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Melting and solidification processes, intertwined with convective flows, play a fundamental role in
geophysical contexts. One of these processes is the formation of melt ponds on glaciers, ice shelves, and sea
ice. It is driven by solar radiation and is of great significance for Earth’s heat balance, as it significantly
lowers the albedo. Through direct numerical simulations and theoretical analysis, we unveil a bistability
phenomenon in the melt pond dynamics. As solar radiation intensity and the melt pond’s initial depth vary,
an abrupt transition occurs: this tipping point transforms the system from a stable fully frozen state to
another stable equilibrium state, characterized by a distinct melt pond depth. The physics of this transition
can be understood within a heat flux balance model, which exhibits excellent agreement with our numerical
results. Together with the Grossmann-Lohse theory for internally heated convection, the model correctly
predicts the bulk temperature and the flow strength within the melt ponds, offering insight into the coupling
of phase transitions with adjacent turbulent flows and the interplay between convective melting and
radiation-driven processes.
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Flowmediatedmelting and solidification are fundamental
processes in geophysics, encompassing icebergs [1], sub-
glacial lakes, and sea ice [2]. Accurately quantifying these
processes is critical for improving the estimate of the global
ice melt rate [3–5] and climate models, where many small-
scale processes are usually disregarded or parametrized
[6,7]. One of these small-scale processes is the formation
and evolution of melt ponds, which recently have been
identified as a key factor in the energy balance of Earth’s
polar regions [8], and therefore in correctly modeling
climate change. The reason is that the presence of liquid
water on the surface of ice significantly alters the surface
albedo, leading to increased absorption of solar radiation
rather than reflection [2]. This enhanced absorption inten-
sifies heating and accelerates the melting process.
Consequently, the formation and growth of melt ponds
globally contribute to the amplification of ice melt, includ-
ing ice shelves [9], sea ice [10], ice sheets [11], andmountain
glaciers [12].
Previous studies considered different modeling

approaches to investigate the evolution of melt ponds,
such as a simple disk-filling model [10], a 1D melt-pond
model based on a two-stream radiation mode [13], and an
Ising model for melt ponds [14], which provides similarity
with real melt ponds in the length scale and fractal
dimension. However, due to their complexity and numer-
ous strong and simplifying assumptions, existing models of

melt pond evolution provide only a limited fundamental
understanding. Therefore, next to field measurement, lab
experiments, and direct numerical simulations of the
melting process with radiative heating are indispensable
to understanding the evolution of melt ponds from a
fundamental point of view.
Such lab experiments and direct numerical simulations

have often been cast in the framework of Rayleigh-Bénard
(RB) convection [15–18], i.e., the flow in a box heated from
below and cooled from above [19–22]. What must be
considered here is that the water within melt ponds is
typically freshwater below 4° C, where density increases
with temperature. Indeed, this density anomaly effect on the
melting process plays a significant role in the flow structure
and melt dynamics, according to the pioneering work from
Wang et al. [23–26]. Moreover, the influence of solar
radiative heating, the primary heat source for melt ponds,
which is usually considered as an exponentially decaying
profile, is different from the fixed temperature or heat flux
boundary condition in RB. Factors such as cloud patterns
and diurnal cycles can cause solar radiation variations.
Additionally, natural factors like topography or the accu-
mulation of meltwater can lead to the formation of a water
layer [27]. These effects are still less investigated.
The object of this Letter is a comprehensive under-

standing of melt pond formation. Therefore, within the RB
framework, we numerically investigate the evolution of the
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melt pond depth under (varying) solar radiation, for which
we use the Beer-Lambert model [28]. Our simple model
captures the key physical processes relevant to melt ponds:
radiation, convection, and melting. Our main numerical
finding is a bistability of the system, leading to a tipping-
point-like behavior, where a small change in radiation
strength or initial melt pond depth triggers an abrupt change
in the final melt pond state. We further provide a theoretical
explanation for the observed bistability and regime tran-
sition based on the heat flux balance between ice and water,
exhibiting good agreement with our numerical results.
Additionally, we successfully predict the dependences of
the bulk temperature and the flow intensity on the solar
radiation strength with the help of the Grossmann-Lohse
theory for internally heated convective flows [29–31].
We perform both two-dimensional (2D) and three-

