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It has been proposed that at small Bjorken x, or equivalently at high energy, hadrons represent maximally
entangled states of quarks and gluons. This conjecture is in accord with experimental data from the
electron-proton collider HERA at the smallest accessible x. In this Letter, we propose to study the onset of
the maximal entanglement inside the proton using diffractive deep inelastic scattering. It is shown that the
data collected by the H1 Collaboration at HERA allow one to probe the transition to the maximal
entanglement regime. By relating the entanglement entropy to the entropy of final-state hadrons, we find a
good agreement with the H1 data using both the exact entropy formula as well as its asymptotic expansion
which indicates the presence of a nearly maximally entangled state. Finally, future opportunities at the

Electron Ion Collider are discussed.

DOI: 10.1103/PhysRevLett.131.241901

Introduction.—At the heart of the theory of strong
interactions, quantum chromodynamics (QCD), there is
the phenomenon of color confinement that we still do not
understand. We know perfectly well that it exists, and our
own existence is the proof, but its mechanism has been one
of the most important unsolved problems in modern
physics [1]. Recent advances in quantum information
science have allowed one to look at this problem from a
different perspective [2—14]; see Ref. [15] for a recent
review. In fact, confinement can be viewed as an ultimate
limit of entanglement as the quarks and gluons are not just
correlated, but simply cannot exist in isolation.

In quantum mechanics, an isolated proton is a pure
quantum state with zero von Neumann entropy. However,
when viewed as a collection of quasifree partons such as in
the parton model [16-18], the proton possesses a nonzero
entropy associated with different ways to distribute partons
in the phase space. To resolve this paradox, a proposal
has been made in Ref. [3] that a deep inelastic scattering
(DIS) process probes only a part of the wave function of
the proton, thus described by a reduced density matrix
where the unobserved part is traced over. There is an
entanglement entropy associated with the measured
reduced density matrix, which represents the entropy
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associated with the parton distributions. Thus, the DIS
process can be viewed as a sudden quench of the entangled
quantum state of the proton, as a result of which a finite
entropy is produced [3,19-21]. This final-state entropy
can be measured from the multiplicity distribution of the
produced hadrons.

More specifically, in an electron-proton (ep) DIS proc-
ess, the virtual photon emitted by the electron has a four-
momentum ¢ that probes only a part of the proton wave
function with a transverse spatial size of ~1/Q, where
Q? = —¢* characterizes the resolution of the probe. This
measurement provides access to a subset of the total density
matrix p of the proton. This lack of information about the
rest of the proton gives rise to the entanglement entropy,
Sg = —trp, Inp,, where the reduced density matrix p, =
trpp is obtained by tracing over the unobserved degrees of
freedom of the total density matrix p. The entropy
production in high-energy scattering has been investigated
also in Refs. [22-43].

Based on an explicit model of QCD evolution at small
Bjorken x, it has been conjectured [3] that the inclusive DIS
process probes a proton in the maximally entangled state,
i.e., in a state where a large number of partonic microstates
occur with equal probabilities, P,(Y) = 1/(n). Here Y is
the rapidity and »n is the number of resolved constituents of
the proton. This maximally entangled state corresponds to
an entropy S = Inn, which has been confirmed by com-
parison of calculations to data both in proton-proton
collisions [19] and inclusive ep DIS [44-47]. Therefore,
the questions of interest that arise from these findings are,
how does the maximally entangled state emerge, and
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FIG. 1. Kinematics of the neutral current diffractive DIS

process ep — epX.

whether there are conditions under which the constituents
of the proton are not maximally entangled.

It has been found that in the nondiffractive DIS process
at sufficiently small x, one probes a maximally entangled
state of the proton [45,46]. However, it is known that ~15%
[48,49] of the inclusive DIS cross section measured at
HERA is from diffractive processes, where a rapidity gap in
the distribution of the hadronic final states is observed (for a
review see Ref. [50]). These diffractive processes are
believed to probe different components of the parton wave
function of the proton, in which the parton evolution is
“delayed” by the presence of the rapidity gap [51-56].

In this Letter, we present the first study of the entangle-
ment entropy associated with diffractive deep inelastic
scattering (DDIS) processes, based on a dipole cascade
model [58]. To validate our model, we compare it to the
published data from the H1 Collaboration on charged
particle multiplicity distributions in DDIS at the top
HERA energy. Finally, we discuss future opportunities
at the upcoming Electron-lon Collider (EIC) at the
Brookhaven National Laboratory.

