PHYSICAL REVIEW LETTERS 131, 256502 (2023)

Editors' Suggestion

Continuous Phase Transitions between Fractional Quantum Hall States
and Symmetry-Protected Topological States

Ying-Hai Wu
School of Physics and Wuhan National High Magnetic Field Center, Huazhong University of Science and Technology,
Wuhan 430074, China

Hong-Hao Tu
Institut fiir Theoretische Physik, Technische Universitit Dresden, 01062 Dresden, Germany

Meng Cheng
Department of Physics, Yale University, New Haven, Connecticut 06511-8499, USA

® (Received 9 March 2023; revised 11 October 2023; accepted 28 November 2023; published 21 December 2023)

We study quantum phase transitions in Bose-Fermi mixtures driven by interspecies interaction in the
quantum Hall regime. In the absence of such an interaction, the bosons and fermions form their respective
fractional quantum Hall (FQH) states at certain filling factors. A symmetry-protected topological (SPT)
state is identified as the ground state for strong interspecies interaction. The phase transitions between them
are proposed to be described by Chern-Simons-Higgs field theories. For a simple microscopic Hamiltonian,
we present numerical evidence for the existence of the SPT state and a continuous transition to the FQH
state. It is also found that the entanglement entropy between the bosons and fermions exhibits scaling

behavior in the vicinity of this transition.
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Introduction.—The collective behavior of a large number
of microscopic objects is a fascinating topic. In quantum
condensed matter physics, one central task is to elucidate
the possible phases and transitions between them for a
given many-body system. A large class of phases and
transitions is characterized by spontaneous breaking of
global symmetries, described by the Landau-Ginzburg
theory. However, quantum phases of matter beyond the
symmetry-breaking framework have also been discovered,
a notable example being topological states in quantum Hall
systems [1-3]. In the simplest cases, the integer quantum
Hall (IQH) states can be understood as free electrons filling
Landau levels. On the contrary, fractional quantum Hall
(FQH) states only appear in strongly correlated systems.
Fractionalized elementary excitations, multiple ground
states on high-genus manifolds, and long-range quantum
entanglement are their hallmarks. The fact that quantum
Hall states do not fit into the symmetry paradigm prompts
the questions: what are the possible quantum phase
transitions that involve quantum Hall states and how to
characterize them? Previous works have investigated tran-
sitions between different IQH states [4—7], between differ-
ent FQH states [8—11], and between certain IQH or FQH
states and nontopological states [12-22].

The discovery of topological insulators greatly expanded
the realm of topological phases [23,24]. One crucial insight
of this adventure is that time-reversal and charge conser-
vation symmetries should be preserved for these states to be
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nontrivial [25-28]. Further progress along this line leads
to the concept of symmetry-protected topological (SPT)
states [29-35]. This generalization incorporates strongly
correlated states of spins, bosons, and fermions that exhibit
nontrivial symmetry-protected edge physics but do not
possess fractionalized excitations in the bulk. Quantum
phase transitions from SPT states to trivial states or
symmetry-breaking states have been studied [36-52].

In this work, we study a new class of topological phase
transitions between SPT and FQH states in Bose-Fermi
mixtures in the quantum Hall regime. We show that a SPT
state can be realized for Bose-Fermi mixtures under
suitable conditions, and it goes through a continuous
transition to two decoupled FQH states as the inter-
species interaction decreases. Experimentally, while fer-
mionic quantum Hall states are routinely realized in solid
state systems, bosonic ones are more challenging to
realize [53-61]. For cold atoms, Bose-Fermi mixtures
have been extensively explored [62-65]. In solid state
systems, electrons and holes may combine to form
bosonic excitons. Electrons and excitons may coexist
and form correlated Bose-Fermi mixtures in transition
metal dichalcogenides [66,67]. In addition, a recent work
has reported evidence for the bosonic Laughlin state of
excitons [68]. FQH states of excitons have also been
proposed for moiré systems [69,70]. This progress pro-
vides strong motivations for our investigations of FQH
states and phase transitions in Bose-Fermi mixtures.
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FIG. 1. TIllustration of the quantum phase transition in Bose-
Fermi mixtures. The solid (dashed) wiggle lines represent strong
(weak) interactions between the particles. If there is no inter-
species interaction, two independent FQH states are formed in
which the particles are transformed to composite fermions
(indicated by the small arrows). As the interspecies interaction
strength grows, the two types of composite fermions eventually
become strongly correlated to form the SPT state.