dimensional (3D) numerical simulations, integrating the
velocity field u and the temperature field θ according to
the Navier-Stokes equations, employing the Oberbeck-
Boussinesq approximation, i.e., we consider the density ρ
to be linear in temperature as ρ ¼ ρ0½1þ αðT − T0Þ�, with
the thermal expansion coefficient α > 0 since the maximum
density of water is attained at 4° C and melt ponds are
typically below 2° C [32], and assume all other material
properties to be temperature independent. The melting and
freezing process is simulated with the phase-field (PF)
method, which has been extensively used for phase boun-
dary evolutions [17,18,33–35]. More details of the method
and validations can be found in our previous work [18,36].
We further checked the effect of grid resolution and the
phase-field-related parameter on the bifurcation and found
robustness, see Supplemental Material [37]. We set the top
wall as free slip and adiabatic, the bottom wall as a fixed
temperature Tc ¼ −3° C (a simplified estimated value from
experiment measurement [38], in a real scenario it likely
depends on heat flux through the solid ice—the effect of Tc
will be discussed below), and the sidewalls as no slip and
adiabatic. Lateral heat loss could also matter, as it can
modify the flow pattern and the local heat flux. Here, we
neglected its effect by assuming the melt pond is wide
enough and thus the sidewall effect only plays a minor role,
similarly as it does for the evolution of the melt pond
morphology [27]. Our model flow is confined in a rectan-
gular box, with height H, width W, and length L, with
gravity acting vertically downward. The aspect ratio is set at
W=H ¼ 2 for 2D and L=H ¼ 1 for 3D, with a dimensional
depth of H ¼ 0.2m, representative of common melt pond
depths [13,39].
The commonly used absorption law for solar radiation is

the Beer-Lambert law [28]. Building upon this, the para-
metrization [39]

FðZÞ ¼ I0
X4
m¼1

Pmð1 − e−KmZÞ; ð1Þ

is used for the solar flux. Here, I0 represents the solar flux
as the incident shortwave radiation at the surface and Z
represents the depth. The parameters Pm and Km corre-
spond to the proportion of energy in the band m and the
diffuse extinction coefficient, respectively (values are taken
from [39] and provided in Table I in Supplemental Material
[37]). In our simple model, we neglect the contribution of
reflected and transmitted shortwave radiation from the
bottom of the melt pond [39], because we want to model
the physical process while maintaining a simplified setup.
The primary dimensional control parameter is I0, which in
dimensionless form is defined as Rayleigh number Ra. The
other dimensionless control parameters are the Prandtl
number Pr, the Stefan number St, and the initial water
depth hi of the water layer,

Ra¼ αgI0H4

ρ0cνκ2
; Pr¼ ν

κ
; St¼ L

cΔT
¼ ρ0κL

I0H
; hi¼

Hi

H
;

ð2Þ

where c is the specific heat capacity, ν the kinematic
viscosity, κ the thermal diffusivity, L the latent heat, Hi the
dimensional initial water depth, and ΔT ¼ ðI0HÞ=ðρ0cκÞ
can be seen as the characteristic dimensionless temperature
difference of the system. We fix Pr ¼ 10 as for cold water
and St ¼ 10−3, which is smaller than the realistic value. We
do so anyhow because of numerical efficiency, as smaller St
means faster melting and freezing to reach the equilibrium
state. Since the Stefan number only appears in front of the
interface velocity in the governing equations, it has no
impact on the equilibrium states. Previous studies of
melting convective systems have also only found a minor
influence of St on the flow evolution [17,18]. St may
transiently matter if it is so small that the melt pond quickly
freezes before the convection onset occurs. We checked
that the St we chose has only a minor effect on the
bifurcation, see Supplemental Material [37]. We investigate
varying radiation strengths 6 × 107 ≤ Ra ≤ 6 × 109, cor-
responding to 101 ≲ I0 ≲ 103 W=m2, and varying initial
depths 0 ≤ hi ≤ 1, and examine how they affect the
formation of the melt pond, where we use the horizontal
averaged water depth to quantify the melt pond depth. The
initial temperature profile is set as the profile satisfying the
temperature boundary conditions without flow, i.e.,

θ ¼
(
hi − zþP

4
m¼1

Pm
KmH

½e−KmHhi − e−KmHz�; z < hi;

z−hi
1−hi

θc; z ≥ hi;

ð3Þ

where z ¼ Z=H is the dimensionless depth and θc ¼
Tc=ΔT the nondimensionalized bottom temperature.
Additional details on the numerical methods can be found
in Supplemental Material [37].
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Given the initial condition as in Eq. (3), the water can
either fully freeze or partially melt. An example of the final
stage is shown in Fig. 1. With an exponentially decaying
radiation profile, the majority of heat absorption occurs
near the surface. Consequently, warmer water accumulates
near the top, while colder water resides at the bottom.
Because of the density anomaly, the warmer water is denser
than the colder water, resulting in convection. As the
bottom temperature remains below 0, an equilibrium state
is reached, depending on the values of Ra ∝ I0 and hi. It is
also possible for the ice to completely freeze in the final
equilibrium state, i.e., the depth is zero. The achieved
equilibrium state is the primary focus of this paper, and we
investigate how this state is affected by Ra ∝ I0 and hi.
Figure 2(a) presents the temporal evolution of the melt