Cascade model for diffraction.—We consider DDIS of
an electron on a proton target. As for inclusive DIS events,
these events are characterized by the virtuality of the
photon ¢> = —Q? as well as Bjorken x = Q?/2p - g, where
q and p denote the four-momentum of the virtual photon
and proton respectively; see also Fig. 1. Diffractive events
are further characterized by xp which denotes the proton’s
momentum fraction carried by the Pomeron. The magni-
tude of the rapidity gap y, is related to xp by yo ~In 1/xp.
The variable f denotes the Pomeron’s momentum fraction
carried by the quark interacting with the virtual photon. For

collinear kinematics, x = f§-xp. With Y =1In1/x, the
width of the rapidity interval occupied by the diffractive
system X formed in the collision is yy = Y — yy ~In1/p.

For large invariant mass My or small values of  of the
diffractive system X, using factorization and the limit of
large number of colors, the diffractive system can be de-
scribed as a set of color dipoles [51-55]. Within the 1 4 1
dimensional model for the distribution of dipoles [58] used
in [3,59], the probability p?(yy) to have exactly n dipoles
is described by the following cascade equation:

% = —nApP(yx) + (n—=1DApPP (yx), (1)

where A controls the rate at which the number of dipoles
grows. In the following we consider a slight generalization
of the solution to this equation used for the inclusive
case, i.e.,

1 1o\t
P?()’X)ZEE_A“V)‘(l—Ee_A”) . (2)

Introducing the additional constant C > 1 allows one to
take into account the possibility that more than one dipole
exists at yy = 0. For diffractive reactions, the exchanged
Pomeron serves as a source for the generation of diffractive
dipoles, and therefore p,.;(0) # 0 is possible; see also
[51-55]. With the above modification we have for the
average number of dipoles,

<d6iz(1ﬁ/)ﬁ> = zﬂ:np,?(yx) = C(%y, (3)

which can be identified with the number of partons per unit
of In 1/p. The latter can be related to the diffractive parton
distribution functions (PDF) fxpf(f,xp) in the low f
region.

Diffractive DIS data.—The data used in this Letter were
collected by the H1 Collaboration [60] during the HERA
1 period. The measurements of charged particle multiplicity
distributions were performed in the rest frame of the
hadronic final state X. A minimum pseudorapidity gap
of ~4.3 units was imposed. The data analysis was done
separately for the forward and backward hemispheres. To
evaluate the entanglement entropy, one should include all
charged particles in the diffractive final states. Therefore,
we combine the measured multiplicity distributions from
forward and backward hemispheres into a total charged
particle multiplicity distribution, which serves as the input
to calculate the hadron entropy. The detailed procedure of
obtaining the total charged particle multiplicity distribu-
tions is provided in the Supplemental Material [61], which
includes Ref. [62].
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The entropy of the final hadronic state is calculated as
follows:

Shadron = - ZPn IOg Pm (4)

where P, is the probability to detect n charged hadrons.
Similar analyses were done in Refs. [19,47]. Comparing to
the inclusive DIS measurement of hadron entropy in
Ref. [47], the covered phase space of charged hadrons in
the DDIS measurement was larger [60], with track selection
within || < 2.0 and transverse momentum larger
than 100 MeV/c.

Numerical results and the model comparison.—In the
following, we compare our model to the data from the H1
Collaboration [60]. We use a description based on a direct
extrapolation of the 1 + 1 dimensional model, Egs. (1) and
(2), to the relevant values of f. To this end, we use the fact
that the number of partons and the number of dipoles
coincide in the low f region and are directly given by the
corresponding leading order diffractive PDFs. To compare
with the available dataset, we average over Q2 and integrate
over the region probed in xp:

Q?nax XP,max
dn(p) 1 / /
= dQ? d
<dln1/ﬂ> Qrznax_Q[znin g Q . v

min

Xﬁ|:f€/p(ﬁ9xP’Q2)+ gD/p(ﬁ’x[F"sz):|’ (5)

where

ny

fg/p(ﬁ’xp7 Qz) = Z[quf/p(ﬁ’x[P”Q2)+ff’])f/p(ﬂ7x[@’ Qz)]’

(6)
and Q2. = 7.5 GeV2, Q% = 100 GeV?, while xp yin =
0.0003 and xp ;. = 0.05. The selected phase space is
chosen to reproduce the phase space in which the H1 data
were analyzed.

