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Lines of exceptional points are robust in the three-dimensional non-Hermitian parameter space without
requiring any symmetry. However, when more elaborate exceptional structures are considered, the role of
symmetry becomes critical. One such case is the exceptional chain (EC), which is formed by the
intersection or osculation of multiple exceptional lines (ELs). In this Letter, we investigate a non-Hermitian
classical mechanical system and reveal that a symmetry intrinsic to second-order dynamical equations, in
combination with the source-free principle of ELs, guarantees the emergence of ECs. This symmetry can be
understood as a non-Hermitian generalized latent symmetry, which is absent in prevailing formalisms
rooted in first-order Schrodinger-like equations and has largely been overlooked so far. We experimentally
confirm and characterize the ECs using an active mechanical oscillator system. Moreover, by measuring
eigenvalue braiding around the ELs meeting at a chain point, we demonstrate the source-free principle of
directed ELs that underlies the mechanism for EC formation. Our Letter not only enriches the diversity of
non-Hermitian exceptional point configurations, but also highlights the new potential for non-Hermitian

physics in second-order dynamical systems.
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Introduction.—Pioneered by the study of topological
insulators in electronic systems [1,2], topology has brought
a conceptual revolution sweeping across diverse fields of
physics, including classical wave systems such as photon-
ics [3,4], acoustics [5,6], and elastic waves [7—12]. On a
different frontier, the development of non-Hermitian phys-
ics has recently been merging with topological phases
[13-19]. Because of the experimental advantages, classical
systems are becoming powerful test beds for non-Hermitian
topological phenomena [20-33]. Exceptional points (EPs)
are inherently non-Hermitian band singularities [34], where
both the eigenvalues and eigenvectors of different bands
coalesce. Many interesting topological properties arise
from EPs and have been shown to be the foundations of
diverse promising applications [35-39]. From a codimen-
sion consideration, the order-two EPs can form stable
exceptional lines (ELs) without the need for any symmetry
in a three-dimensional (3D) parameter space, and the ELs
can be further linked or knotted nontrivially [40—47].
However, as a typical EL configuration, the exceptional
chain (EC) [48-50] formed by several connecting or
osculating ELs is different from other EL morphologies
because the stable existence of ECs demands symmetry
protection. A recent study [50] has suggested that an EL can
be assigned with an orientation determined by the complex-
eigenvalue braiding around an EL, which is much similar to
the right-hand rule describing the relation between dc
electrical current and the magnetic fields it produces. The
oriented ELs are source-free in the parameter space. It follows
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that stable ECs can exist as a consequence of the source-free
principle of ELs in conjunction with certain symmetries, such
as mirror, mirror-adjoint, and C,T symmetries [49,50]. This
interesting mechanism for stabilizing ECs has not yet been
experimentally demonstrated or verified.

In this Letter, we study the stable existence of ECs using a
non-Hermitian mechanical model with three synthetic
dimensions. Unlike most non-Hermitian models that are
based on Schrodinger-like first-order differential equations,
the mechanical oscillators are described by second-order
differential equations (SDEs) [51]. We reveal that SDEs can
exhibit special non-Hermitian symmetries that become hid-
den after linearization to a Schrodinger-like Hamiltonian
form, a process commonly employed in the study of topo-
logical mechanics [8,9]. Via generalizing the recently pro-
posed notion of latent symmetries [52—54] to non-Hermitian
scenarios, we demonstrate that these specific symmetries of
the SDEs are essentially novel non-Hermitian latent sym-
metries of the linearized Hamiltonian, and they play a crucial
role in protecting the stable ECs. By constructing mechanical
oscillators with active components [55-57], we experi-
mentally realize an EC and characterize its topological
features. Our results not only demonstrate the unique
properties of ECs but also highlight the distinctive potential
of SDE systems in the future study of non-Hermitian
physics.