pond depth for cases with a fixed I0 ¼ 35 W=m2, while
varying hi from 0.1 to 0.95. The results demonstrate that
the final equilibrium state is not unique: what state is
reached depends on the initial depth hi, showing the two
possible outcomes of our simulations. When hi is smaller
than the value of the dashed line, the ice fully refreezes, as
shown in Fig. 2(b). Conversely, when hi exceeds this value,
the melt pond either partially melts or partially freezes to
reach the value of the solid line, with the flow field shown
in Fig. 2(c). It is noteworthy that bistability also occurs for
melting in classical Rayleigh-Bénard convection [40],
where it arises from the transition from the diffusive to
the convective equilibrium, and thus is limited to relatively
small Ra values. However, in contrast to that case, the
bistability observed here occurs for relatively high Ra
(realistic values for melt ponds), more realistic radiative
heating, and typical depths of melt ponds and is thus very
relevant for melt pond evolution processes.
Figure 3 shows the phase diagram of the final equilib-

rium depths (circles). Zero value means full ice and nonzero
values mean a melt pond with a certain depth. The phase

diagram displays a bifurcation and four regimes. Regime
I—for relatively small Ra (left of the gray dashed line), ice
always completely refreezes regardless of hi. Regime II—
for large enough Ra but small hi (above the black dashed
line), the ice also completely refreezes. Regime III—for
mediate hi and large enough Ra, the ice partially melts
down to a stable equilibrium state (the black solid line) of
the melt pond. In Regime IV—for large hi and large
enough Ra, the ice will freeze toward the stable equilibrium
state. The subcritical bifurcation (or tipping) point is
characterized by an abrupt transition, triggered by a small
perturbation of the initial condition. The realistic value I0
for the light intensity during summertime varies between 0
and 400 W=m2 [32]. This implies strong hysteresis behav-
ior of the melting and freezing process: as I0 increases
beyond a threshold, a little perturbation of hi can result in
the melt pond formation, and the melt pond cannot be
refrozen as I0 decreases again.
In order to illustrate the mechanism of the bistability, we

examine different scenarios. When the radiation intensity is
insufficient, regardless of the initial water depth, the
conduction of heat through the ice outweighs the radia-
tion-driven heat flux in the water. Consequently, the ice
layer continues to grow until it fills the whole domain.
Conversely, in the presence of strong radiation and a thin
layer of water, the heat flux in the water remains weak
compared to the conduction in the ice, also leading to ice
growth. Only when there is a certain amount of water,
capable of absorbing sufficient radiation and generating a
large heat flux, the ice will (partially) melt. As the melting
progresses and the ice layer thins, the conductive heat flux
increases, establishing another equilibrium point. Thus, the
formation or refreezing of the melt pond depends on both
the radiation intensity I0 and the initial depth hi.
To quantitatively describe the equilibrium states, we

consider the heat flux balance at the ice front. The depth-
dependent heat flux in the water QwðzÞ can be calculated

FIG. 1. Snapshot of the temperature field of our simplified
simulation setup at the final stable equilibrium stages with melt
pond formation, with the diffusive equilibrium initial condition
from Eq. (3).

Full ice

(a) (b)

(c)

Ice

FIG. 2. (a) The temporal evolution of 2D melt pond depth for
various hi while maintaining a fixed I0 ¼ 35 W=m2. The initial
temperature profile is given by Eq. (3). tf is the dimensionless time
in free-fall units. The solid (dashed) straight line indicates the
stable (unstable) equilibrium for these parameters. (b) The equi-
librium state of full ice. (c) The equilibrium state of a melt pond.
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from the spatial integral of the time-averaged energy
equation, which gives

QwðzÞ ¼ ΣPmð1 − e−KmHzÞ: ð4Þ

QwðzÞ satisfies the adiabatic boundary condition at z ¼ 0,
Qwðz ¼ 0Þ ¼ 0. In the ice, the heat is transferred by pure
conduction, which gives

QiðzÞ ¼
θc

1 − z
: ð5Þ

When QwðzÞ > QiðzÞ at the ice surface, the ice melts.
When QwðzÞ < QiðzÞ at the ice surface, the ice freezes. At
equilibrium depth, the heat fluxes in water and in ice should
balance, QwðzÞ ¼ QiðzÞ, i.e.,

