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Quantum states least affected by interactions with environment play a pivotal role in both foundations
and applications of quantum mechanics. Known as pointer states, they surprisingly lacked a systematic
description. Working within the Born-Markov approximation, we combine methods of group theory and open
quantum systems and derive general conditions describing pointer states. Contrary to common expectations,
they are in general different from coherent states. Thus the two notions of being “closest to the classical’—one
defined by the uncertainty relations and the other by the interaction with the environment—are in general
different. As an example, we study spin-spin and spin-boson models with an arbitrary central spin J.
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A comprehensive understanding of how the classical
reality emerges from the underlying quantum theory is one
of the most fascinating challenges of modern physics.
Decoherence program [1-5] has been highly successful in
explaining the loss of quantum properties through the inte-
raction with uncontrolled degrees of freedom (environment);
see, e.g., Refs. [6-12]. The inevitable, in realistic situations,
interactions with the environment lead to delocalization and
destruction of phase relations, making certain quantum super-
positions unobservable. On the other hand, the same process
distinguishes some preferred states [13,14], which are least
affected, and thus the system is most likely to be found in one
of them. In this sense, perceived classicality can be explained
through properties of certain robust quantum states [2].

Determining the preferred states, known as pointer states,
in the general case has been a difficult open task since their
introduction in Ref. [13]. Several formal definitions were
given with the most fruitful being the predictability sieve idea
[15], defining pointer states as states producing least entropy
(for others see, e.g., Ref. [16]). Various examples
of pointer states have been found so far, with the best
known [17] in the quantum Brownian motion (QBM)
model [2,5,18,19], where they happen to be the Glauber-
Sudarshan coherent states [20,21]. Minimum uncertainty
states were also proven to be universal pointer states for a
general, linearly coupled free open evolution and that
decoherence to them is generic [22], which is an extension
of an earlier result [16], obtained in a simpler Markovian
model. A general question when generalized coherent states
[23] are the preferred states was analyzed in [24], using the
Gorini-Kossakowski-Lindblad-Sudarshan (GKLS) [25-28]
master equation and group-theoretical methods, showing that
it is not generically the case unless specific conditions are
met. Other results include Ref. [29], where similar findings
to Ref. [17] were derived in the GKLS formalism [30],

0031-9007/24/132(3)/030203(7)

030203-1

where the problem of how to engineer the coupling to turn a
given pure state into a pointer state was studied in a non-
Markovian setup, and Ref. [31], where pointer states for
antiferromagnetic systems were numerically analyzed.

In this Letter, we derive a general framework for finding
pointer states in the Born-Markov regime. To our knowl-
edge, it is the first systematic analysis of pointer states in the
Born-Markov regime. We work under a broad assumption
of an existence of some Lie group structure behind the
dynamics, which covers, among others, the canonical
models of decoherence [5]. We analyze in detail the case
of a compact, semisimple group, but our method applies to
other groups too as we show on the QBM example of [17].
The equations that we derive define a new class of
optimization problems, different from the minimum uncer-
tainty problem, confirming that open dynamics selects its
own robust states, different from the generalized coherent
states (cf. [24]). We exemplify our methods with arbitrary
spins coupled to bosonic or spin environments. Pointer
states in these models were unknown before.

General method—We consider an open system model,
where a system of interest S, governed by the free
Hamiltonian H,, is coupled to the environment E via a
bilinear interaction term H; = A ® £. The most general
coupling is a sum of such terms [5], and a generalization of
our method to such couplings is straightforward. We will
assume the weak-coupling limit and that the conditions of
the Born-Markov approximation hold. Then system’s
reduced density matrix p(¢) satisfies then the Born-Markov
master equation [5,32,33]:

Pt) = ~i[Ho. p(1)] - / ™ dau(2) A, [A(~7). p(1)]

0

+i [T dmol A0 (1)
0
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where {A, B} = AB + BA,
A(—=1) = e tHor AT, (2)

and v(7), n(z) are, respectively, the noise and dissipation
kernels defined via the environment correlation function:

Tre[pe(0)E(7)E] = v(z) — in(z), (3)

where £(7) = efe*Ee~HE7 The environment state pj is
arbitrary here as long as it is stationary [H, pg] = 0, which
is a standard assumption [2,4,5].

