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Anyons, exotic quasiparticles in two-dimensional space exhibiting nontrivial exchange statistics, play a
crucial role in universal topological quantum computing. One notable proposal to manifest the fractional
statistics of anyons is the toric code model; however, scaling up its size through quantum simulation poses a
serious challenge because of its highly entangled ground state. In this Letter, we demonstrate that a modular
superconducting quantum processor enables hardware-pragmatic implementation of the toric code model.
Through in-parallel control across separate modules, we generate a 10-qubit toric code ground state in four
steps and realize six distinct braiding paths to benchmark the performance of anyonic statistics. The path
independence of the anyonic braiding statistics is verified by correlation measurements in an efficient and
scalable fashion. Our modular approach, serving as a hardware embodiment of the toric code model, offers
a promising avenue toward scalable simulation of topological phases, paving the way for quantum

simulation in a distributed fashion.
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In recent years, a number of exotic quantum phases have
been discovered that cannot be classified through tradi-
tional methods based on local order parameters and
spontaneous symmetry breaking [1-12]. Many of these
topologically ordered phases are defined by the emergence
of quasiparticles with long-range quantum entanglement,
known as anyons [4,13,14]. Unlike bosons or fermions in
three dimensions, exchanging their positions results in a
generic phase factor instead of 1 or —1 for Abelian type
anyons [15-17], or even a unitary operation that shifts the
system between different topologically degenerate states
for non-Abelian anyons [9-11,18-27]. A paradigmatic
topological two-dimensional (2D) lattice model is the toric
code model that exhibits Z, topological order and anyonic
excitations [8,28-37]. Given its inherent richness and
potential applications in topological quantum computing,
there has been extensive interest in experimentally realizing
the toric code model [17,38-55]. Researchers have not only
engineered topological ordered states and explored their
nonlocal properties using quantum circuits [51] but also
observed non-Abelian anyon exchange statistics [53,54].

Demonstrating the path-independent nature of the any-
onic statistics not only provides a better understanding of
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braiding operations under realistic noise but also opens up
the possibility of fully utilizing the advantages of anyonic
statistics [56—60]. The path-independent nature has been
realized in nuclear magnetic resonance [47], superconduct-
ing quantum circuits [39], and photons [43]. In these
experiments, starting from the toric code ground state,
anyonic excitations are created and nontrivial phases can be
acquired depending on the braiding path on which the
anyons are interchanged [61]. However, this leads to
notable challenge when scaling up because the highly
entangled ground state requires a large number of entan-
gling gates to prepare.

Here, we show that a modular superconducting quantum
processor provides hardware convenience for implementing
the toric code model. Superconducting quantum processors
have recently emerged as a promising platform for realizing
scalable quantum computers [62—64], but they face engi-
neering challenges such as insufficient wafer area and
congested control line layout when scaling up [65,66].
The modular approach, where smaller modules are con-
structed separately and then assembled into a larger archi-
tecture, can effectively overcome these bottlenecks
[67-72]. Taking advantage of the parallelism inherent in

© 2024 American Physical Society
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FIG. 1. (a) Square-lattice toric code model used, requiring a
minimum of 10 qubits. It features three vertices and six paths:
three nontrivial (in red) and three trivial (in blue). (b) Hardware
embodiment of the toric code model on a modular superconduct-
ing processor.

the distributed architecture, we prepare a 10-qubit toric code
ground state across three modules in four steps. Moreover,
we develop a method using correlation measurements to
extract phase information from each braiding path, enabling
efficient and scalable verification of the path-independent
anyonic statistics. Unlike previous demonstrations of parity
oscillations [39,73,74], our new method employs a universal
correlation curve for extracting necessary observables
through the decomposition of Pauli components. This
approach affords us the capability not only to define
arbitrary measurement operators in accordance with system
requirements, but also to calibrate complex entangled states
extending beyond Greenberger-Horne-Zeilinger states.
We consider the square-lattice toric code model in
Fig. 1(a). This specific configuration necessitates the
utilization of at least ten qubits, which possess three unique
vertices and six distinct paths, comprising three trivial and
three nontrivial paths. Our modular processor serves as a
hardware embodiment of this model, as shown in Fig. 1(b).
Ten qubits labeled as Q; to O across three modules are
used in this experiment. The toric code Hamiltonian
involves two kinds of four-body interactions, namely,

H=-) A,-> B, (1)

v

where A, = [[; e guar(n) o' denotes the interaction among
the four qubits on the star around each vertex v, and

B, =[]} cedee(p) o is on the boundary of each plaquette p.
Because all the stabilizer operators commute with each
other, the ground states |y,) can be defined as the +1
common eigenstates of the A, and B, operators. A
quasiparticle called e (m) particle is generated on vertex
v (plaquette p) if A, (B,) acting on the resulting state |y, )
(lw,,)) yields an eigenvalue —1. Four-body interactions are
notoriously difficult to engineer experimentally in a con-
trollable way. Since the anyon properties are associated
with the underlying many-body entangled states only,
instead of engineering the four-body interactions, one
could alternatively generate the ground and excited states
of the toric code model using quantum gates [61,75].
The ground state of this specific 10-qubit toric code is

lwy) = (10)®10 4 10)®°[1)®* - |1)®*|0) &0
+[0001111000) 4 [0001110111) + [1111001111)
+[1110111000) 4 |1110110111))/2v/2. (2)