Wave functions and field theories for the SPT and FOH
states.—We start with trial wave functions for the SPT and
FQH states in Landau levels, which will shine light on the
nature of the transition. The letter b (f) is used as subscripts
or superscripts to represent bosons (fermions). For instance,
the numbers of particles are denoted as N, and Ny. As
illustrated in Fig. 1, the bosons and fermions are subjected
to two independent magnetic fields with total fluxes M,
and My, so their filling factors are v, = (N,/M},) and
vy = (Ny/M;y). A positive direction for the magnetic fields
is chosen so each filling factor has its sign. The IQH state
with v = n > 0 is denoted as ®,, and that with v = —n is
@;. Throughout this work, we assume that the bosons/
fermions carry a U(1) charge e,/e;. While in solid state
systems one usually takes e; = 1 and ¢, an even integer
(e.g., e, = 2 for Cooper pairs), this is not necessarily the
case for cold atoms because they are actually charge
neutral. Analogs of Hall conductance can be studied,
and the specific probing method determines the “‘effective”
charge of atoms [59].

In terms of the complex coordinates z;,zy,--- on the
plane, the SPT state is described by
i N, Ny
Wser ~ (@1 (D@ (DI [T - <)
ik
Ny, Ny
< [[@ -2 [1 -2 (1)
Jj<k Jj<k

It can be interpreted using the flux attachment process that
maps strongly correlated particles to noninteracting
composite fermions [71]: The bosons (fermions) are con-
verted to composite fermions by the Jastrow factor

Hj»vjk(zj’ -z [vazk(zf — 2])?; then the composite fer-

mions form two v = —1 IQH states, and the interspecies

correlation is captured by HIIV" ivf (28 - z). In the
thermodynamic limit, the numbers of particles and fluxes
must satisfy N, = My and Ny = M), + M to realize Wgpr.
In addition to the ground state, we can create four types of
elementary excitations that carry integral charges [72].

Topological properties of Wgpr are encoded compactly in
the Abelian Chern-Simons (CS) theory. The Lagrangian
density is

1 t
Les = EKIJaldaJ + ﬁAdah (2)

where K is an integer-valued symmetric matrix, the a;’s are
emergent gauge fields, and a;da; = ¢*“*a 10,4, . Here we
also include the coupling with a background U(1) gauge
field A, with integers #; known as the charge vector. This
formalism was originally proposed for intrinsic topological
orders [73] but has also been very useful in studying SPT
states [74]. The number of degenerate ground states on a
torus is given by | det K|. For the case with a unique ground
state (| det K| = 1), one can further show that there exist no
topologically nontrivial excitations.

Inspired by the wave function Wgpr, we consider the
following K matrix and charge vector:

(D) ()

Because Kgpr has determinant —1 and zero signature
(hence no chiral central charge), the theory indeed
describes a SPT state. The Hall conductance of the system
is 0,, = tiprKgirtspr = €,(2¢; — e;,). If the system has an
edge, there are two counterpropagating gapless modes with
opposite chiralities, which can be protected by a U(1)
symmetry when o, # 0 (e, # 0, 2e;). For the microscopic
model studied below, the numbers of bosons and fermions
are separately conserved, so we have a U(1), x U(1),
symmetry. In this case, we can introduce two background
gauge fields A, and A that couple with the particles via

we(3) ()

One can measure intraspecies Hall conductance (the
response of one species to its associated field A,) and
interspecies Hall conductance (the response of bosons to A
or fermions to A, ). The results can be organized as a matrix,

( oy 0mix> . ( —6127 €b€f> (5)
O mix Gf €b€f 0 ’
In other words, the response theory contains a bosonic

CS term, —(1/4n)e2A,dA,, and a mutual CS term,
(1/27r)ebefAbdAf
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Now we turn to the FQH state in which the bosons and
fermions are decoupled but still have suitable intraspecies
interactions. At individual filling factors v, = 1/2 and
vy = 2/3, the system is described by

Wron ~ @ ({22 ) ®3({z]})

N, Ny
< [[2 =) [ (=] - D) (6)

Jj<k Jj<k

Intuitively, the particles are also converted to composite
fermions by the Jastrow factors, which now form
their respective IQH states with v =1 (bosons) and —2
(fermions). In the CS theory, the bosonic FQH state has
K, =2, and t{ZQH = e, and the fermionic FQH state has

Kf:<(1) _03>, téQH:elfG). (7)

Quantum phase transitions.—If we turn on interspecies
interaction, it is possible to induce a quantum phase
transition from the FQH state to the SPT state. To gain
some intuition about how the transition takes place, we may
strip off the flux attachment factors in Wspy and Wgqy to

consider a transition between the states @, ({27 })d%({zf})

and ¢’T({Z§?})<DT({Z§}) va,, Hivf (2% - z]). The latter state
is actually a superfluid because its K matrix

(—1 1 ) (8)
1 -1
has zero determinant. This is reminiscent of the well-
known exciton condensate in quantum Hall bilayers [75],
but there the K matrix has 1 on the diagonal. In short, the
transition may be understood as composite fermions
change from two decoupled IQH states to one correlated
superfluid.

