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Multifractals arise in various systems across nature whose scaling behavior is characterized by a
continuous spectrum of multifractal exponents A,. In the context of Anderson transitions, the multi-
fractality of critical wave functions is described by operators O, with scaling dimensions A, in a field-

theory description of the transitions. The operators O, satisfy the so-called Abelian fusion expressed as a

simple operator product expansion. Assuming conformal invariance and Abelian fusion, we use the

conformal bootstrap framework to derive a constraint that implies that the multifractal spectrum A, (and its
generalized form) must be quadratic in its arguments in any dimension d > 2.
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Multifractal (MF) measures with intricate scaling arise in
such diverse subjects as dynamical chaos [1,2], weather and
climate [3], turbulence [4-8], fractal growth [9-12], critical
clusters in statistical mechanics [13-15], disordered mag-
nets and other random critical points [16,17], Anderson
transitions (ATs) [18-25], mathematical finance [26,27],
random energy landscapes [28,29], Gaussian multiplicative
chaos [30], and rigorous approaches to conformal field
theory (CFT) [31,32].

A MF measure p(r) is characterized by the scaling of its
moments with the system size L: [ d?r u?(r) ~ L™, with a
continuum of exponents z,, that depend nonlinearly on g. MF
moments u(r) can be represented by local operators O, (r) in
a scale-invariant field theory, with scaling dimensions, also
called the MF spectrum, A, =17, —d(q — 1) + qA [33].

Similar to critical phenomena, one may expect the scale
invariance to be enhanced to conformal invariance (though
this is not guaranteed [34,35]), in which case, MF proper-
ties can be described by a CFT. Our main result is that in
this situation, and under the assumption of Abelian fusion
[see Eq. (4)] that is valid for ATs, in any dimensionality
d > 2, the MF spectrum A, must be parabolic; see Eq. (6)
below. Our result is general and should apply to all MF
measures that obey conformal invariance and Abelian
fusion.

Our Letter is motivated by and of particular significance
to the study of MF wave functions at ATs [18,36], where
the parabolicity of A, was predicted in a d = 2 CFT [37].
This prediction was tested analytically and numerically,
and was found to be violated at two-dimensional (2D) ATs
in various symmetry classes [38—44]. This has led to the
understanding that conformal invariance might be lost at
these critical points. Similarly, numerical studies of multi-
fractality in d = 3, 4, 5 have found strong deviations from
parabolicity [45-48], but there has not been any prediction
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in d > 2 from a CFT perspective. Our Letter provides such
a prediction.

Multifractals and field theory.—We first recall properties
of MF spectra that follow from general principles. The
function z,, is nondecreasing and convex, which implies the
existence of g, > 0 such that A, = 0 [49]. Further con-
straints follow from studying MF correlators in a field
theory via the relation [33,50]

uh (rl)' o (rn) & <0q1 (l’]). "Oq,, (rn)>' (1)

The overbar denotes spatial or disorder average, while the
angular brackets denote a field-theory expectation value.
Of crucial importance is the additive, or Abelian, nature
of the operator product expansion (OPE) of two MF
operators O, and O, [33,50,51]:

0, (r)0, (0) « |r|e"ba"820, | (0)+ ..., (2)

where the ellipsis denotes subleading operators. As a
consequence, a MF correlator ([]; O, (r;)) scales as

q 92

L™8a+o+- in the infrared. In the L — co limit, only
charge-neutral correlators with A, ,, . =0 can be
studied by field-theory methods [41].

When conformal invariance is present, it fixes two-point
functions: (O, (r)0,,(0)) = Ay, r|~>%4 . This form is
consistent with the OPE (2) if A, ., =0and A, = A, .
Given the convexity of the MF spectrum, A, # A_,, and
the only consistent choice is g, = g, — g. Then we get the
symmetry relation [49]

=8¢ (3)

More generally, only MF corelators with >, ¢; = ¢, are
consistent with conformal invariance [41]. The relation (3)
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is on more rigorous footing for ATs, where it follows from
the Weyl symmetry (5) of the critical theory and does not
rely on conformal invariance.

Multifractality at ATs.—ATs between metals and insula-
tors, as well as between topologically distinct localized
phases, are a major focal point in the study of disordered
systems [18]. Critical properties at ATs are notoriously
difficult to study because of the strongly coupled nature of
the critical points.

A remarkable property of ATs is the multifractality of
critical wave functions, or the local density of states v(r)

whose moments scale as 19(r) ~ L™%s. There are more
general combinations P, of critical wave functions [41-
43,52] labeled by vectors y = (qy,...,q,) of complex
numbers g;, with scaling dimensions A,. MF properties
at ATs are under better control than in general multifractals,
since they can be rigorously established within the field
theories of ATs, the nonlinear sigma models on cosets G/ K
of certain Lie supergroups [18,53-56]. In these models, P,
are represented by gradientless composite operators O,
[19-21,52]. A key fact is that O, can be constructed as
highest-weight vectors under the action of the Lie super-
algebra of G with weights y [52]. Then, the G symmetry of
the target space (assumed not broken at the critical point)
implies Abelian fusion

0, X0, ~0, 4y, + ..., (4)

where the ellipsis denotes now derivatives of O and not
general subleading operators as in Eq. (2).

The G symmetry also leads to the Weyl symmetry of the
MF spectra A, = A,,,, w € W [52]. The Weyl group W acts

in the space of weights y and is generated by

—¢;)/2. (5)

The coefficients ¢; of the half-sum of the positive roots
Py = Z?:l cje; in a standard basis e; are known for all
families of symmetric superspaces [41-44,49,52,57]. The
Weyl symmetry implies the existence of the operator O_,,
with vanishing scaling dimension A_, = 0. The corre-
sponding neutrality condition for generalized MF correla-
tors ([ [; O0,.) is > _; ¥; = —ps- The simple MF operators O,
and the spectrum A, corresponds to y = (¢,0,0,...,0). In
this case, ¢; = —q,, and the Weyl symmetry reduces
to Eq. (3).