The predictability sieve looks for those states, which
generate the least entropy during the evolution (1). A
convenient measure is the linear entropy (cf. [3,16]):

s(p) = 1 =Tr[p?], (4)

related to purity. We assume a pure initial state,

p(0) = [w){wl, (5)

and ask how much purity is lost during the evolution [17].
Let us assume that there exists a Lie group G of dimension
N, such that H, and A are from its Lie algebra and can be
represented using the generators {X;}V

N
j=1

(we choose Hy as one of the generators and leave A arbitrary
only for the sake of definiteness). This is somewhat similar
to the approach of [24]; however, instead of imposing the
secular approximation and studying the algebra generated
by the GKLS jump operators and the associated generalized
coherent states, we assume the existence of a dynamical
group already at the microscopic level. Both H, and A must
be Hermitian for physical reasons, which motivates the
assumption that the whole Lie algebra is real and spanned
by Hermitian operators, Xj. = X;. Further assuming they
can be represented in finite dimension, G becomes a
subgroup of sufficiently large unitary group and thus
compact. In light of these identifications, the free evolution
(2) is the adjoint action of G in its Lie algebra:

Xj(—7) = e XX e = N RN (—0)X,, (7)
k

where R%(O) = 8. The indices i, j, k,[... € 1...N are the
Lie algebra indices of G. Matrix R" is nothing but the
exponent of the structure constants f;;; of G, arranged into
N x N matrix (the matrix of the ady  action) and is given by

RN =[] o ladgly=ifwe (8)

where f;; are defined via [X;, X;]=1) fiuXs. In
what follows we will omit the index N for simplicity,
writing R (7). Using this we can express the change of the
entropy (4) as

1
y8= zajaszk(Tf[Pz{Xth}] = 2Tr[pX;pX,])
i

+ zajalyjkflkarVZXm], 9)

Jjklm

where we have introduced constants [assuming the func-
tion (3) is regular enough for the integrals to exist]:

Dy = / A Ry(~).  rp= / ™ den(e)Rye(~).
(10)

To make further analysis feasible, we assume as a first
approximation [17] that the state p(z) on the right-hand

side above is approximately pure and evolves according to
the free evolution; i.e.,

p(1) e yr) (e, (11)
Using Eq. (7) we obtain

1

ES ~ Z ajalelem(t)Rkn(t)Cmn (12)
Jkimn
+ Z ajalJ/jkflkamn(t) <Xn>, (13)
Jjklmn
where
Con = (X, X, 1) = 20X, )(X,) (14)

is the covariance matrix calculated in the initial state and
(X,,) = (w|X,,lw) is the average in the initial state.

Next we analyze matrices R ;(#). For a compact G, there
exists a Killing-Cartan form, /1, = Tr[ady, ady, ] on the Lie
algebra, invariant under (7) and serving as a metric (see,
e.g., Ref. [34]). For simplicity, we will also assume that this
metric is nondegenerate (so G is semisimple, which is not
crucial) so that j; o 6, and the adjoint matrices become
orthogonal. Then from (7), R (t) are rotations around the
Xy axis and have a block form R(z) = diag[SO(N — 1), 1].
The SO(N — 1) part can be further decomposed into a direct
sum of two-dimensional rotations:
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costQ, sinz€

R(t) = OT[@®, R, (1)]O,  R,(1) = « «
(1) | (1) (1) —sintQ, cos IQJ
(15)
where O €SO(N), 1 <a<ay=|[(N-1)/2], the last

block R, (1) = 1, and for even N the one before the last
block is also trivial; i.e.,

Ry (1)

