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We introduce a fully ab initio theory for inelastic scattering of any atom from any surface exciting single
phonons, and apply the theory to helium scattering from Nb(100). The key aspect making our approach
general is a direct first-principles evaluation of the scattering atom-electron vertex. By correcting
misleading results from current state-of-the-art theories, this fully ab initio approach will be critical in
guiding and interpreting experiments that adopt next-generation, nondestructive atomic beam scattering.
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As opposed to scattering electrons or x rays, atomic and
molecular beams are nondestructive surface probes that
allow for investigations of increasingly sensitive and delicate
samples, pushing the scientific limits of surface types that
can be feasibly examined [1–3]. Such low-energy
(< 0.1 eV) beams of atoms—which do not react with or
damage samples and characteristically scatter a few ang-
strom above surfaces—open up opportunities to study wider
classes of materials including fragile biological specimens,
polymers, glass, topological materials, and even metastable
or reactive surfaces that would otherwise be inaccessible
[4–12]. Modern advances in atomic scattering techniques
include the recently invented helium-atom microscopy and
helium spin-echo spectroscopy, where helium is a popular
choice of scatterer for reasons such as its small mass and
chemical inertness [13–21]. Despite the promise of these
innovative methods, there remain challenges such as low
detection efficiencies (∼5–6 orders of magnitude less than
EELS [22]), which can be remedied by integrating over
many beam pulses but requires recleaning and maintaining
the surface throughout the integration process.
Theoretical predictions of atomic scattering signatures

are critical. Such predictions are not only necessary to
guide the experimental measurement process with its low
detection efficiency, but also to interpret the resulting data.
As we will show below, existing semiempirical theories are
often misrepresentative—downplaying or completely miss-
ing distinctive features while overemphasizing others—
which makes identifying the fundamental underlying proc-
esses extremely challenging. Unfortunately, no fully ab ini-
tio method, which computes scattering directly from first
principles, has yet been available to guide and interpret
atom-surface scattering experiments.
Advances in the theory behind atom-surface scattering

have mostly centered around developing different model
potentials for the distorted-wave Born approximation
[22–27]. One particularly important development came after
the first observation of the anomalous phonon resonance [28],

which is now understood as a feature common to metallic
surfaces [22]. The interpretation of this surface-phonon
resonance established that helium atoms scatter off of the
surface free-electron density as opposed to individual surface
atoms, meaning inelastic atom-surface scattering contains
information on how electron-phonon interactions manifest at
surfaces [29,30].A theory for inelastichelium-atomscattering
(HAS) incorporating the underlying electron-phonon inter-
actions was finally formulated in cutting-edge work from
2011[31],whichproposed that inelasticHASprobabilities are
approximately proportional to electron-phonon coupling
(EPC) strengths λqν and led to an important sequence of
papers [32–36]. Experimentally accessing these EPC
strengths is important because these fundamental parameters
quantify most properties of conventional superconductors
[37,38], includingTc [39,40]. However, the idea that inelastic
HAS probabilities are proportional to λqν is an oversimpli-
fication. That proportionalitywould imply that the underlying
helium-electron interactions canbe trivially factoredoutwhen
computing inelasticHASprobabilities, but this is not the case.
Moreover, experiments show different scattering behaviors
depending on the choice of probe particle [41,42], a result
whichdemandsauniversal theorycapableofdiscerningsubtle
differences among distinct types of scattering species. A
complete understanding of the physics encompassed in atom-
surface scattering ultimately requires a fully ab initio frame-
work to calculate explicit interactions between the probe atom
and surface electrons. These interactions comprise a funda-
mental component in atom-surface scattering that has been
mostly ignored until now and never before computed directly
from first principles.
Here, we introduce an entirely ab initio framework for

inelastic atom-surface scattering. This work provides a new
approach to predict HAS intensities and reports the first
ab initio evaluation of the helium atom-electron vertex
(see Fig. 1). Moreover, this vertex is fundamental to
all atom-surface scattering processes—well beyond the
leading-order inelastic process in Fig. 1—including elastic
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scattering and other inelastic events like acoustic surface-
plasmon excitations [43]. We apply our method computing
Fig. 1 from first principles to Nb(100) and compare to
previously published HAS measurements to demonstrate
the validity of our new approach [44]. Additionally, we
demonstrate the superiority of our approach over two lower
levels of theory. The first level corresponds to the most
commonly used simplification of the distorted-wave Born
approximation. The second level gives the current state-of-
the-art model relating HAS probabilities to EPC strengths
[31–36]. For a more generous comparison, we slightly
amend the framework of the latter method to avoid
approximations to EPC and compute these interactions
explicitly from first principles instead [45]. While this work
focuses on helium, this approach is easily applied to any
species of scattering atom or molecule.
Theoretical framework.—From quantum scattering