SDE for non-Hermitian oscillators.—For a mechanical
system consisting of N coupled harmonic oscillators, the
dynamics is governed by the SDE [51]

© 2023 American Physical Society
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M & X KX r d X 1
o X(0) = -Kx(1) -T—X(1), (1)
wherein X (7) = [x{ (1), x5(2), ..., xx(?)]T represents the dis-
placements of N oscillators, and M, K, and I" are real
matrices representing the mass, stiffness, and damping
matrices, respectively. M, I are diagonal matrices, and K is
symmetric (asymmetric) when the system is reciprocal
(nonreciprocal). For time-harmonic solutions x;(7) =
a;e”™', the eigenfrequency @ obeys Q(w)|y) = (&M —
K + iol)|y) = 0, where |y) = (a;,a,, ...,ay)T denotes
the amplitudes of the oscillators and Q(w) with real
coefficient matrices is called a real quadratic matrix
polynomial (QMP). The quadratic eigenvalue problem
(QEP) for Q(w) is to find right |y}) and left |yl)
eigenvectors and an eigenfrequency w,, satisfying

Q(@,)ly;)=0.  (y,|0(@,) =0. 2)

Based on the customary approach in topological mecha-
nics [8,9], the N-by-N QEP can be transformed to a 2N-
dimensional linear eigenvalue problem by a standard mathe-
matical technique of reducing the order of SDEs [58]:

{0 1 B
H|an> =1 (_M—IK _M—1r> |\Pn> _wn|lpn>

with — [¥,) = (jy7). (d/d0) ;)T = (lyn). =i, |w:))T,
which takes the typical Hamiltonian formalism prevailing
in tight-binding theories systems.

The real QMP of any mechanical system possesses an
intrinsic symmetry Q(w)* = Q(—w*), which indicates for
any right eigenvector |y,) satisfying Eq. (2), |y})* is also a
right eigenvector corresponding to the eigenvalue —w;:
Q(—wj)|wh)* = 0. Therefore, for an N-by-N real QEP
with a real line gap at Re(w) = 0, the 2N eigenvalues must
come in pairs (w,, —®;), implying that only N eigenso-
lutions of the system are independent. Indeed, by lineari-
zation, this intrinsic symmetry of real QMP manifests
as a particle-hole symmetry of the corresponding 2N-
dimensional Hamiltonian H: H* = —H protecting the
pairwise eigenvalues [7-9]. In the following, we focus
on the upper N bands with Re(w,) > 0 because only the
positive frequency (PF) modes are physically observable.

Theory of mechanical symmetry-protected ECs.—In a mo-
del with N = 2 [Fig. 1(a)], a nonreciprocal spring connects
two nonconservative oscillators (m;, = my) subject to
intrinsic damping and gain, respectively, and their motions
are described by a two-by-two QMP, where the coefficient
matrices can be expressed as M = diag(m, m),

K+x/2 - 2 0
K:( / o ) r:<y/ ) 3)
—y—6y k—k/2 0 —y/2
The diagonal terms of K determine the natural frequencies
of the two isolated oscillators, and x represents their
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FIG. 1. (a) Schematic of the nonreciprocally coupled oscillator
model. (b) An orthogonal EC formed by directed ELs in the
3D parameter space. (c) Eigenfrequencies of the two bands
with positive real parts on planes y =0 and x = 0. (d1)—(d3)
Complex-eigenvalue braiding along the loops S;,; (green
dashed lines) in (b), where the color of the bars connecting
the two eigenfrequencies’ trajectories represents twice the phase
of the relative eigenfrequency Aw = @w; — w,. The fixed para-
meters used for plotting: my =k = 1, y = —0.05.

difference. The off-diagonal terms are different, which
indicates nonreciprocal, direction-dependent coupling.
The strictly opposite diagonal terms of I" indicate balanced
damping (y/2) and gain (—y/2) in the two oscillators.