The Weyl symmetry is fully supported by numerical and
analytical results for various symmetry classes and dimen-
sions d > 2 [38,39,41-45,57-64].

Multifractality and CFT in d =2.—2D CFTs possess
the infinite-dimensional Virasoro symmetry. In this setting,
the ellipsis in Eq. (4) represents Virasoro descendants and
leads to a single Virasoro block in a four-point function of
MF operators, and a Vafa-Lewellen [65,66] constraint on
the MF spectra. The unique solution of this constraint

7itr2
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FIG. 1. A schematic representation of the s-f crossing equation.
subject to the symmetries (5) is the parabolic spectrum
[37,41,67]

A, = _bz%(% +¢), Ay =bq(q. —q), (6)

where the parameter b cannot be determined from sym-
metry considerations alone. The second equation above is
the simplification of the first for the simple MF spectrum
A,. In d =2, the MF operators appear as vertex operators
in a Coulomb gas theory (a Gaussian free field with a
background charge) [37].

The central result of this Letter is that, once we assume
conformal invariance and Abelian fusion, Egs. (6) hold for
MF spectra at ATs in any dimension d > 2.

The conformal bootstrap program [68] has brought the
study of higher-dimensional CFTs into the limelight with
extensive work on both analytical and numerical fronts. The
bootstrap philosophy attempts to solve the crossing sym-
metry conditions coming from associativity of the OPE, with
inputs from global symmetry and expected fusion rules for
the operators. Crossing symmetry relates possible ways (or
channels) of reducing a four-point function ([, O;(r;)) to
two-point functions by replacing pairs of operators with their
OPE:s (see Fig. 1). The s-channel fusion (1 — 2,3 — 4) and
the 7-channel fusion (1 — 4,2 — 3) result in two expansions
of the four-point function and give the crossing equation
S0 ABAG Wo, =0 A%iA5Wo,. The factors W, are fully
determined by conformal symmetry, while the CFT data
{Ai,/ﬁ-‘j} consisting of scaling dimensions and OPE coef-
ficients are to be found. Solutions {A;,4j;} fully define
consistent CFTs. The s and ¢ channels are obtained from
each other by interchanges of indices of the operators (and
their points of insertion): s <> =1 <> 3. Accordingly,
starting with a function f©) = f (ry,ry;r3,14) Of four
ordered arguments, we obtain, by permuting 1 <> 3, another
function f) = f(r;,ry;1|,14). Using this notation, we can
write the four-point function as a product of a conformally

covariant kinematic factor K‘(f)

4
<H Oi(ri)> = KE{wG(S) = KY)GO)- (7)
i=1

and a G function

The G functions depend on the cross ratios

2 .0 2 2
ror Fiar
= =428 where r;; = |r; —1;|, (8)
22 2 2 ij i~ T
13724 13724
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and operator labels. The cross ratios get transformed upon
crossing so that G = G, 34(u, v), GY) = Gy, 14(v, u). In
terms of the G functions, the s-¢ crossing equation is

Ay +Ay

GO y—72 = Gy~

Ay +A
o 9)

Much of the bootstrap formalism is geared toward solving
Eq. (9) self-consistently for unitary CFTs. Since any putative
CFT for MF correlators contains infinitely many relevant
operators and, thus, is nonunitary, we resort to novel,
unorthodox methods that focus on the G function and
various physical inputs (similar to the “inverse bootstrap”
method in [69]). We start by studying the Coulomb gas
theories in the language of modern conformal bootstrap and
use them as signposts to generalize the notion of Abelian
fusion to higher dimensions. Then we show that the
generalized Abelian fusion and crossing symmetry together
yield a constraint on the spectrum of scaling dimensions in
any d that is analogous to the Vafa-Lewellen constraints
[65,66] known in CFT in d = 2. Finally, additional physical
assumptions specific to MF observables allow us to solve the
constraint, leading to a quadratic dependence of the MF
spectrum A, on g; in any dimension d.

Coulomb gas theories with global conformal blocks.—In
d =2, the Coulomb gas theories arise out of breaking the
U(1) symmetry of the free boson ¢ by including a back-
ground charge Q in the action [70,71]. A Coulomb gas CFT
can be defined [71,72] in any dimension d €N by con-
sidering an action with a possibly nonlocal kinetic term
o ¢p(—0)@/2)¢h. Such CFTs also arise as limits of gener-
alized free fields, where the scaling dimension of the field ¢
is tuned to A, = 0. In this limit, (¢¢) is logarithmic in any
dimension which allows us to study vertex operators
V, ~e%?  Following the conventions in [71,72], the
scaling dimension of V, is A, =da(Q —a), and the
multipoint functions satisfying the charge neutrality

S = Q are (ITV,, (1)) = [Ty ry

Next, we derive the OPE of vertex operators in terms of
primaries of the global conformal group by studying the
conformal block expansion. Consider a four-point function
of vertex operators which can be written in the form (7)

with the G function

Gg()} — M%A“'l +ay y%(A”Z +a3 _Aaz _Au3 ) . (10)

This function is explicitly crossing symmetric [satisfies
Eq. (9)] and has a convergent conformal block expansion
[68] in the s channel in any dimension d,

Gg(); = 2/1102/15’49%,10(14, v). (11)
0

The conformal blocks g, ;, are often written as functions
of (z,7) related to the cross ratios (u, v) by

wu=zz  v=(1-2)(1-2). (12)

In the s-channel hmlt, Fo RT3y LT3Ry Rz RIy,
and thus, u — 0, v — 1; see Eq. (8). Then, z,Z — 0, and the
G function (10) has the form

A(.\-)

2 f(z.2), (13)

where f(z,z) is a Taylor series symmetric in (z,Z), and
AL) = A, +a,- In the Supplemental Material [73] and
Ref. [74], we use the leading behavior of the conformal
blocks in the s channel [75,76] to show that any G function
of the form (13) admits the conformal block expansion

= ulnd

n, >0

GY = (z2)

gA“ +2n+, z(Z Z) (14)

in arbitrary dimensions d > 2. Conversely, any G function
that can be expanded as in Eq. (14) can also be written in
the form of Eq. (13).