To fix the free parameters of the model, C and A, we
impose that the average number of dipoles given by Eq. (3)
in the low S region, € [1075,1073], should agree with
predictions based on diffractive PDFs, for which we use the
leading order results GKG18-DPDFs (Set A), provided by
the authors of [63]. In particular we use for the diffractive
PDF of the parton i the following parametrization:

ﬂfﬁp(ﬂ, Xp, Q2) = Fp/, (XP)ﬂfi/P(ﬂ’ Qz)» (7)

with Pomeron flux factor

D
Fp,(xp) = Ap o (8)

P
P

where Ap = 2.39187, D = 0.142735, and 1p = 1.185. We
then find A = 0.287 +0.006 +0.050 and C = 4.20+
0.29 £ 0.52, where the uncertainties are evaluated by
varying different f ranges (first uncertainty) and PDF
(second uncertainty). See the detailed procedure in the
Supplemental Material [61]. Invoking parton-hadron du-
ality, this number should approximately agree with the
average number of hadrons measured in DDIS.

As noted in [44], experiments measure only the charged
hadron multiplicity, and one assumes

<dd(ﬁﬁ)>:§<dd_(ﬁm> (9)

To describe the entropy of charged hadrons, we thus replace
in our expression C —» C'=2/3-C=2.80+0.194+0.34.
Using the parameters listed above, the probability distri-
bution in Eq. (2) yields the average number of partons. This
can be used to estimate the number of charged hadrons, if
the ratio between charged and neutral particle yield is taken
to be a constant, i.e., independent of /.

The resulting probability distribution is illustrated in
Fig. 2 for n =1, ...,50. In the low S region, the proba-
bilities p2 become equal. In the limit # — 0 the probability
distribution is therefore constant (different multiplicities
have equal probabilities), and the entropy reaches a
maximum, corresponding to a maximally entangled state.
At moderate values of f€[0.06,0.41], probed by the
currently available dataset, we observe the gradual tran-
sition to the maximally entangled regime. Away from the
maximally entangled region, configurations with a few
partons have a considerably higher probability than those
with many partons—therefore the entropy does not reach
its maximal value.

=
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FIG. 2. Probabilities p,(yx) with yy =In(1/f) as extracted
from leading order diffractive PDFs for n =1, ...,50 for the
charged hadron multiplicities. The shaded region indicates the
region in S probed by the H1 dataset.
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To compare with hadron entropy extracted from the H1
charged hadron multiplicity distribution, we assume (in
accord with the local parton-hadron duality [64]) that the
multiplicity distributions of hadrons and dipoles are the
same, py = pP2. We thus use the expression for the hadron
entropy (4) with the dipole probabilities given by Eq. (2). In
the maximally entangled regime, all dipole multiplicity
probabilities become equal; we write down this universal
value as p? = 1/Z. The entanglement entropy then takes
the form

Z -1

S(Z)==> pPInpl=(1-2)In +InZ.  (10)

We can perform the Taylor expansion of this formula at
Z — oo, when the number of partonic microstates becomes
large. This yields

Susym(Z) =InZ +1+0(1/2), (11)

which describes a maximally entangled state and is only
applicable in the low p region. In the truly asymptotic
region f — 0, the unity in (11) may be neglected. However,
when the number of partonic microstates is not too large
(the case of DDIS in the H1 kinematics), this constant term
is still numerically important. For numerical evaluation we
use Z = C'pA.

Our results are shown in Fig. 3 in comparison to the H1
DDIS data. Uncertainties have been estimated through
uncertainty from the PDF provided by the LHAPDF [65],
a variation of the factorization scale of the diffractive
leading order PDFs in the range p — [Q/2,2Q], and the
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FIG. 3. Exact and asymptotic entropy as a function of f. H1

data [60] extracted from the multiplicity distributions are shown,
where statistical and systematic uncertainty are added in quad-
rature and presented as error bars. The theoretical uncertainty
bands correspond to PDF and its scale uncertainty added in
quadrature, where the scale uncertainty is obtained from the
variation of the factorization scale of the leading order diffractive
PDFs in the range Q — [Q/2,20].

model uncertainty on the range of f for obtaining param-
eters C" and A. See the result with only the PDF uncertainty
in the Supplemental Material [61]. The plot shows that the
central value of the result (10) is closer to the data than the
asymptotic result (11), where the goodness of fit y>/ndf
are 2.97 and 17.13, respectively. We see, however, that the
curves approach each other at smaller values of # indicating
that the entanglement entropy reaches its maximal value.

There are a few lessons learned from this study. First, we
do not think the quantitative description of our diffractive
entanglement entropy model to the HI data is a coinci-
dence. Entanglement entropy in the context of deep
inelastic scattering was introduced in Ref. [3] in 2017 as
a new paradigm to understand the nucleon structure at high
energy, especially in the nonperturbative regime of QCD
where the picture of quasifree partons breaks down. It
allows one, at least in principle, to directly relate PDFs and
final-state hadron production without the use of fragmen-
tation functions (FFs) or other fragmentation frameworks,
such as the Lund string model [66].