We treat y (relative damping), y (coupling strength), and
Kk (on-site stiffness difference) as three synthetic dimensions
spanning a 3D parameter space (7, y, ) and keep & and 8y
fixed; the model possesses two symmetries in the parameter
space [64]. The first is “y symmetry” resulting from the
balanced gain and loss of the two oscillators,

0" (w.y) = Q(@*, —7). (4)

Applying complex conjugate K on Eq. (2), we obtain
O (@, 7)lwn)" = Q(wn. —r)ly;)" = 0, indicating that for
any eigenfrequency w,, at y, there is always a corresponding
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eigenfrequency w;, at —y. It follows that the eigenfrequen-
cies on the high-symmetry plane y = 0 either take real
values (outside the ring) or form complex conjugate pairs
(inside the ring), as shown in the left panel of Fig. 1(c). In
addition, the y = 0 plane [Fig. 1(b)] is divided into exact
(light blue) and broken (dark blue) phases by an excep-
tional ring (ER). We should note that when y = 0, the
non-Hermiticity of the system comes purely from the
nonreciprocity gy, which determines the size of the ER.

In addition, since ¢,K'(k)o, = K(—«), 6,6, = -T
(o, is the first Pauli matrix), the QMP has a second “x
symmetry,”

UXQT(O)’ K)Gx = Q(G)*, _K)' (5)

Applying transpose conjugate on the QEP, we have
(wh| Q" (@,. %) = (Wil Q(w),. —k) = 0 signifying ~that
(wplo, is a left eigenvector of Q(wj, —«k). Thus, for any
eigenstate with frequency w, at «, there is always an
eigenstate with w; at —k. On the high-symmetry plane
k = 0, the eigenvalues are either real or form complex
conjugate pairs [right panel of Fig. 1(c)], and the ELs are
fixed on the x = 0 plane serving as the phase transition
boundary between the exact (light red) and broken (dark
red) phases [Fig. 1(b)]. Finally, under the protection of the
symmetries (4) and (5), the ELs on two orthogonal planes
connect together [cyan dots in Fig. 1(b)], forming a
symmetry-protected EC in the 3D parameter space.

The y symmetry (4) of Q(w) can be mapped to an
antiunitary symmetry of the four-by-four effective
Hamiltonian H: U, H(y)U;' =H(—y) with U, =7, @ 6,K.
However, the x symmetry (5) cannot be directly trans-
formed to a usual symmetry of 7. Rather, we revealed that
it corresponds to a non-Hermitian latent symmetry of H,
ie., 0, (H(=x)")proy = (H(k)")ig for any neN with
(H™)gg denoting the bottom right block of H" [58], which
generalizes the notion of latent symmetry recently proposed
in Hermitian systems [52—54]. This observation suggests
that some symmetries of the original SDE become difficult
to recognize in the effective Hamiltonian after linearization,
and the origin of coalescence of eigenvalues becomes less
obvious. Hence, directly analyzing the symmetries of the
SDE is more natural in some scenarios for mechanical
systems, though the effective Hamiltonian might be pre-
ferred for computational purposes. Moreover, the non-
Hermitian latent symmetry also plays a significant role
in characterizing the generalized crystalline symmetries
appearing in non-Hermitian mechanical lattices (see
Supplemental Materials [58] for details).

In non-Hermitian systems, when a pair of bands form EPs,
their eigenvalues w,, and w,, will generally braid about each
other along a loop S encircling the EPs [16,17]. To character-
ize this eigenvalue braiding, a half-quantized topological
invariant called energy vorticity [13] has been introduced,