Let us denote global primaries as [z, /] specifying their
twist T = A — [ and spin /. Then we say that the expansion
(14) contains just one twist family [69] consisting of
the leading primary [A®),0] and subleading operators
[AB) +2n, 1] which are constructed from its derivatives.
The superscript of the product of the OPE coefficients
) = 20020 identifies the operator [A®) + 2, 1] in the
twist family.

Expanding the Coulomb gas G function (10) in global
conformal blocks gives the OPE of V, x V,, as [73]

Zi

n,[>0

[A O a27 a1+a2 +2n’l]’ (15)

where n, [ are non-negative integers, and the (n, 1) = (0, 1)
term is absent in the OPE. For two identical operators
(o; = ), their OPE is completely specified by the con-
formal block expansion since we can extract the squared
OPE coefficients (see Ref. [73] for explicit expressions in
the d = 2 and d = 4 cases).

Generalized Abelian fusion.—In the strict sense, Abelian
fusion (4) cannot hold in CFTs in d > 2, since an OPE
written with finitely many global conformal primaries
cannot satisfy crossing [77-80]. Thus, we need to genera-
lize the notion of Abelian fusion to d > 2. Global con-
formal block expansions of Coulomb gas correlators
exhibit certain features that we adopt as the definition of
Abelian fusion in d > 2: (1) All primary MF operators can
be grouped into twist families, and (2) the OPE of any two
leading MF primaries contains only one twist family:

ZA

n, >0

[A], Az, A + 2”1 l] (16)

The generalized Abelian fusion (16) and the related
conformal block expansion (14) constrain a general scalar
four-point G function to have the form (13). Since zZ = u
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and z+Z=u+1—v form a basis in the ring of sym-
metric functions of z and Z, Eq. (13) can also be written as

GO = w3 £ (0. (17)

n>0

The functions f,, are arbitrary so far, and quantities with the
superscript (s) depend on the external dimensions in a
channel-covariant manner. At this point, one can make a
further simplification by assuming that the functions f,(v)
can be represented as (possibly infinite) sums of power
laws in v, i.e.,

GO =i 3 Cppr ur, (18)

n,m>0

where o, are unrelated real numbers, and the coefficients
C,,» do not depend on the cross ratios (u, v) or the external
dimensions. The Coulomb gas theories are of this form
with a single term; see Eq. (10). The generalized free field
correlators [79] with A, > 0 are similarly composed of
sums of power laws in u and v, although they do not satisfy
Abelian fusion (integer gaps in powers of u). The above
ansatz appeared for the case of a correlator of identical
operators in Ref. [69], which discussed the idea of building
crossing-symmetric G functions. Similarly, the authors of
Ref. [80] use a version where the coefficients C,,, are
functions of logu, logv (the logarithms come from
anomalous dimensions of the subleading operators in the
twist family). As our definition of Abelian fusion, Eq. (16),
exactly fixes the dimensions of all subleading operators, the
logarithms are unnecessary in our treatment.

Constraints on the G function from crossing.—
Substituting the Abelian G function (18) into Eq. (9),
we obtain an equation that enforces a structure on the G
function understandable in terms of crossing-symmetric
building blocks [69], such that any truncation up to (N, M)
of the double sum in Eq. (18) is also crossing symmetric;
see the Supplemental Material [73] for details. The result is
the G function

G(S)(u, 1;) = u&yg_# (Z Sk(uv)k

k>0

+ D i (uv)*(w/ + vj)>, (19)

Jj=1,k>0

where we use S and D j; to represent the coefficients of the
crossing-symmetric terms and pairs, respectively. Thus, we
adopt Eq. (19) as the generic form of the Abelian G
function (18) that also satisfies s-t crossing.

Excluding the spin-1 operator.—Focusing on the last
part of the puzzle, we expand the G function (19) in
conformal blocks in arbitrary dimensions to first few orders
in z and z. By construction, the first block that appears in

the expansion is [A(®),0]. The product of the OPE coef-
ficients of the leading block is read off as u(®%) = . The
coefficient u(*!) of the spin-1 block [A(*), 1] can be
obtained by matching the coefficients of the series for

the order ~(z2)2"/2(z + 7) as

O A+ Ay - A

1 —
5. 5 (1+P)-Q
4A0)

where the sums P = ijl Djy/Sy, Q= Zj21ijo/So
must converge for the OPE coefficient to be well defined.
This spin-1 operator cannot appear in any OPE of two
identical scalar operators on general grounds. Indeed,
O(x,)O(x,) is even with respect to the interchange
X| <> X,, but a spin-1 operator must appear in the OPE
as  ~(x; —x3) X 00, ((x; +x5)/2) which is odd.
Exploiting this fact, we set O, = O; in which case
u®Y =0, and Eq. (20) becomes a constraint on A’s:

AW £ Ay — A, +4Q =2(A + Ay — AD)(1 +P). (21)

In the context of MF correlators at ATs, we identify
AW = TAVI A = A,..,,. The neutrality condition
doivi=—pp fixes Ay = A pyri-r-rs = Byitatyy Now
the continuity of MF spectra allows us to choose
Y1 =7, = €e;, where e; = (0,...,1,...,0) (unit in the ith
place), with ¢ < 1, and y3 =y in Eq. (21). Then we can
expand in orders of e [73], which gives Q =P = 0, and
our main result:

The only MF spectrum A,, which satisfies gen-
eralized Abelian fusion and crossing symmetry,
has the form given in Eq. (6).