theory, the helium-electron vertex from Fig. 1 correspond-
ing to a helium atom at r0 can be written as

hmkþQ;nkðr0Þ ¼
Z

dr0ψ†
nkðrÞΔVHeðr; r0ÞψmkþQðrÞ; ð1Þ

where ΔVHeðr; r0Þ gives the perturbing potential from the
addition of a helium atom at r0, and r denotes the electronic
coordinate. Here, we adopt a common convention to
specify lateral coordinates using capital letters, i.e., R≡
rxx̂þ ryŷ and Q≡ qxx̂þ qyŷ.
Figure 2 shows a contour plot ofΔVHeðr; r0Þ for a helium

atom at its estimated turning point from the Nb(100)
surface (zt ≈ 3.4 Å for Eiz ≈ 18 meV, comparable to mea-
surements from [44]). To gain insight on the extent of the
helium-electron interaction, Fig. 2 also shows the per-
turbing potential and density of Fermi-level electrons
averaged over planes. Using Eq. (1), the HAS matrix
element corresponding to the scattering diagram in
Fig. 1 for a helium atom at r0 becomes

Mabs=em
Qν ðr0Þ ¼

X
n;m

Z
dk

ð2πÞ3 g
Qν
nk;mkþQhmkþQ;nkðr0Þ

×
fnk − fnkþQ

ϵnk − ϵnkþQ � ðωQν þ iηÞ ; ð2Þ

where gQν
nk;mkþQ gives the electron-phonon vertex, fnk

indicates a Fermi distribution for an electronic state with
energy ϵnk, and the plus or minus sign in the denominator
of the matrix element is for phonon absorption or emission,
respectively. The expression in Eq. (2) is analogous to the
familiar expression for the phonon linewidth but with two
distinctions: one electron-phonon vertex is replaced with a
helium-electron vertex, and we now must consider the full
complex expression rather than just the imaginary compo-
nent of a self-energy diagram.
The total scattering matrix element integrates Eq. (2)

over the helium coordinate r0, weighted by the helium
atom’s wave function

M
ki;kf

Qν;abs=em ¼
X
G

δðQþG − ΔKfiÞ

×
Z
Ω
dr0Φ�kf

He ðr0ÞΦki
Heðr0ÞMabs=em

Qν ðr0Þ: ð3Þ

The total inelastic scattering probability for a helium atom
(ki → kf) that absorbs or emits one phonon is ultimately
calculated from

Absorption∶ jMki;kf

Qν;absj2 × nðωQνÞ
Emission∶ jMki;kf

Qν;emj2 × ðnðωQνÞ þ 1Þ; ð4Þ

where nðωQνÞ gives the boson occupancy for the phonon
mode involved in the collision. Equations (1)–(4) provide

FIG. 1. A helium atom (dotted lines) with initial and final
momenta ki;f indirectly excites a surface phonon (jagged line)
mode ν with lateral momentum Q via an electron-hole pair
excitation (solid lines) from bands n and m with momenta k and
kþQ. Intersecting lines show the helium-electron vertex (dark
magenta) and the electron-phonon vertex (light gray).

FIG. 2. Contour color-map showing the perturbing potential in
the plane of a helium atom at its estimated turning point zt from
Nb(100). The magenta dotted line shows the helium potential,
averaged over planes, as a function of distance from the surface.
Gray circles show the z locations of niobium atoms, with the top
plane of atoms defining z ¼ 0. The black dashed line shows the
planar-averaged density of Fermi-level electrons at an electronic
temperature of 900 K.
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our general framework, and we will now demonstrate how
the approach simplifies for low surface corrugation.
Surfaces with low corrugation.—For surfaces with low

corrugation like Nb(100), the lateral coordinate in Eq. (3)
factors out through MQνðr0Þ ¼ MQνðz0Þ, and the helium
atom wave function can be approximated with
Φk