Unn(S) = (1/27) $dg -Vyarg|w,, (g) —w,(g)]. As shown

in Figs. 1(dl)-1(d3), the eigenfrequency braiding of
the two PF bands along the loop [dashed green lines in
Fig. 1(b)] exhibits that twice the energy vorticity equals
the net number of times the two bands braid. The
energy vorticities carried by the loops are v, (S;) =1,
v15(S,) = 1/2, and v,(S3) = —1/2, respectively, where
the sign of vy, denotes the handedness of the braid and
endows the encircled ELs with a positive orientation (which
are indicated by arrows on ELs) in compliance with the right-
hand rule [50]. For example, the positive (negative) sign of
v12(S5) [v12(S3)] indicates the EL has the same (reverse)
direction as the rightward normal unit vector of the loop
S, (S3). And based on the direction of the ELs, we can prove a
generalized source-free principle of the PF ELs in mechani-
cal systems with the intrinsic particle-hole symmetry [50,58]:
The number of PF ELs flowing into a junction must equal
the number of PF ELs flowing out. This behavior is clearly
observed for the oriented ELs near the chain points in

18]|04)U000IW
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FIG. 2. (a) Schematic of the active oscillators. (b) Experimental
setup. (c¢) Schematic of the control system where the micro-
controllers (C1, C2) process the signals from the sensors (S1, S2)
and send commands to the motors (M1, M2), and the instantaneous
rotation angles of the motors are recorded by computer via the
microcontroller C3. (d) EC realized by the experimental model,
where an ER (blue tube) fixed on the plane y = 0 connects two out-
of-plane ELs (magenta tubes). The measured eigenfrequencies for
different connection positions r3 on the planes of (e) y = 0 and
(f) k= (yo/2my)y. The fixed parameters retrieved using the
Green’s function method: 8y = —0.073ky, 7o/ /MoKy = 0.085.
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Fig. 1(b). It is noteworthy that the source-free principle is
crucial for the stable existence of ECs. Specifically, it
elucidates why the ELs constrained in distinct planes by
the two symmetries must osculate each other, and further
implies that the chain point is robust against the breaking of
either symmetry [58].

Experimental realization of ECs.—Our experiment is
performed using active mechanical oscillators. In the setup
[Figs. 2(a)-2(c)], two rotational arms (green) connected to
brushless dc motors (red) are attached to rigid beams
(brown) at ry, by two identical springs (blue). Another
two identical springs (orange) separated by 2r3 connect the
two rotational arms in parallel. At small-angle approxi-
mation sin(6,) = 6,,, the vibration equations of the active
oscillators are described by the SDE in Eq. (1), where
X(t) = [0,(1),0,(¢)]T represents the oscillation angles of
the two rotational arms with equal moments of inertia
M = diag(myg, my), and the stiffness and damping matrices
take the forms [58]

K:<K0+x —X >

—x—0y kKo—K+y
+v/2 0

F:<70 v/ > (©)
0 Yo—v/2

I' is loss biased by adding a constant loss y, to avoid
instability issues encountered when the system is in the
gain regime. The parameters y, ky, and (ko —k) are
determined by conservative torques applied by the orange
springs, the upper blue springs, and the lower blue springs
in Fig. 2(a), respectively. The parameters dy and y are
implemented as nonconservative torques exerted by the
motors. To this end, the instantaneous oscillation angle is

FIG. 3.

measured using a Hall sensor in real time. The angle is used
as feedback to drive the microcontrollers that are pro-
grammed to command the motors to exert the desired
torques [see Fig. 2(b)].

During the experiments, k, is kept constant by fixing ry,
and « and y are tuned by changing r, and r3, respectively.
y and oy are tuned by velocity-dependent and angle-
dependent torques applied to the motors (see details in [58]),
as shown in Fig. 2(c). Compared with the theoretical model
in Fig. 1, the biased loss y, reduces the whole-space y
symmetry shown by Eq. (4) to a subspace symmetry on the
y = 0 plane in the experimental system:

0" (w) = Q" — irg/my). (7)

Meanwhile, the x symmetry in Eq. (5) is reduced to a
subspace symmetry on the oblique plane k = (yo/2m)y [58]:

GxQT(w)o-x = Q((A)* - iyO/mO)’ (8)

which can be regarded as a non-Hermitian latent symmetry
for the linearized Hamiltonian of the QMP on that plane.
Remarkably, the two subspace symmetries can also guarantee
that the eigenfrequencies on the two planes either appear in
pairs (w,,, @}, — iyo/mg) or have a common imaginary part
—iyy/2mg corresponding to the broken and exact phases,
respectively. Accordingly, despite the presence of back-
ground loss, ELs are still rigorously fixed at the boundaries
of the two phases on the two planes and are joined on their
intersection line y = x = 0, hence forming an EC.