OR(1)0T = : , - (16)

L 1L 1]
for odd and even N, respectively. The form of the time
dependence in (15) comes from the antisymmetry (the G
invariance of the Cartan-Killing form):

fije = —fixjs (17)

making f;; totaly antisymmetric as f;j = —f -

Thus for each particular model, the lhs of (12) is a linear
combination of trigonometric functions and their squares,
which, in principle, can be integrated (cf. [17]). However,
the instantaneous entropy production s(¢) may not be the
most indicative quantity due to its time fluctuations. Here
we choose its longtime average as more representative:

5 — Tim ~[s(c) — s(0)] = tim~ [ “ars(e);  (18)

T—00 T =0T Jo

meaning we average the entropy production over times
much longer than any other timescales. In what follows, we
apply the above time averaging to Eq. (12), using Eq. (15).
The first term contains quadratic factors:

le Rkn Z Ol’lok'szl’ ' k’ ’ Om mOn’n’
K1I'm'n' of

(19)

where ijn) are the matrices of R, embedded naturally into

the whole space by adding rows and columns of zeros; i.e.,
R§m> = 0 when jm are outside of the a subspace. Let us
define rotated generators and coefficients from (6):

Xm’ = zom’mxm’ le’ = Zoj’jaj (20)
m J

Xy =Xy by the construction; cf. Eq. (16)], the corre-
sponding covariance matrix C,,,. We show that [35]

z a;a;D Ry (1) R (1) C o

Jjklmn

= I8l PDa [ A2 + AR | + a3 DoAXE, (1)

asay

and for even N there is an additional term a3,_ IDOAX%, I
Here X, = (X,0.X,1) is the projection of X on the a
subspace, similarly a,, and AXZ, = (X2,) — (X,;)? are
variances in the initial state [yr). We decomposed D by
inserting (15) into (10):

D{l f{lQ{l
_f aQa D a

DY

@ = A " de(r) R (=) = . (22)

Jk

where D, and f, are generalized normal and anomalous
diffusion coefficients, corresponding to Q,:

0 —1 [
D, = / drv(r)costQ,,  fo=— drv(r) sinz€l,.
0 Q(l 0
(23)
Finally, we introduced Dy = [ drv(r), provided it exists

(e.g., for Ohmic and super-Ohmic bosonic environments).
Similar analysis can be applied to the term linear in
R () in (13). We first assume the odd group dimension N.

From (15) and (16) the only nonzero term is Ryy(?) =
Ryn(t) = 1, so that

Z a al?’,kfzkm mn( Za alV,kak1<XN> (24)

Jjklmn Jkl

where we have used the total antisymmetry of f; ;. We then
decompose 7 j; using (15):

Q2 —,Q
— OT aO Y= [ o u:~ (1:|’ 25
! zoz: ! ! }IaQa _Qg ( )
where

~ © 1 ©
Ql=— / den(r)costQ,, vo=— / den(r) sintQ,
0 Qq Jo

(26)
are generalized frequency shift and the momentum damping

coefficients. Similarly, (15) implies via differentiation of (8)
a block-diagonal form of ady :

> 07,0,

a<ay

0 —iQ,
adXN: Cyp —

iQ, 0 ] @7)

where the last block is zero due to (16). Recalling that
[adXN]jk = ifNjk’ we obtain [35]
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Zajaﬂjkfzvkl == Z 18] Q27 - (28)

Jkl a<ay

For even dimension N, there is one more nonzero element in
R,,, (1), corresponding to the (N — 1, N — 1) element of the
canonical form of R(z): [OR(1)O"]y_, y_; = 1;cf. Eq. (16).
It leads to an additional term in Eq. (24):

