of their lower
Pr (closer to Prcr) and, in some cases, lower Ta (< Taopt).
The present results predict that a significant heat transfer
enhancement in rotating RBC is possible at high Ra,
provided Pr is substantially higher (closer to Propt) than
Prcr. Since most earlier studies commonly employed air
(Pr∼1) or water (Pr≈4–7) as the working fluid, for
example, Niemela et al. [47] (Pr ¼ 0.7–5.9), Stellmach
et al. [45] (Pr≈1–7), Kunnen et al. [34] (Pr ¼ 1), Ecke and
Niemela [48] (Pr ¼ 0.7), and Hartmann et al. [31]
(Pr ¼ 4.38 and 6.4), they failed to observe any (or
significant) heat transfer enhancement at Ra≳ 1010, for
which Prcr ≳ 10. Note that we also observe a significant
heat transfer enhancement (> 10%) at Ra ¼ 2 × 104 (using
Γ ¼ 8), in agreement with Rossby’s experimental results
[8] for Γ≳ 6.
In Fig. 5, we show the variation of Prcr and Propt with Ra.

Interestingly, both Prcr and Propt increase monotonically
with Ra and approximately follow power laws: Prcr≈1.46×
10−3Ra0.375 and Propt ≈ 8.18 × 10−3 Ra0.504. Considering
the high computational cost at large Pr and large Ra, we do
not perform simulations at Pr > 200 and Pr > 100 to find
Propt for Ra ¼ 1010 and Ra ¼ 2 × 1010, respectively, which
are estimated to be Propt ∼ 1000 by the above power-law fit.
As Rayleigh number increases, the turbulent diffusion of
heat is also expected to become stronger. At low Pr, this
higher turbulent diffusion will combine with the large
molecular thermal diffusivity to further increase the lateral
diffusion of heat in the bulk, and hence, will decrease the
ability of the vortex columns to transport heat. Thus, a

FIG. 4. Instantaneous contours of the normalized temperature
field T in the yz plane at x ¼ L=2 (left) and the normalized
z-vorticity field, ω̂z ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðPr =RaÞp

ωz, in the xy plane at z ≈ 1.2δu
(right) with superimposed velocity vectors for (a) Pr ¼ 1,
(b) Pr ¼ 4.38, (c) Pr ¼ 100, and (d) Pr ¼ 1000 at Ra ¼ 108

and Ta ≈ Taopt. Note that the rotation axis is along z direction and
for Ra ¼ 108, Prcr ≈ 2 and Propt ∼ 100.

FIG. 5. Variation of the critical Prandtl number Prcr and the
optimal Prandtl number Propt with Ra. Dot-dashed and dashed
lines represent power-law fits Prcr ≈ 1.46 × 10−3 Ra0.375 in the
range Ra ¼ 107–1010 and Propt ≈ 8.18 × 10−3 Ra0.504 in the
range Ra ¼ 106 − 2.3 × 109, respectively.
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correspondingly larger Pr may be necessary to counter this
effect of the enhanced turbulent thermal diffusivity to
register any enhancement in the heat transfer, i.e., Prcr
will increase with increasing Ra. On the other hand, as the
buoyancy forcing increases with increasing Ra, the effects
of large Pr will diminish and the heat transfer enhancement
can be sustained until larger Prandtl numbers, i.e., Propt also
increases as Ra is increased.
In Fig. 6, we show the variation of ½NumaxðProptÞ=

Nu0� − 1 with Ra. Here, NumaxðProptÞ is Numax at Pr ¼
Propt. Similar to Prcr and Propt, ½NumaxðProptÞ=Nu0� − 1 also
increases with increasing Ra, and the trend can
be fitted by a power law NumaxðProptÞ=Nu0 ≈ 1þ
0.0185 Ra0.164 in the range Ra ¼ 106 − 2.3 × 109. This
relationship predicts that the maximum heat transfer
enhancement increases with increasing Ra, provided the
Prandtl number is also increased commensurately to the
respective Propt. In particular, the present results predict
Numax=Nu0 ≈ 1.8 (i.e., a maximum heat transfer enhance-
ment of 80%) for Ra ¼ 1010 at Propt ≈ 900, and even higher
maximum enhancement at Ra > 1010 at higher Pr. As
discussed earlier, Propt increases with Ra, i.e., the increase
in the heat transfer enhancement with increasing Pr can be
sustained up to a larger Pr at higher Ra. Thus, the maximum
enhancement can also be expected to increase with Ra.
Note that, due to the effect of finite aspect ratio on Nu in

nonrotating simulations (mainly for Ra ≥ 5 × 108 in this
work) [32], and owing to possible errors associated with the
interpolation and extrapolation, there may be some uncer-
tainty in the present values of Prcr, Propt, and the maximum
enhancement. However, this effect is expected to not alter
any of the major findings of this study.
In conclusion, this work provides a clear picture of the

heat transfer enhancement due to Ekman pumping in
rotating Rayleigh-Bénard convection (RBC) as a function
of Ra, Pr, and Ta. At a given Ra, we demonstrate the
existence of a critical Prandtl number below which no

significant heat transfer enhancement can occur and an
optimal Prandtl number at which the maximum enhance-
ment is obtained. Both critical and optimal Prandtl numbers
increase with increasing Ra. Importantly, our results show
that the maximum enhancement also increases with Ra,
provided Pr is increased commensurately. At present, we do
not know up to what Ra these trends will persist.
Simulations and experiments at significantly higher Ra
and Pr than currently feasible may be required to answer
this question.
Note that, similar to rotation, lateral confinement and

a vertical magnetic field also stabilize flow and can also
enhance the heat transfer in RBC [28,32,49,50]. Perhaps a
systematic study of the effects of lateral confinement and a
vertical magnetic field on the heat transfer in RBC will also
reveal the existence of critical and optimal Prandtl numbers
for these problems. In closing, we want to emphasize that
by systematically exploring the heat transfer over a wide
range of parameters, we believe that our study establishes a
benchmark for testing and developing new models for
rotating RBC.
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