Going back to Eq. (21), we substitute P = Q = 0, and
the quadratic solution for A, to find that the constraint

20, + Ay, =28, 4y, — By + Ay, =0 (22)

correctly picks out Abelian CFTs in d > 2, and thus is the
appropriate generalization of the 2D Vafa-Lewellen con-
straint with a single exchanged Virasoro primary.
Summary and outlook.—Using conformal invariance, we
have shown that any Abelian CFT in d > 2 must be
intimately related to the Coulomb gas theory and have a
quadratic spectrum. Our main assumptions, fundamentally
related to each other, were the Abelian fusion (16) and the
form (18) for the G function. As in the case of weakly
perturbed CFTs [80], it remains to be seen if the generalized
Abelian CFT defined here could be perturbed so that the
derivative operators gain anomalous dimensions.
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Let us discuss the implication of conformal invariance.
As we have summarized earlier, perturbative analytical
results in d = 2 4 ¢ and numerical simulations in d = 3, 4,
5 have shown that the MF spectra for generic ATs are in
fact, not parabolic [38—48]. In light of our result, it follows
that conformal invariance is likely lost at ATs. The
alternative scenario advocated in Refs. [67,81] is that the
symmetries of the sigma models that were used to derive
Abelian fusion and Weyl symmetry are spontaneously
broken at the critical point. We believe this alternative to
be unlikely, since it contradicts the vast body of literature
on ATs, including the aforementioned numerical confirma-
tions of the Weyl symmetry [38,39,41-45,57-64]. Thus,
we propose ATs as examples of systems where scale
invariance does not imply conformal invariance.

Perturbative MF spectra at random critical points [16,17]
are also nonparabolic, suggesting lack of conformal invari-
ance. Moreover, the authors of Ref. [82] argued that
conformal invariance generically breaks down at strongly
random fixed points. On the other hand, most systems
where the MF spectrum is known to be parabolic are also
conformally invariant [83]. These include 2D Dirac fer-
mions in random gauge potentials [86-92], a recent
proposal for the critical-point theory of the integer quantum
Hall transition [37,67,93], Coulomb gas and Liouville
CFTs in arbitrary dimensions [71,72], and rigorous prob-
abilistic studies of 2D quantum gravity and Liouville CFT
[30-32]. All of these results support the picture where
parabolicity of MF spectra and conformal invariance go
hand in hand, and that both are absent at critical points in
random and disordered systems [94].

A natural extension of our Letter is to consider impli-
cations of conformal invariance for multifractality near
boundaries of finite systems [38,39,60,62,95-99] using
crossing symmetry and conformal bootstrap in a boun-
dary CFT.
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No. 2020193 from the United States-Isracl Binational
Science Foundation.

[1] T. C. Halsey, M. H. Jensen, L. P. Kadanoff, I. Procaccia, and
B. L. Shraiman, Fractal measures and their singularities: The
characterization of strange sets, Phys. Rev. A 33, 1141 (1986).

[2] G. Paladin and A. Vulpiani, Anomalous scaling laws in
multifractal objects, Phys. Rep. 156, 147 (1987).

[3] S. Lovejoy and D. Schertzer, The Weather and Climate:
Emergent Laws and Multifractal Cascades (Cambridge
University Press, Cambridge, England, 2013).

[4] B.B. Mandelbrot, Intermittent turbulence in self-similar
cascades: Divergence of high moments and dimension of the
carrier, J. Fluid Mech. 62, 331 (1974).

[5] U. Frisch, Fully developed turbulence and intermittency,
Ann. N.Y. Acad. Sci. 357, 359 (1980).

[6] G. Parisi, in On the singularity structure of fully developed
turbulence, Turbulence and predictability in geophysical
Sfluid dynamics and climate dynamics, in the proceedings of
Enrico Fermi Varenna Physics School, LXXXVIII, edited by
M. Ghil, R. Benzi, and G. Parisi (North-Holland Publ. Co.,
Amsterdam, Netherlands, 1985).

[7] C. Meneveau and K. R. Sreenivasan, The multifractal nature
of turbulent energy dissipation, J. Fluid Mech. 224, 429
(1991).

[8] R. Benzi and A. Vulpiani, Multifractal approach to fully
developed turbulence, Rend. Fis. Acc. Lincei 33,471 (2022).

[9] T. Vicsek, Fractal Growth Phenomena, 2nd ed. (World
Scientific, Singapore, 1992), 10.1142/1407.

[10] M. Bauer and D. Bernard, 2D growth processes: SLE and
Loewner chains, Phys. Rep. 432, 115 (2006).

[11] P. Meakin, Fractals, Scaling and Growth Far from
Equilibrium (Cambridge University Press, Cambridge,
2011).

[12] A. Bunde and S. Havlin, Fractals and Disordered Systems
(Springer Berlin, Heidelberg, 2012), 10.1007/978-3-642-
84868-1.

[13] M.E. Cates and T.A. Witten, Diffusion near absorbing
fractals: Harmonic measure exponents for polymers, Phys.
Rev. A 35, 1809 (1987).

[14] I. A. Gruzberg, Stochastic geometry of critical curves,
Schramm Loewner evolutions and conformal field theory,
J. Phys. A 39, 12601 (2006).

[15] B. Duplantier, Conformal random geometry, arXiv:math-
ph/0608053.

[16] A.W.W. Ludwig, Infinite hierarchies of exponents in a
diluted ferromagnet and their interpretation, Nucl. Phys.
B330, 639 (1990).

[17] C. Monthus, B. Berche, and C. Chatelain, Symmetry
relations for multifractal spectra at random critical points,
J. Stat. Mech. (2009) 12002.

[18] F. Evers and A. D. Mirlin, Anderson transitions, Rev. Mod.
Phys. 80, 1355 (2008).

[19] D. Hof and F. Wegner, Calculation of anomalous dimen-
sions for the nonlinear sigma model, Nucl. Phys. B275, 561
(1986).

[20] F. Wegner, Anomalous dimensions for the nonlinear sigma-
model in 2+ ¢ dimensions (I), Nucl. Phys. B280, 193
(1987).

[21] F. Wegner, Anomalous dimensions for the nonlinear sigma-
model, in 2 4 ¢ dimensions (II), Nucl. Phys. B280, 210
(1987).