Z a; a1y ik f tkm On-1,mOn-1(Xn)
Jklmn

=) (aly,-ady, &) (Xy_), (29)

a
where (|) is a scalar product, ady is the ad operator of the
transformed generator X,,, and é.;jgN_] = Oadg, o7 is
the matrix of adg  ~ transformed to the new basis so
that [Xl', X]] =1 Zk[adii]jkxk.
Main results.—We obtain the following expressions for

the asymptotic Born-Markov entropy production in the
studied framework:

s~ 318,10, [Axgo AR+

alay

2
B )] a0)

a

N[ =

+a3,DyAXY, (31)

for odd N, and

1_ i . o Qava
357 30 IPD, [ A%% + A%, + 5 (1)

a<ay—1 a

~2 V2 2 2
+ aN—lDOAXN—l + aNDOAXN (32)
+i) (aly, - adg, &) (Xy), (33)

for even N. The predictability sieve then defines the pointer
states as

argmin,, 5(y). (34)

This is a complicated optimization problem. It can be
somewhat simplified in the low-damping limit y /D, = 0,
which holds, e.g., in high-temperature environments [4,5].
Dropping the nondynamical term ayX, from (6) as it is
usually the case, we obtain in this limit

1_ - - o e
LY [ E SEC A1 A1 RECY
jk
where we introduced the environment-dependent metric

gjk = @ ||ﬁa||2D(112’ (36)

alay

where 1, is the 2D unit matrix and for even N the last
nonzero block is equal to a%_,Dy. There is a similarity
between (35) and the generalized coherent states defined via
minimization of the G-invariant dispersion (AC) =
> hp[(XXy) — (X;)(Xi)] [23]. However, the metric g
is in general different from the Killing-Cartan form hjk,
which here is o¢ 1. For example, in thermal models g, can
nontrivially depend on the temperature via the diffusion
coefficients D,. We thus obtain (cf. [24]) the following.

Corollary 1.—Pointer states are in general different from
coherent states for G unless 5 « (AC).

OBM example.—It is interesting to revisit the seminal
result of [17], which shows that for the QBM model the
pointer states are the coherent states. The model is described
by Hy = P?/2M + MQ?>Q?/2 and A = Q. The group G is
generated by the operators X = {Q, P, 1, H,} and is known
as the oscillator group [36]. It is noncompact [it is a
projective representation of Sp(2, R)], but after the rescal-
ing g = VMQOQ, p = (1/\/]\7)P, the matrix of the adjoint
action (7) generated by hy = (¢> + p?)/2 becomes
orthogonal (in the Lie algebra basis {q, p.1,hy} and
[q. p] = i),

cosQt  sin Qr

—sinQr cos Qr
R(t) = : (37)
1

and is already in the canonical form (16). We can thus use
our procedure and obtain the high-temperature entropy
production equation (35):

AP?
5~ 2D[Aq? + Ap?] = 2DMQ? [AQ2 +tap 92] . (38)

Modulo an unimportant prefactor, the above equation is
the same as obtained in [17] via a direct calculation; D is
given by (23) with Q, = Q. It now so happens that the rhs
of Eq. (38) corresponds to an invariant dispersion for a
subgroup H of G, the Heisenberg-Weyl group generated
by {Q,P,1}. The minimization of (38) leads to the
coherent states of H [23], which are the celebrated
Glauber-Sudarshan coherent states |a) [20,21] and which
are also coherent states for G [23]. This situation is rather
exceptional as, e.g., it is well known that higher order
polynomials in Q, P will not lead to any group structures,
which in turn is connected to the known problems of the
canonical quantization [37].

Spin-J systems.—As a further illustration, we consider a
class of models where a central spin J interacts with a
thermal environment. As our general method is quite
insensitive to the type of the environment, as long as the
autocorrelation function is sufficiently regular, it will not
matter below if the environment is bosonic,
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S i
(U] ek bt mbacctad ek ik ks 04375
Random pure states
FIG. 1. Values of the rescaled entropy production 5/2D for

random pure states in the high-temperature limit for spin-1
system. Each dot corresponds to a single random pure state.
The dashed horizontal line corresponds to the minimum value of
5/2D for spin-coherent states. The black horizontal line indicates
the true minimum value, 0.4375.