Heðr0Þ ≈ eiK·R0
ϕkðz0Þ. Now, the integral over the lateral

coordinate simplifies conveniently, reducing to sinc func-
tions for systems of orthorhombic symmetry. As a result,
the last remaining piece to evaluate is an integral of
MQνðz0Þ over the helium atom’s z coordinate.
The helium atom’s z coordinate is the central variable

determining the atom’s interaction with the Nb(100) sur-
face. The black curve in the top-left panel of Fig. 3 shows
the interaction energy profile of a helium atom as a function
of distance from the surface. We investigate the position-
dependent HAS matrix element MQνðz0Þ by sampling a
helium atom at five distances spaced uniformly from the
surface (Fig. 3; violet vertical lines) and compute the
corresponding HAS signal intensity jMQνðz0Þj2 for each
case (Fig. 3; bottom panel). Because helium scatters from
the surface electron density, the HAS matrix element
weakens as the helium atom recedes the surface. Indeed,
we find a well-defined exponential decay constant of
3.8 Å−1 for the position-dependent HAS signal (Fig. 3;
top-right panel). The interaction clearly strengthens as
helium approaches the surface, but the total scattering

matrix element requires the atomic wave function to
complete the integration in Eq. (3).
The helium atom’s z wave function can be approximated

by solving a one-dimensional Schrödinger equation with
a potential imposed by the helium atom’s interaction
energy with the surface Vðz0Þ ¼ ΔEHeðz0Þ. Figure 4 shows

FIG. 3. Top-left panel shows the interaction energy profile ΔEHe between a helium atom and the Nb(100) surface (black curve); the
shaded region depicts typical energies for incoming helium atoms, and gray circles show the z locations of niobium atoms, with the top
plane of atoms defining z ¼ 0. Bottom panel shows the predicted HAS signal intensities jMQνðz0Þj2 corresponding to helium atoms at z
locations given by the violet vertical lines, spaced uniformly at approximately 0.4 Å apart. The top-right panel shows the natural log of
the total and maximum of each signal from the bottom panel as a function of distance from the Nb(100) surface and includes the result of
a line of best fit to extract the exponential decay of the signal.

FIG. 4. Top panel illustrates incoming and outgoing helium
atom z wave functions (red curves) from potential VðzÞ ¼
ΔEHeðzÞ. Bottom panel combines the wave functions with the
exponential decay of the helium-surface interaction (blue curve).
The violet vertical lines in the bottom panel give the same z
coordinates of the helium atoms shown in Fig. 3.
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example incoming and outgoing z wave functions from this
potential and the integrand of the HAS matrix element from
Eq. (3) as a function of distance from the surface. These
results reveal that the HAS signal is dominated by the
contribution of the helium atom at its turning point zt. We
find this to be the case for all trial wave functions that we
have considered, indicating that relative HAS intensities
can be well-estimated from

M
ki;kf

Qν ≈
X
G

δðQþG − ΔKfiÞ

×MQνðztÞsinc
�
ΔKxRx

2

�
sinc

�
ΔKyRy

2

�
; ð5Þ

where sincðxÞ≡ ½sinðxÞ=x� and Ri are surface lattice
vectors.
Computational methods.—To study Nb(100), we per-

form density-functional theory calculations using open-
source plane wave software JDFTx [46,47]. We apply
norm-conserving pseudopotentials [48] and calculate the
electronic states for the outer electrons of niobium
(4p65s24d3) and helium (1s2) at an effective temperature
of 20 milli-Hartree using a Fermi function to determine
electronic occupancies. To approximate the exchange-
correlation energy, as discussed in the Supplemental
Material [49], we apply the Perdew-Burke-Ernzerhof func-
tional revised for solids [53]. All calculations employ plane
wave cutoff energies of 30 Hartree and 200 Hartree for the
electronic wave functions and density, respectively. We
calculate a 10-layer slab of niobium with (100) surface
termination in a cell that is 42.33 Å long along the surface-
normal direction and truncate Coulomb potentials to
increase the accuracy of calculated surface properties
[54]. We calculate a lateral lattice constant for Nb(100)
at 3.30 Å, in good agreement with the experimental
measurement of 3.29 Å [55]. Interatomic force constant
matrices and helium interactions are calculated in a
3 × 3 × 1 supercell with a k-space sampling density
equivalent to the unit cell’s sampling of 12 × 12 × 1 k
points. Finally, we transform into a maximally localized
Wannier function basis to interpolate helium-electron and
electron-phonon scattering processes at arbitrary k and
densely sample the Brillouin zone to accurately evaluate
scattering integrals [56–61].
Results and discussion.—Figure 5 shows predictions for