[22] 1. S. Burmistrov, I. V. Gornyi, and A.D. Mirlin, Multi-
fractality at Anderson transitions with coulomb interaction,
Phys. Rev. Lett. 111, 066601 (2013).

[23] L. S. Burmistrov, I. V. Gornyi, and A. D. Mirlin, Tunneling
into the localized phase near Anderson transitions
with Coulomb interaction, Phys. Rev. B 89, 035430
(2014).

[24] L. S. Burmistrov, I. V. Gornyi, and A.D. Mirlin, Multi-
fractality and electron-electron interaction at Anderson
transitions, Phys. Rev. B 91, 085427 (2015).

[25] E. V. Repin and L. S. Burmistrov, Mesoscopic fluctuations of
the single-particle Green’s function at Anderson transitions

266401-5


https://doi.org/10.1103/PhysRevA.33.1141
https://doi.org/10.1016/0370-1573(87)90110-4
https://doi.org/10.1017/S0022112074000711
https://doi.org/10.1111/j.1749-6632.1980.tb29703.x
https://doi.org/10.1017/S0022112091001830
https://doi.org/10.1017/S0022112091001830
https://doi.org/10.1007/s12210-022-01078-5
https://doi.org/10.1142/1407
https://doi.org/10.1016/j.physrep.2006.06.002
https://doi.org/10.1007/978-3-642-84868-1
https://doi.org/10.1007/978-3-642-84868-1
https://doi.org/10.1103/PhysRevA.35.1809
https://doi.org/10.1103/PhysRevA.35.1809
https://doi.org/10.1088/0305-4470/39/41/S01
https://arXiv.org/abs/math-ph/0608053
https://arXiv.org/abs/math-ph/0608053
https://doi.org/10.1016/0550-3213(90)90126-X
https://doi.org/10.1016/0550-3213(90)90126-X
https://doi.org/10.1088/1742-5468/2009/12/P12002
https://doi.org/10.1103/RevModPhys.80.1355
https://doi.org/10.1103/RevModPhys.80.1355
https://doi.org/10.1016/0550-3213(86)90575-4
https://doi.org/10.1016/0550-3213(86)90575-4
https://doi.org/10.1016/0550-3213(87)90144-1
https://doi.org/10.1016/0550-3213(87)90144-1
https://doi.org/10.1016/0550-3213(87)90145-3
https://doi.org/10.1016/0550-3213(87)90145-3
https://doi.org/10.1103/PhysRevLett.111.066601
https://doi.org/10.1103/PhysRevB.89.035430
https://doi.org/10.1103/PhysRevB.89.035430
https://doi.org/10.1103/PhysRevB.91.085427

PHYSICAL REVIEW LETTERS 131, 266401 (2023)

with Coulomb interaction, Phys. Rev. B 94, 245442
(2016).

[26] J.-P. Bouchaud, M. Potters, and M. Meyer, Apparent multi-
fractality in financial time series, Eur. Phys. J. B 13, 595 (2000),
https://link.springer.com/article/10.1007/s100510050073.

[27] E. Bacry, A. Kozhemyak, and J.-F. Muzy, Continuous
cascade models for asset returns, J. Econ. Dyn. Control
32, 156 (2008).

[28] Y. V. Fyodorov, Multifractality and freezing phenomena in
random energy landscapes: An introduction, Physica
(Amsterdam) 389A, 4229 (2010).

[29] Y. V. Fyodorov and O. Giraud, High values of disorder-
generated multifractals and logarithmically correlated proc-
esses, Chaos Solitons Fractals 74, 15 (2015).

[30] R. Rhodes and V. Vargas, Gaussian multiplicative chaos and
applications: A review, arXiv:1305.6221.

[31] R. Rhodes and V. Vargas, Lecture notes on Gaussian
multiplicative chaos and Liouville quantum gravity, arXiv:
1602.07323.

[32] V. Vargas, Lecture notes on Liouville theory and the DOZZ
formula, arXiv:1712.00829.

[33] B. Duplantier and A. W. W. Ludwig, Multifractals, operator-
product expansion, and field theory, Phys. Rev. Lett. 66, 247
(1991).

[34] V.RivaandJ. Cardy, Scale and conformal invariance in field
theory: A physical counterexample, Phys. Lett. B 622,
339(R) (2005).

[35] Y. Nakayama, Scale invariance vs conformal invariance,
Phys. Rep. 569, 1 (2015).

[36] In the literature on ATs, the MF spectrum that we denote
here as A, is usually denoted by x,.

[37] R. Bondesan, D. Wieczorek, and M. R. Zirnbauer, Gaussian
free fields at the integer quantum Hall plateau transition,
Nucl. Phys. B918, 52 (2017).

[38] H. Obuse, A. R. Subramaniam, A. Furusaki, I. A. Gruzberg,
and A.W.W. Ludwig, Boundary multifractality at the
integer quantum Hall plateau transition: Implications for
the critical theory, Phys. Rev. Lett. 101, 116802 (2008).

[39] F. Evers, A. Mildenberger, and A. D. Mirlin, Multifractality
at the quantum Hall transition: Beyond the parabolic
paradigm, Phys. Rev. Lett. 101, 116803 (2008).

[40] M. Puschmann, D. Hernangémez-Pérez, B. Lang, S. Bera,
and F. Evers, Quartic multifractality and finite-size correc-
tions at the spin quantum Hall transition, Phys. Rev. B 103,
235167 (2021).

[41] J. F. Karcher, N. Charles, 1. A. Gruzberg, and A. D. Mirlin,
Generalized multifractality at spin quantum Hall transition,
Ann. Phys. (Amsterdam) 435, 168584 (2021).

[42] J.F. Karcher, I. A. Gruzberg, and A. D. Mirlin, Generalized
multifractality at the spin quantum Hall transition: Perco-
lation mapping and pure-scaling observables, Phys. Rev. B
105, 184205 (2022).

[43] J.F. Karcher, I. A. Gruzberg, and A. D. Mirlin, Generalized
multifractality at metal-insulator transitions and in metallic
phases of two-dimensional disordered systems, Phys. Rev.
B 106, 104202 (2022).