This feature of the entanglement-based approach is
seemingly at odds with what we learned during the past
decades about particle production in hard processes based
on QCD factorization theorems, which describe the
hadron distribution in e*e~, DIS, and pp collisions as
follows [16,67]:

o(ete” - hX) =6 Q FF, (12)
o6(I*N — hX) = 6 ® PDF @ FF, (13)
o(p1p» = hX) = 6 @ PDF, @ PDF, @ FF. (14)

Here 6 denotes the microscopic QCD cross section for
parton scattering, while the FFs describe the transition of
the initially produced partons to hadrons. Based on this
framework, it seems implausible to not consider FFs to
describe hadron production in high-energy collisions. To
describe the production of multiple hadrons, the standard
approach is based on semiclassical models like the Lund
fragmentation model [66]. It is not at all trivial to describe
the charged particle multiplicity data from hadron colliders
based on this model, at least not without significant tuning
[68]. Also within this approach, there is no direct relation
between the structure function and the measured hadron
multiplicity distribution.

In contrast to such a description, the conjecture proposed
in Ref. [3] was experimentally confirmed for the first time
in the analysis of the multiplicity data from p p collisions at
the LHC [19]. To further confirm this picture without the
ambiguity of two protons in the initial state, a dedicated
reanalysis of H1 data taken at HERA [47] was performed.
The evidence again shows the connection between parton
density (quarks and gluons) and the final-state hadrons
[44,46] across a wide range of kinematic phase space.
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The proton is found to be maximally entangled at the top
HERA energy in inclusive DIS. This result has added
further confidence that entanglement entropy can be a
unique probe to the nucleon structure, such as PDFs, and
the observed agreement with experimental data is unlikely
a coincidence.

Therefore, in the current study of diffractive DIS, the
charged hadron production is again found to be well
described by the entanglement model without involving
any fragmentation. This demonstrates the broad impact of
this new paradigm on describing particle production and
the nonperturbative QCD dynamics of entropy production
in high-energy collisions.

There is another important lesson learned from this study
for the future DIS experiments at the EIC. The QCD
evolution of parton density in rapidity is delayed in DDIS
by the rapidity gap. Therefore, to study effects of the
rapidity evolution, it is essential to have a large detector
coverage to impose different rapidity gaps. Currently, the
detector design of the ePIC experiment at the EIC has
coverage up to ~3.5—4 in pseudorapidity in the hadron-
going direction, which is significantly larger than at HERA.
In addition, the forward region at the EIC will also have a
large acceptance coverage, which enables further control on
the rapidity gap size. Quantitative studies of the onset of
maximally entangled regime in the ePIC experiment should
be performed in the near future.

Conclusions.—In conclusion, we investigated the onset of
a maximally entangled regime inside the proton in diffrac-
tive deep inelastic scattering. Using diffractive parton distri-
bution functions and a dipole cascade model, we described
the hadron entropy measured by the H1 experiment.

We find that the maximally entangled regime sets in at
small values of f, and that the approach to this regime is
controlled by the magnitude of the rapidity gap. This is
because the rapidity gap delays the QCD evolution in
rapidity, and thus delays the onset of the maximal entan-
glement by reducing the Hilbert space of partonic states.

By relating the entanglement entropy to the entropy of
final-state hadrons, we find a good agreement with the H1
data at small f using both the exact entropy formula as well
as its asymptotic expansion which indicates the presence of
a nearly maximally entangled state.

Our study opens new possibilities for the investigation of
quantum entanglement inside the proton using diffractive
deep inelastic scattering at the Electron Ion Collider. In a
broader context the future research direction is focused on a
quantitative understanding of entanglement entropy in
hadronic reactions: (i) We would like to investigate the hard
scale (Q?) dependence of entanglement entropy in high-
energy collisions. The natural candidates are jet production
in the forward direction at the LHC as well as existing HERA
data where hadronic entropy was measured in a moving
rapidity window [47]. (ii) Another direction is to apply
entanglement entropy to the nonperturbative regime,

e.g., understanding charged particle production in the
photoproduction limit. (iii) Moreover, entanglement entropy
may be a good probe of the dense systems where nonlinear
dynamics may play arole, e.g., gluon saturation [3,44]. It is
found that the gluon density saturates naturally in the picture
of a maximally entangled proton at high energies. However,
this connection has not been fully explored. One of the
processes most sensitive to gluon saturation in ep and
electron-ion collisions is diffraction [1].
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