Starting from the ground state in Eq. (2), a pair of e (m)
particles are generated on the neighboring two vertices
(plaquettes) by applying a o, (o,) rotation to a qubit.
Anyonic statistics can be demonstrated between ¢ and m
particles by moving one around the other and acquiring a
phase 7z along a closed-loop path. See the Supplemental
Material [76] for more details.

We follow the circuit in Fig. 2(a) to generate the state [y
in Eq. (2). Taking advantage of the parallelism inherent in
the modular architecture, the creation of this ground state is
greatly simplified. As depicted in Fig. 2(a), two intermodule
gates are applied simultaneously to create the Bell states
|Bell) 45 and |Bell),5 across the three modules. The instanta-
neous quantum state is characterized with quantum state
tomography [77], yielding a state fidelity of 91.7%; see
Fig. 2(b). Afterward, an intramodule entangled state |Bell) |,
is created, yielding [Bell),, ® |Bell),s ® |Bell);; with a
state fidelity 85.2%; see Fig. 2(c). To efficiently verify
quantum state preparation, we introduce the correlation
measurement method. Simultaneously measuring correla-
tion oscillation patterns for all qubits in the transverse plane,

we extract the collective correlation operators C(y) =

¥ | (cosyoi —sinyc’) with a tunable phase y, as illus-

trated in Fig. 2(d). The ground state preparation process,
depicted in Fig. 2(a), including entangled state calibration
results from 4q to 10q, can be found in [76]. This correlation
measurement method enables us to verify the ground state
generation in an efficient and scalable fashion.

Now we explore the anyonic statistics after exciting two
e particles in vertices v; and v,. Under this setting, there are
three z-phase-inducing loops with respect to these two e
particles (Paths 1, 2, and 5), two loops that contain a pair of
e particles (Path 3 and 4), and a trivial loop around v;
without any e particle (Path 6). To perform the braiding
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(a) Quantum circuit for toric code ground state preparation, anyonic excitation, braiding, and annihilation. £Y/2 and Z/2

denote R (£7/2) and R, (r/2) gates, respectively. Note only one braiding path is performed in each experiment. (b) The four-qubit
intermodule entangled state |Bell),s ® |Bell),¢ obtained through state tomography, with a state fidelity of 91.7%. (c) The six-qubit
entangled state |Bell);, ® |Bell),s ® |Bell),5, with a fidelity of 85.2%, where only CNOTQ!"?? are operated in the second layer.

(d) Correlation measurement scheme for the C, and C, operators.

operations, we excite a pair of m particles on the edge of the
system so that they are involved in each loop. The non-
trivial braiding phase e'” is a global phase of the system and
is not directly measurable. A widely adopted scheme to
manifest this phase is to use Ramsey-like interference [61],
where a Z/2 gate is applied to Q, to generate an equal
superposition of the ground state [y,) and the excited state
|w.) before braiding, instead of simply applying a Z gate to
excite a pair of e particles. A pair of m particles are excited
in plaquettes p4 and p¢ by applying an X gate to Q5 as well;
see the circuit in Fig. 2(a). The six braiding paths require
different combinations of X gates, and only one path is
implemented in each experiment. The last step is to
annihilate the remaining particles the way they were
created. For the trivial braiding paths (Paths 3, 4, and 6),
the annihilation of the e particles results in a solid creation
of the excited state |y,) [61]. For the nontrivial braiding
paths (Paths 1, 2, and 5), the loops generate a phase of ¢'*
and the particles are perfectly annihilated. Assuming a
more general phase factor ¢, the resulting state is given
by [w) =5 [(1 = e“)ly,) —i(1 + €”)lw.)]

In the ideal case where the quantum state is pure, a
complete set of the (A,) and (B,) values are sufficient to
fully determine the state. However, the experimentally
generated states are impure, and the quantum state readout
is not perfect. Instead of simply measuring the stabilizers,

we expand the stabilizers A, and B, into a set of correlation
functions:

C,(y) = H (cosyol, —sinyot),
i €star(v)

Cyly) = H (cos yo!l + sin y0§). (3)
Jj €edge(p)

Here, y is a tunable rotating angle on each qubit. As shown
in Fig. 2(d), single qubit rotation pulses R(z/2,y) and
R.(y) = R(-n/2,-x/2)R(x/2,y — n/2) are applied to
each qubit to measure the correlation operators C,(y)
and C,(y) [76]. The selection of correlation operators
aligns directly with the system’s requirements, as our
method necessitates no additional compromises. For in-
stance, in arbitrarily larger ground states, adjusting the
stabilizers as outlined in Eq. (3) will consistently fulfill the
demands of subsequent data processing.