[44] J.F. Karcher, 1. A. Gruzberg, and A. D. Mirlin, Generalized
multifractality in two-dimensional disordered systems of
chiral symmetry classes, Phys. Rev. B 107, 104202
(2023).

[45] A. Rodriguez, L.J. Vasquez, K. Slevin, and R. A. Romer,
Multifractal finite-size scaling and universality at the
Anderson transition, Phys. Rev. B 84, 134209 (2011).

[46] L. Ujfalusi and 1. Varga, Finite-size scaling and multi-
fractality at the Anderson transition for the three Wigner-
Dyson symmetry classes in three dimensions, Phys. Rev. B
91, 184206 (2015).

[47] J. Lindinger and A. Rodriguez, Multifractal finite-size
scaling at the Anderson transition in the unitary symmetry
class, Phys. Rev. B 96, 134202 (2017).

[48] E. Tarquini, G. Biroli, and M. Tarzia, Critical properties of
the Anderson localization transition and the high-
dimensional limit, Phys. Rev. B 95, 094204 (2017).

[49] 1. A. Gruzberg, A. W. W. Ludwig, A. D. Mirlin, and M. R.
Zirnbauer, Symmetries of multifractal spectra and field
theories of Anderson localization, Phys. Rev. Lett. 107,
086403 (2011).

[50] G.L. Eyink, Multifractals and Lagrangian field theory,
Chaos Solitons Fractals 5, 1465 (1995).

[51] M.E. Cates and J.M. Deutsch, Spatial correlations in
multifractals, Phys. Rev. A 35, 4907 (1987).

[52] I. A. Gruzberg, A.D. Mirlin, and M. R. Zirnbauer, Classi-
fication and symmetry properties of scaling dimensions at
Anderson transitions, Phys. Rev. B 87, 125144 (2013).

[53] K. Efetov, Supersymmetry and theory of disordered metals,
Adyv. Phys. 32, 53 (1983).

[54] K. Efetov, Supersymmetry in Disorder and Chaos
(Cambridge University Press, Cambridge, England, 1997).

[55] A.D. Mirlin, Statistics of energy levels and eigenfunctions
in disordered systems, Phys. Rep. 326, 259 (2000).

[56] F. Wegner, Supermathematics and Its Applications in
Statistical Physics. Grassmann Variables and the Method
of Supersymmetry (Springer, Heidelberg, 2016).

[57] A.D. Mirlin, Y. V. Fyodorov, A. Mildenberger, and F. Evers,
Exact relations between multifractal exponents at the
Anderson transition, Phys. Rev. Lett. 97, 046803 (20006).

[58] F. Evers, A. Mildenberger, and A. D. Mirlin, Multifractality
at the spin quantum Hall transition, Phys. Rev. B 67,
041303(R) (2003).

[59] A.D. Mirlin, F. Evers, and A. Mildenberger, Wavefunction
statistics and multifractality at the spin quantum Hall
transition, J. Phys. A 36, 3255 (2003).

[60] A. Mildenberger, A.R. Subramaniam, R. Narayanan, F.
Evers, 1. A. Gruzberg, and A.D. Mirlin, Boundary multi-
fractality in critical one-dimensional systems with long-
range hopping, Phys. Rev. B 75, 094204 (2007).

[61] A.Mildenberger and F. Evers, Wave function statistics at the
symplectic two-dimensional Anderson transition: Bulk
properties, Phys. Rev. B 75, 041303(R) (2007).

[62] H. Obuse, A. R. Subramaniam, A. Furusaki, I. A. Gruzberg,
and A. W.W. Ludwig, Multifractality and conformal in-
variance at 2D metal-insulator transition in the spin-
orbit symmetry class, Phys. Rev. Lett. 98, 156802
(2007).

[63] L.J. Vasquez, A. Rodriguez, and R. A. Romer, Multifractal
analysis of the metal-insulator transition in the three-
dimensional Anderson model. I. Symmetry relation under
typical averaging, Phys. Rev. B 78, 195106 (2008).

[64] A. Rodriguez, L.J. Vasquez, and R.A. Romer, Multi-
fractal analysis of the metal-insulator transition in the

266401-6


https://doi.org/10.1103/PhysRevB.94.245442
https://doi.org/10.1103/PhysRevB.94.245442
https://link.springer.com/article/10.1007/s100510050073
https://link.springer.com/article/10.1007/s100510050073
https://link.springer.com/article/10.1007/s100510050073
https://link.springer.com/article/10.1007/s100510050073
https://doi.org/10.1016/j.jedc.2007.01.024
https://doi.org/10.1016/j.jedc.2007.01.024
https://doi.org/10.1016/j.physa.2010.01.020
https://doi.org/10.1016/j.physa.2010.01.020
https://doi.org/10.1016/j.chaos.2014.11.018
https://arXiv.org/abs/1305.6221
https://arXiv.org/abs/1602.07323
https://arXiv.org/abs/1602.07323
https://arXiv.org/abs/1712.00829
https://doi.org/10.1103/PhysRevLett.66.247
https://doi.org/10.1103/PhysRevLett.66.247
https://doi.org/10.1016/j.physletb.2005.07.010
https://doi.org/10.1016/j.physletb.2005.07.010
https://doi.org/10.1016/j.physrep.2014.12.003
https://doi.org/10.1016/j.nuclphysb.2017.02.011
https://doi.org/10.1103/PhysRevLett.101.116802
https://doi.org/10.1103/PhysRevLett.101.116803
https://doi.org/10.1103/PhysRevB.103.235167
https://doi.org/10.1103/PhysRevB.103.235167
https://doi.org/10.1016/j.aop.2021.168584
https://doi.org/10.1103/PhysRevB.105.184205
https://doi.org/10.1103/PhysRevB.105.184205
https://doi.org/10.1103/PhysRevB.106.104202
https://doi.org/10.1103/PhysRevB.106.104202
https://doi.org/10.1103/PhysRevB.107.104202
https://doi.org/10.1103/PhysRevB.107.104202
https://doi.org/10.1103/PhysRevB.84.134209
https://doi.org/10.1103/PhysRevB.91.184206
https://doi.org/10.1103/PhysRevB.91.184206
https://doi.org/10.1103/PhysRevB.96.134202
https://doi.org/10.1103/PhysRevB.95.094204
https://doi.org/10.1103/PhysRevLett.107.086403
https://doi.org/10.1103/PhysRevLett.107.086403
https://doi.org/10.1016/0960-0779(95)00026-Z
https://doi.org/10.1103/PhysRevA.35.4907
https://doi.org/10.1103/PhysRevB.87.125144
https://doi.org/10.1080/00018738300101531
https://doi.org/10.1016/S0370-1573(99)00091-5
https://doi.org/10.1103/PhysRevLett.97.046803
https://doi.org/10.1103/PhysRevB.67.041303
https://doi.org/10.1103/PhysRevB.67.041303
https://doi.org/10.1088/0305-4470/36/12/323
https://doi.org/10.1103/PhysRevB.75.094204
https://doi.org/10.1103/PhysRevB.75.041303
https://doi.org/10.1103/PhysRevLett.98.156802
https://doi.org/10.1103/PhysRevLett.98.156802
https://doi.org/10.1103/PhysRevB.78.195106