In Fig. 2(d), we plot the EC configuration of the
experimental model with a fixed nonreciprocal strength
oy = —0.073k,, which is retrieved using the Green’s func-
tion method [58]. The inclination of the x = (yo/2mg)y

Complex eigenfrequency braiding (red and cyan lines and dots in the lower panels) along rectangular green loops, (a) Sy, (b)

S5, (¢) S3, (d) Sy, and (e) Ss, encircling different ELs, where ¢ € [0, 27] represents the sweeping parameter of the loops. The braiding
diagrams are plotted in the insets. The details about the parameters retrieval can be found in Ref. [58].
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plane (magenta) is about 2.5° in the figure due to the small
value of y, in the experiments. Figures 2(e) and 2(f) display
the measured eigenfrequencies of the PF bands for varying y
[dashed lines in Fig. 2(d)] on the y = 0 and k = (y¢/2mq)y
planes. The EPs can be clearly identified from the measured
band structures, and the EC formed by the ELs on the two
planes becomes obvious by tracing the positions of the EPs.

By measuring eigenfrequency braidings, we experimen-
tally verified the orientations of the ELs assigned in
Fig. 2(d) and validated the formation of the EC. As shown
in Figs. 3(a) and 3(b), we varied the parameters y and «
along two rectangular clockwise loops encircling the upper
and lower semi-ER on the plane y = 0.057x,. The mea-
sured eigenfrequency braidings along the loops are shown
in the lower panels, from which the energy vorticities are
obtained as v1,(S1) = v12(S,) = 1/2. According to the
right-hand rule, the upper and lower semi-ERs both flow
outward from the chain point (cyan dot). As shown in
Figs. 3(c) and 3(d), we chose another two loops S3 and S,
on the planes of y/,/mgk; = 0.043 and of y/,/myk, =
—0.03. The nontrivial eigenfrequency braiding implies the
presence of an EL enclosed in each loop, and the orienta-
tions of the ELs are both toward the chain point as per
the signs of energy vorticities v,(S3) =—1/2 and
v15(S4) = 1/2, which confirms the source-free principle
at the chain points. Lastly, we consider a loop encircling the
chain point (cyan dot) shown in Fig. 3(e), and find the
eigenfrequencies braid twice, which form a Hopf link after
connecting the eigenfrequency trajectories head to tail.

Discussion.—We have also studied the physical effect
induced by the ECs in 3D mechanical lattices and have
discovered that the unique concurrent linear intersections of
the real and imaginary parts of bands near the EC point can
give rise to the exotic phenomenon of splitting and
reshaping a spatially localized pulse into two oppositely
propagating needle pulses [58]. This discovery demon-
strates that ECs also possess functional properties with
promising application potential.

In summary, we revealed that the non-Hermitian latent
symmetries intrinsic to SDE governing mechanical systems
play a pivotal role in the formation of ECs, and such a
symmetry-protected EC is experimentally confirmed using
coupled active mechanical oscillators. By measuring the
eigenfrequency braiding around ELs, we identified the
orientations of the ELs and verified the generalized source-
free principle for the PF ELs in SDE problems. Our Letter
not only demonstrates the stable existence of an EC as a
different kind of topological configuration, but also opens
the door to the topological effects inherent to the SDEs,
which govern a broad class of systems encompassing
classical mechanics, classical waves, electricity [65-67],
optomechanical [68], and microelectromechanical [69]
systems.
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