H=QJ, + Zwiajai - JxZ(giaj +gia;),  (39)
or spin,
_ Wi (i) (1)
H=QJ, + ZEGZ - JxZg,-O'x . (40)

Above J; are the spin operators of the central system, a,(f) are

the Pauli matrices for the ith spin, a;, aj are the annihilation
and creation operators, respectively, of the environment,
which is assumed to be thermal with the inverse temperature
f. Both spin-spin and spin-boson models have become of
significant importance recently due to their roles in such
fields as, e.g., matter-wave interferometry [9,12], quantum
dots [38], nitrogen-vacancy centers [39], and applied quan-
tum information [40].

The models fall within our framework with G = SU(2),
Hy=QJ,, A=—J,. The matrix (7) is already in the
canonical form and reads (after rescaling Xy ):

cos Qt —sin Q¢
R(t) = | sinQt  cosQt . (41)
1
From Egs. (30) and (31), we immediately obtain the
entropy production (with a, = —1, the rest zero):
S~ 2D |AJ2 4+ AJ? + % a1 (42)

where D, y are from (23) and (26) and are given by the
well-known expressions [5] with y/D = tanh(5Q/2).
Equation (42) is the same, up to an irrelevant positive
prefactor, for both models, which can be seen, e.g., using
the standard spin-oscillator mapping [5]. It is then easy to
minimize (42) for spin-coherent states |n) = ™|}, —j),

where n is a unit vector, m = (sing,—cos¢,0),
and J.|j,—j) = —j|j,—Jj). We obtain 5/2D = j(l -1/
2sin?@ — y/D cos @), with the minimum at cosf = y/D
leading to

—_ . 2
Smin J 4

~L(1-5). 43
2D 2< D2) (43)

For f — 0, this implies 5,,;,/2D = j/2, which is satisfied
for spin-1/2 systems (e.g., two-level atoms), since then all
pure states are coherent states by definition, but this is not so
already for spin-1. The minimum for high temperature is
achieved for the following U(1) family of states [35], which
are the true pointer states:

) = eI e+ f2

and the minimum value is 5,,;, /2D = (7/16) ~0.4375 < 0.5.
Figure | is a numerical illustration of this fact. Although
the overlap of (44) with spin-coherent states reaches

1/2 ++/15/8 ~ 0.98, the states |y) are superpositions of
two orthogonal coherent states [35] showing their
“nonclassicality”.

Concluding remarks.—The use of the Born-Markov,
rather than the GKLS, approach can be criticized due to the
lack of complete positivity in some situations (see, how-
ever, Refs. [41,42]). This has been a matter of an ongoing
debate, see, e.g., Refs. [43,44], and the references therein,
despite the immense predictive power of the Born-Markov
approach [5]. Let us state clearly that it is not the goal of
our work to advocate for one approach or the other, but
rather to explore how pointer states appear in the Born-
Markov regime, which remains one of the most powerful
approximation schemes in the open quantum systems
theory.

Above, we studied compact, semisimple groups, but it is
clear that our method is more universal. It is enough that the
free evolution generates a group with some known canoni-
cal decomposition, like in the example of QBM and the
noncompact oscillator group.

The pointer defining equations present a difficult opti-
mization problem even in the low-damping regime and new
mathematical tools will most probably be needed to tackle
it. The physical characteristics of the states found here will
require further studies (we know they are not minimum
uncertainty states). So will the problem of how a general
initial state evolves toward their mixture (cf. [22]) and if
advanced decoherence forms such as quantum Darwinism
and spectrum broadcast structures [45—49] can be defined
around the pointer states found here; cf., e.g., [50] for an
alternative classicization mechanism. We hope our work
will stimulate further research into those and related topics
and contribute to the debate on the dynamical emergence of

1,0), (44)
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classical properties, as well as have practical implications,
e.g., for quantum state engineering.
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