PHYSICAL REVIEW LETTERS 131, 266401 (2023)

three-dimensional Anderson model. II. Symmetry relation
under ensemble averaging, Phys. Rev. B 78, 195107 (2008).

[65] C. Vafa, Toward classification of conformal theories, Phys.
Lett. B 206, 421 (1988).

[66] D. C. Lewellen, Constraints for conformal field theories on
the plane: Reviving the conformal bootstrap, Nucl. Phys.
B320, 345 (1989).

[67] M.R. Zirnbauer, The integer quantum Hall plateau tran-
sition is a current algebra after all, Nucl. Phys. B941, 458
(2019).

[68] D. Poland, S. Rychkov, and A. Vichi, The conformal
bootstrap: Theory, numerical techniques, and applications,
Rev. Mod. Phys. 91, 015002 (2019).

[69] W. Li, Inverse bootstrapping conformal field theories,
J. High Energy Phys. 01 (2018) 077.

[70] P. Di Francesco, P. Mathieu, and D. Senechal, Conformal
Field Theory, Graduate Texts in Contemporary Physics
(Springer-Verlag, New York, 1997).

[71] T. Levy and Y. Oz, Liouville conformal field theories in
higher dimensions, J. High Energy Phys. 06 (2018) 119.

[72] A.C. Kislev, T. Levy, and Y. Oz, Odd dimensional nonlocal
Liouville conformal field theories, J. High Energy Phys. 07
(2022) 150.

[73] See  Supplemental Material at  http:/link.aps.org/
supplemental/10.1103/PhysRevLett.131.266401 for details
regarding the conformal block decomposition of the
Coulomb gas G function, the Coulomb gas OPE coeffi-
cients, and the solution to the constraint on A’s, Eq. (21).

[74] J. Padayasi, Coulomb gas expansion notebooks, https://
github.com/jaychandran-padayasi/coulomb-gas-expansion
(2023).

[75] F. A. Dolan and H. Osborn, Conformal four point functions
and the operator product expansion, Nucl. Phys. B599, 459
(2001).

[76] M. Hogervorst and S. Rychkov, Radial coordinates for
conformal blocks, Phys. Rev. D 87, 106004 (2013).

[77] R. Rattazzi, V.S. Rychkov, E. Tonni, and A. Vichi,
Bounding scalar operator dimensions in 4D CFT, J. High
Energy Phys. 12 (2008) 031.

[78] D. Simmons-Duffin, The lightcone bootstrap and the
spectrum of the 3D Ising CFT, J. High Energy Phys. 03
(2017) 086.

[79] A.L. Fitzpatrick, J. Kaplan, D. Poland, and D. Simmons-
Duftin, The analytic bootstrap and AdS superhorizon local-
ity, J. High Energy Phys. 12 (2013) 004.

[80] L.F. Alday and A. Zhiboedov, Conformal bootstrap with
slightly broken higher spin symmetry, J. High Energy Phys.
06 (2016) 091.

[81] J. Arenz and M.R. Zirnbauer, Wegner model on a tree
graph: U(1) symmetry breaking and a non-standard phase of
disordered electronic matter, arXiv:2305.00243.

[82] M. B. Hastings and S. L. Sondhi, Breakdown of conformal
invariance at strongly random critical points, Phys. Rev. B
64, 094204 (2001).

[83] The parabolicity of MF spectra in the context of fully
developed turbulence [8] is not a settled issue. Since
there are no tools to verify Abelian fusion, we cannot

apply our results to talk about conformal invariance
[84,85].

[84] G. Falkovich and A. Zamolodchikov, Operator product
expansion and multi-point correlations in turbulent energy
cascades, J. Phys. A 48, 18FT02 (2015).

[85] Y. Oz, On scale versus conformal symmetry in turbulence,
Eur. Phys. J. C 78, 655 (2018).

[86] A.W.W. Ludwig, M.P. A. Fisher, R. Shankar, and G.
Grinstein, Integer quantum Hall transition: An alternative
approach and exact results, Phys. Rev. B 50, 7526 (1994).

[87] H.E. Castillo, C. C. Chamon, E. Fradkin, P. M. Goldbart,
and C. Mudry, Exact calculation of multifractal exponents of
the critical wave function of Dirac fermions in a random
magnetic field, Phys. Rev. B 56, 10668 (1997).

[88] A.A. Nersesyan, A. M. Tsvelik, and F. Wenger, Disorder
effects in two-dimensional Fermi systems with conical
spectrum: Exact results for the density of states, Nucl.
Phys. B438, 561 (1995).