This intuitive picture can be formalized using a field

theory. It is helpful to perform a GL(2, Z) transformation
such that the K matrix and charge vector for the fermionic

state become
K 1 1 of 1 ) )
= , = e .
f 1 -2 FQH / 0
To combine the bosonic and fermionic FQH states, we
rename the emergent gauge field for bosons as a; and the

fields for fermions as a, and as. The resulting CS theory
has 3 x 3-dimensional K matrix Koy = K, @ Ky and

charge vector tgpgy = t{éQH ® t{:'QH. Inspired by the analysis
based on wave functions, we proceed to consider what

happens when a; and a; are locked together by a Higgs
field. Specifically, a complex scalar ¢ is introduced to
construct the Lagrangian density

Luix = Ly + Ly +[(0 - iay + ias)¢|?
+rl@P> +ulp|t+ . (10)

When r > 0, ¢ is gapped and can be integrated out to
reproduce the CS theory for the FQH state. When r < 0, ¢
condenses to generate the Higgs phase in which a3 can be
eliminated by setting it to a;. This leads to

1 1 e e
%(lldaz—f—ﬂazddz +Z[;Abdal +éAfdaz, (11)

which is exactly the same as Lqpy. For a whole family of
systems with filling factors v, =p/(p+1) and
vy = (p+1)/(2p + 1), we have uncovered similar mech-
anisms for continuous phase transitions and constructed the
associated field theories [72].

To further understand the critical theory, we perform the
following GL(3,Z) basis transformation for the gauge
fields:

a 31 -1\ /b
a|=1-20 15| (12)
as 2 1 -1 b3

The K matrix is

6 0 O
0 0 1 (13)
01 -1
in the new basis. The critical theory becomes
Oy 0—ib))gp| 2 P, (14
1, 01dby + 10 = ib)GI" + 1" + ulg” + - (14)

s0 a; —ay = by couples to ¢ while b, and b3 decouple
from critical fluctuations. Interestingly, this theory also
describes a continuous transition between a 1/6 Laughlin
state and a trivial insulator. It is a strongly coupled theory
for which analytical results are available only in the limit
with a large number of boson flavors and a large CS level.
In this case, (the generalization of) Eq. (14) indeed flows to
a conformal fixed point at low energy. It is thus quite
reasonable to conjecture that Eq. (14) describes an uncon-
ventional quantum critical point. For the transitions at other
filling factors, similar basis transformations can also be
found [72].
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Numerical results.—It is not a priori clear that the SPT
state can be realized using a simple microscopic
Hamiltonian. To this end, we consider the many-body
Hamiltonian for the bosons and fermions:

Hyie = > _4n36(xh —xp) + > 4ntiV25(x) —rf)

j<k j<k

+ gn Y _Anlyt5(xh —x)), (15)

Jjk

where £, () is the magnetic length for bosons (fermions).
It is necessary to introduce two magnetic lengths because
the magnetic fluxes for the two types of particles are
different. The unit of length is chosen to be 7). The
particles are confined to their respective lowest Landau
levels, and higher levels are neglected. The first (second)
term in H,;, corresponds to the zeroth (first) Haldane
pseudopotential [76], so we know for sure that Wgqy can be
realized at g, = 0. Exact diagonalizations of H,.; are
performed on the torus [77] at many different g,, € [0, 1].
The energy spectra are presented in Fig. 2(a). A unique
ground state is observed when g,, ~ 1, but there are six
quasidegenerate ground states when g,, ~ 0 [78,79]. This

- (4,8
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FIG.2. Numerical results on the torus. (a) The low-lying energy
levels of the Nj, = 6, Ny = 12 system versus g,,. (b) The first-
order derivative of the ground state energy. (c) The second-order
derivative of the ground state energy. (d) The ground state fidelity
susceptibility. (e) The von Neumann entanglement entropy
between bosons and fermions. (f) The same data in (e) replotted
to achieve data collapse. The numbers of particles (N, N ;) for
panels (b)—(f) are indicated using the legend of (b).

suggests that the Hamiltonian with g,, ~ 1 resides in the
SPT phase. To further corroborate this claim, we have
computed the Hall conductance matrix for several cases
using the twisted boundary condition method [80,81]. For
simplicity, we choose ¢, = ey = 1 in Eq. (5) such that the
intraspecies Hall conductances are —1 and O whereas the
drag Hall conductance is 1. The actual numbers obtained in
numerical calculations are very close to these values (the
deviation is smaller than 10~) [72].