inelastic HAS intensities at three levels of theory and
compares the predictions to inelastic HAS measurements
for Nb(100) [44]. The bottom panel depicts the least refined
estimate that merely looks at the top-layer phonon density
of states (DOS), after inserting 60 bulk dynamical matrix
layers into the 10-layer Nb(100) slab, for SV and longi-
tudinal L polarizations. These two polarizations are the
ones most commonly measured in HAS experiments
and included in the distorted-wave Born approximation
[22]. The middle panel of Fig. 5 illustrates the current

state-of-the-art model estimating inelastic HAS probabil-
ities to be proportional to surface EPC strengths λQν [31],
but we refine this model to improve predictions by
calculating electron-phonon matrix elements ab initio
[45]. The top panel of Fig. 5 gives the highest level of
theory, corresponding to the expression from Eq. (5), which
now considers the full scattering diagram from Fig. 1 and
incorporates both the electron-phonon and helium-electron
vertices ab initio.
Before assessing the predictions given at each level of

theory, it is necessary to first understand HAS measure-
ments to interpret the data. The density of measured points
reflects the detectability of phonon modes, influenced by
the intrinsic availability of the modes and experimental
conditions. Atoms are big and slow relative to electrons,
and inelastic scattering signals will be “cut off” beyond
certain values of phonon energy and wave vector be-
cause the atom is unable to excite those modes [62].
This cut-off factor is not absolute and depends on kinematic
factors of the scattering atom that will affect the resulting

FIG. 5. Color maps showing predicted inelastic HAS signals
from Nb(100) at three levels of theory. Color-bar labels show the
Feynman diagram elements considered at each level. The bottom
panel considers only phonons to show the top-layer phonon
density of states for shear vertical (SV) and longitudinal (L)
polarizations. The middle panel incorporates the electron-phonon
vertex to give the inelastic HAS predictions estimated from
surface EPC strengths [45]. The top panel includes both the
electron-phonon and helium-electron vertices, giving the final
prediction of the fully ab initio HAS calculation from Eq. (5).
Black circles in each panel correspond to measured helium-
scattering data [44].
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signal-to-noise ratio [63,64]. Inelastic intensities are
strongest near Γ, and data collection proceeds along the
observed phonon branches until the signal becomes unde-
tectable [65]. Hence, data points abruptly stopping along a
branch indicates the locations where the signal became
undetectable.
As expected, the top-layer phonon DOS shown in the

bottom panel in Fig. 5 provides the crudest estimate to
inelastic HAS signals. This prediction strikingly misses the
lower measured mode, incorrectly predicts signals to be
strongest toward the edges of the Brillouin zone, and
overall illustrates why examining merely the phonon
DOS conveys an inadequate picture of inelastic HAS
signals. Next, the prediction given by the surface EPC
strengths successfully captures both measured surface-
phonon modes, but the signal predicted for both modes
continues after the data stop, there appears to be a spurious
signal between the two measured modes, and the signal for
the upper mode notably increases after most of the data stop
and is strongest where no data have been measured. Finally,
all of these incorrect features from the above approaches
are corrected in the top panel of Fig. 5 showing the
fully ab initio HAS analysis. Upon properly including
the helium-electron interaction, the predicted signal for the
lower mode decays in remarkable agreement with the
measured data, there is hardly any extra signal predicted
between the two measured modes, and even though there is
still some signal predicted after the data stop in the upper
branch, the signal nonetheless decays after the data stop,
and the most intense regions align well with measurements.
The analysis above demonstrates the critical importance

of a first principles evaluation of the helium atom-electron
vertex in predicting and understanding the inelastic helium-
atom scattering process. This work provides a general
framework for computing inelastic atom-surface scattering
and produces results of high accuracy. This theoretical
approach will provide the needed guidance for the perfor-
mance and interpretation of next-generation experiments
using atomic beam scattering as a nondestructive probe of
sensitive surfaces.
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