[89] C.D.C. Chamon, C. Mudry, and X.-G. Wen, Localization
in two dimensions, gaussian field theories, and multifrac-
tality, Phys. Rev. Lett. 77, 4194 (1996).

[90] C. Mudry, C. Chamon, and X.-G. Wen, Two-dimensional
conformal field theory for disordered systems at criticality,
Nucl. Phys. B466, 383 (1996).

[91] J.S. Caux, N. Taniguchi, and A.M. Tsvelik, Disordered
Dirac fermions: Multifractality termination and logarithmic
conformal field theories, Nucl. Phys. B525, 671 (1998).

[92] J.-S. Caux, Exact multifractality for disordered N-flavor
Dirac fermions in two dimensions, Phys. Rev. Lett. 81,4196
(1998).

[93] M. R. Zirnbauer, Marginal CFT perturbations at the integer
quantum Hall transition, Ann. Phys. (Amsterdam) 431,
168559 (2021).

[94] However, we cannot exclude a logically possible situation
where the MF spectrum is parabolic but there is no
conformal invariance.

[95] A.R. Subramaniam, I. A. Gruzberg, A. W. W. Ludwig, F.
Evers, A. Mildenberger, and A. D. Mirlin, Surface criticality
and multifractality at localization transitions, Phys. Rev.
Lett. 96, 126802 (2006).

[96] H. Obuse, A. R. Subramaniam, A. Furusaki, I. A. Gruzberg,
and A. W.W. Ludwig, Corner multifractality for reflex
angles and conformal invariance at 2D Anderson metal
insulator transition with spin orbit scattering, Physica
(Amsterdam) 40E, 1404 (2008).

[97] A.R. Subramaniam, I. A. Gruzberg, and A. W. W. Ludwig,
Boundary criticality and multifractality at the two-
dimensional spin quantum Hall transition, Phys. Rev. B
78, 245105 (2008).

[98] H. Obuse, A. R. Subramaniam, A. Furusaki, 1. A. Gruzberg,
and A. W. W. Ludwig, Conformal invariance, multifractal-
ity, and finite-size scaling at Anderson localization
transitions in two dimensions, Phys. Rev. B 82, 035309
(2010).

[99] S.S. Babkin, J.F. Karcher, I.S. Burmistrov, and A.D.
Mirlin, Generalized surface multifractality in 2D disordered
systems, Phys. Rev. B 108, 104205 (2023).

266401-7


https://doi.org/10.1103/PhysRevB.78.195107
https://doi.org/10.1016/0370-2693(88)91603-6
https://doi.org/10.1016/0370-2693(88)91603-6
https://doi.org/10.1016/0550-3213(89)90254-X
https://doi.org/10.1016/0550-3213(89)90254-X
https://doi.org/10.1016/j.nuclphysb.2019.02.017
https://doi.org/10.1016/j.nuclphysb.2019.02.017
https://doi.org/10.1103/RevModPhys.91.015002
https://doi.org/10.1007/JHEP01(2018)077
https://doi.org/10.1007/JHEP06(2018)119
https://doi.org/10.1007/JHEP07(2022)150
https://doi.org/10.1007/JHEP07(2022)150
http://link.aps.org/supplemental/10.1103/PhysRevLett.131.266401
http://link.aps.org/supplemental/10.1103/PhysRevLett.131.266401
http://link.aps.org/supplemental/10.1103/PhysRevLett.131.266401
http://link.aps.org/supplemental/10.1103/PhysRevLett.131.266401
http://link.aps.org/supplemental/10.1103/PhysRevLett.131.266401
http://link.aps.org/supplemental/10.1103/PhysRevLett.131.266401
http://link.aps.org/supplemental/10.1103/PhysRevLett.131.266401
https://github.com/jaychandran-padayasi/coulomb-gas-expansion
https://github.com/jaychandran-padayasi/coulomb-gas-expansion
https://github.com/jaychandran-padayasi/coulomb-gas-expansion
https://doi.org/10.1016/S0550-3213(01)00013-X
https://doi.org/10.1016/S0550-3213(01)00013-X
https://doi.org/10.1103/PhysRevD.87.106004
https://doi.org/10.1088/1126-6708/2008/12/031
https://doi.org/10.1088/1126-6708/2008/12/031
https://doi.org/10.1007/JHEP03(2017)086
https://doi.org/10.1007/JHEP03(2017)086
https://doi.org/10.1007/JHEP12(2013)004
https://doi.org/10.1007/JHEP06(2016)091
https://doi.org/10.1007/JHEP06(2016)091
https://arXiv.org/abs/2305.00243
https://doi.org/10.1103/PhysRevB.64.094204
https://doi.org/10.1103/PhysRevB.64.094204
https://doi.org/10.1088/1751-8113/48/18/18FT02
https://doi.org/10.1140/epjc/s10052-018-6147-8
https://doi.org/10.1103/PhysRevB.50.7526
https://doi.org/10.1103/PhysRevB.56.10668
https://doi.org/10.1016/0550-3213(95)00002-A
https://doi.org/10.1016/0550-3213(95)00002-A
https://doi.org/10.1103/PhysRevLett.77.4194
https://doi.org/10.1016/0550-3213(96)00128-9
https://doi.org/10.1016/S0550-3213(98)00331-9
https://doi.org/10.1103/PhysRevLett.81.4196
https://doi.org/10.1103/PhysRevLett.81.4196
https://doi.org/10.1016/j.aop.2021.168559
https://doi.org/10.1016/j.aop.2021.168559
https://doi.org/10.1103/PhysRevLett.96.126802
https://doi.org/10.1103/PhysRevLett.96.126802
https://doi.org/10.1016/j.physe.2007.09.024
https://doi.org/10.1016/j.physe.2007.09.024
https://doi.org/10.1103/PhysRevB.78.245105
https://doi.org/10.1103/PhysRevB.78.245105
https://doi.org/10.1103/PhysRevB.82.035309
https://doi.org/10.1103/PhysRevB.82.035309
https://doi.org/10.1103/PhysRevB.108.104205