The transition is inspected more closely using the lowest
eigenvalue E;(g,,) and the associated eigenstate |¥y(g,,))-
The transition appears to be continuous, as one can see
from the first-order derivative dE,/dg,, in Fig. 2(b). The
transition point is found to be gj, ~ 0.39, where peaks
appear in the second-order derivative d>E,/dg2, as shown
in Fig. 2(c). The evolution of [¥,(g,,)) can be characterized
using the ground state fidelity susceptibility [82,83]

F(gm) = [1 = [(%o(g) Vo (gm + 69 )] (16)

(89m)*

As the system passes the transition point, the state changes
abruptly such that F attains a very large value. This picture
is confirmed by the appearance of peaks around g, ~ 0.39
in Fig. 2(d). The continuous nature of this transition is
further corroborated by density matrix renormalization
group calculations [72,84—86]. In the vicinity of a critical
point, critical scaling of physical quantities plays a
prominent role. For symmetry-breaking phase transitions,
correlation functions of local observables are routinely
studied. However, they are not expected to give clear
signatures due to the limited spatial extent of our system.
To this end, we consider the quantum entanglement
between the bosons and fermions. The reduced density
matrix for the bosons is obtained by tracing out the
fermions as p, = Tr¢|¥o(g,)) (¥o(gm)|- The von Neumann
entanglement entropy S,y = —Trp, Inp, is presented in
Fig. 2(e). The boson-fermion entanglement is weak for
small g, but seems to obey the volume law in the SPT state.
Unfortunately, we are not able to derive the scaling form of
Syn using field theory. We make a bold conjecture that

SN(gm)NE = fl(gm — g;,)N/Z]. The data points for
€[0.30,0.50] can be collapsed on a straight line using
a=—0.93 and =~ 0.91 as shown in Fig. 2(f).

It is also helpful to employ the spherical geometry [76].
A great advantage is that Wqpr (and the trial wave functions
for excitations) can be constructed more easily [87,88].
However, its curvature results in a shift quantum number,
and the filling factor in finite-size systems may not be equal
to its thermodynamic value [89]. The system parameters
should satisfy M, =2(N, —1) for the bosonic 1/2
state, My =3N;/2 for the fermionic 2/3 state, and
M, =Ng,M; =N+ Ny for the SPT state. This imposes
the condition N, = N;/2+1 instead of N, =N,/2.
For the N, =5, N, =8 system, Fig. 3(a) displays the
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FIG. 3. Numerical results on the sphere. (a) The low-lying
energy levels of the N, =35, Ny = 8 system. The lines (dots)
represent exact eigenstates (trial wave functions), and the
numbers are their overlaps. (b) The entanglement spectrum of
the N;, =7, Ny = 12 system in the sector for which the southern
hemisphere has four bosons and six fermions.

low-energy states of H,,;, at g,, = 1.0 (plotted versus the
total angular momentum L), which are compared with
appropriate trial wave functions [72]. The overlap for the
ground state is excellent (0.99), and those for the excita-
tions are quite good (except for one state). To probe the
edge physics, we turn to the real space entanglement
spectrum [90-93]. For the N, =7, Ny = 14 system, the
eigenvalues of the reduced density matrix for the southern
hemisphere are shown in Fig. 3(b). The good quantum
numbers are the number of particles in the subspace and the
z component of the angular momentum. As indicated in the
figure, two edge modes with opposite chiralities can be
identified. The counting 1,1,2,3 suggests that they are
described by free bosons, which agrees with the CS theory.

Conclusions.—In summary, we have proposed an SPT
state in Bose-Fermi mixtures that could be realized using a
simple Hamiltonian. By tuning the interspecies interaction,
quantum phase transitions to FQH states with intrinsic
topological order can be induced. The possibility that these
transitions are continuous is revealed by critical field theory
and substantiated by numerical results. We have also made
a first attempt toward revealing critical scaling of the
entanglement entopy. This is very premature due to the
absence of reliable analytical results on the scaling func-
tion. Many questions remain to be answered. It will be
interesting to further study critical properties of the theory
in Eq. (14). More broadly, a general picture for the
transitions between strongly correlated states in the quan-
tum Hall regime is very desirable. The effects of disorder
and other impefections that could appear in realistic
systems should also be investigated. On the experimental
frontier, multiple groups have reported FQH states in moiré
systems without external magnetic field [94-98]. A primi-
tive idea is stacking these FQH states with the Laughlin
state of excitons [68] to study phase transitions. Since
Bose-Fermi mixtures have been realized in Refs. [66,67]
using electrons and excitons, it is natural to explore
topological states in such systems.

Note added.— While finalizing the manuscript, we noticed
a preprint on the transition between a FQH state and an

exciton condensate in quantum Hall bilayers [99]. The
physics is quite different from the FQH-SPT transition
studied in this work.
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