The correlation measurement results are shown in Fig. 3.
The upper panel in Fig. 3(a) shows the results for measuring
C,(y) at the vertex v;. The results of the nontrivial paths
(Paths 1, 2, and 5, in three different shades of red) are similar
to that of the ground state (gray), while the results of the trivial
paths (Paths 3, 4, and 6, in three different shades of blue)
have opposite behaviors due to the lack of braiding phase e'”.
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(a) Correlation measurements at vertices v; (upper panel) and v; (lower panel) for six braiding paths. (b) Extracted Pauli

components from (a). Gray bars denote ideal values, while red (blue) bars indicate positive (negative) experimental correlations. Refer to
the Supplemental Material for detailed data with measurement errors. (c) Correlation measurements in plaquettes p; to pg for Paths 1
and 6. (d) Pauli components corresponding to B, operators for various braiding paths.

For comparison, the results at vertex v5 are shown in the lower
panel of Fig. 3(a), where all paths lead to the same oscillation
curve as there is no e particle excitation at this vertex. The
results for C,, is similar to that of C,,, and can be found in [76].
We further analyze the form of the correlation defined in
Eq. (3) and extract Pauli operator components from the data in
Fig. 3(a). For C,(y) at a vertex, we observe that the Pauli
components containing o, or I have zero contribution to the
expectation value. In addition, each ¢, on a qubit appears as a
multiplier — siny in the corresponding term, and each o, as
cos y. Therefore, Pauli components with the same quantity but
adifferent order of 6, and o, add together in terms of the final
expectation value as a consequence of measurement sym-
metry. A new unordered notation are introduced for them, for
example using X* to denote the value of {clo2oic?). For
measuring C, (y), we hence consider the Pauli components X*
(which is the A, operator itself), X>Y, X>Y?, XY?, and Y*,
corresponding to trigonometric terms sin*y, sin®ycosy,
siny cos?y, sinycos’y, and cos*y, respectively [76].
Fitting the data to trigonometric functions of y, we extract
the weights of the corresponding Pauli components in the
reduced density matrices of the quantum states; see Fig. 3(b).
Because the excited state only contains a pair of e particles on
vertices v, and v,, only the measurement results on these two
vertices reveal the phase change induced by different braiding
paths (see the left column for C,,), and the result for C,, is
invariant for all braiding paths (right column). These Pauli
components provide an efficient way to verify the path-
independent nature of the anyonic braiding statistics.

The experimental results for C,(y), which reflect the
dynamics of stabilizers B, are shown in Fig. 3(c). The
underlying lattice has eight C,,(y) operators corresponding
to B, to By in Fig. 1(a). Their oscillation dynamics can be

fitted similar to C,(y) [76]. Theoretically, the six different
braiding paths should not affect the C,(y) operator. Here,
we show one nontrivial loop (Path 1) and one trivial loop
(Path 6) in Fig. 3(c). The resemblance between the results
along these two paths for any of the eight C,(y) operators
suggests the B, operators are not disturbed by the braiding
scheme. The results for the other braiding paths are shown
in [76]. Similar to Fig. 3(b), we can also extract the weights
of different Pauli components for C,(y), as shown in
Fig. 3(d). We can clearly see that the data along all six
paths are similar to each other, suggesting that the B,
operators are not disturbed by the braiding scheme, as
expected.

In Fig. 3(a), the nontrivial loops (Paths 1, 2, and 5) show
the same oscillation dynamics and the system evolves
back to the ground state (gray curve) after the anyon
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FIG. 4. Extracted phase 6 from A, (a) and A,; (b) along
various paths (with included errors). The right diagram illustrates
anyon excitations and their braiding paths.
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annihilation, with an accumulated phase of z. In contrary,
the rest trivial paths (Paths 3, 4, and 6) behave in a different
way from the ground state, as the system is left in the
excited state after the anyon annihilation. The extracted
coefficients of the Pauli components, X* and X?Y?, as
shown in Fig. 3(b), encode the phase value in terms of
cos @ [76]. The braiding phase can then be experimentally
determined. In Fig. 4, the phases 6 are listed for all six
braiding paths, from which we can clearly verify the path-
independent nature of the anyonic braiding statistics.

In conclusion, our experiment utilizes a modular super-
conducting quantum processor tailored to mimic the
physical structure of the toric code model. Through in-
parallel control across separate modules, we achieve hard-
ware efficient preparation of the highly entangled ground
state and identification of accumulated phases along differ-
ent paths via correlation measurements, revealing the path-
independent nature of anyonic statistics. Further progress in
this direction may allow nontrivial connectivity between
different modules, creating a compact toric code with
closed boundary in real space. Our work sets a precedent
for simulating topological phases with modular quantum
processors, paving the way for quantum simulation in a
distributed fashion.
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