ΣPmð1 − e−KmHzÞ ¼ θc
1 − z

: ð6Þ

Equation (6) can numerically be solved, as the intersection
points of the functions QiðzÞ and QwðzÞ. The stable (black
solid curve) and unstable (black dashed curve) solutions
from Eq. (6) are shown in Fig. 3, which coexist for large
enough Ra. Above the unstable solution, the ice freezes,
while descending and crossing the unstable solution leads
to abrupt partial ice melting until the equilibrium depth
from the stable solution is reached. In the case of low Ra,
no solution exists, indicating complete freezing of the ice,
irrespective of the initial conditions. The equilibrium depth
solution obtained from the heat flux balance exhibits
excellent agreement with our numerical results. For differ-
ent bottom ice temperatures θc ≠ −3° C [38], based on our
theoretical analysis [Eq. (6)], we anticipate the persistence
of bistability, albeit with a horizontal shift in the phase
diagram.
How do the flow strength and the bulk temperature

inside melt ponds change with increasing radiation inten-
sity? We quantify this in terms of a bulk-averaged root-
mean-square (rms) velocity, Ūrms (dimensional), and the
bulk-averaged temperature T̄ (dimensional). Both are given
in Fig. 4 as a function of Ra. At low Ra, both these
quantities are zero since the system solely consists of ice.
However, as Ra increases, both Ūrms and T̄ experience a
noticeable rise.
To make predictions for the Ra dependence (and thus

radiation intensity I0 dependence) of these quantities, we
apply the Grossmann-Lohse (GL) theory [29,30], in its
extension to uniform internal heating [31]. This theory is
based on the splitting of the viscous and thermal dissipation
rates in boundary and bulk contributions, respectively. We
apply the scaling relations from this extended theory for
radiative heating using the exponentially decaying profile
described in Eq. (1) (further details of the derivation are
provided in Supplemental Material [37]). For the bulk-
averaged temperature T̄ and the bulk-averaged Reynolds
number Re ¼ HŪrms=ν, they read [31]:

Full ice

I

IV

II

M
ax

 in
 S

um
m

er

III

M
i

S

FIG. 3. The bistability diagram for various Ra (or I0) and initial
depth hi from our numerical results. The circles represent the
stable final equilibrium state of the 2D (in white color) and 3D (in
gray color) simulations. The pairs of triangles are starting
conditions close to the bifurcation, with the left one fully freezing
to h ¼ 0 and the right one partially melting to an equilibrium
depth. The black solid (dashed) curve represents the theoretical
prediction for the stable (unstable) solution from the heat flux
balance [Eq. (6)]. The gray vertical dashed line shows the bound
of regime I. The vertical red line shows the maximum solar
radiation during summertime for melt ponds in the Arctic [32].
The blue vertical dashed line shows I0 ¼ 35 W=m2 as in Fig. 2.
The insets show snapshots [same color bar as in Fig. 2(c)] of two
distinct final states with the same Ra but different hi. The four
black vertical arrows show the direction of the ice front
propagation in four different regimes: up in I, II, and IV, down
in III.

(a) (b)

FIG. 4. (a) The bulk-averaged root-mean-square velocity Ūrms

as a function of I0. (b) The bulk-averaged temperature T̄ as a
function of I0. The solid lines represent the prediction curve from
GL theory [Eqs. (8) and (9)], with the prefactors obtained by a
least-squares fitting.

PHYSICAL REVIEW LETTERS 131, 234002 (2023)

234002-4



T̄=ΔT ∼ Ra−1=5;Re ∼ Ra1=2; Ūrms=Uf ∼ Ra0; ð7Þ

where Uf ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αgI0H2=ðρcκÞ

p
is the characteristic velocity.

In our analysis, we consider the effective Ra and Re with
the length scales defined as the dimensional equilibrium
depth H0 of the melt pond, obtained from Eq. (6), which is
a function of I0. This enables us to establish the dependence
of T̄ and Ūrms on Ra based on Eq. (7) as

T̄∼Ra−1=50 Δ0∼
�
Ra

�
H0

H

�
4
�

−1=5
��

H0

H

�
2

ΔT

�
∼I4=50 H6=5

0 ;

ð8Þ

Ūrms ∼ Uf0 ∼ I1=20 H3=2
0 ; ð9Þ

where the characteristic velocity Uf0 and characteristic
temperature Δ0 are determined by the equilibrium depth
H0. We use subscript 0 to represent these quantities defined
by H0. The final predictive curves are shown as black solid
lines in Fig. 4, and they all align very well with the
numerical data. For the highest I0, T̄ is about 4 degrees,
close to the temperature of maximal density, so that there
will be some non-Oberbeck–Boussinesq effects here. These
are not captured by the model, which, however, works for
the current situation in polar regions [32], where the
temperatures are smaller and the density approximately
linearly depends on temperature.
In conclusion, our numerical investigation sheds light on

the intricate process of melt pond formation under the
influence of solar radiative heating. We have revealed the
occurrence of bistability, wherein the melt pond formation
depends on the initial conditions and the solar radiation
strength. This bistability represents a tipping point in the
realm of climate science, as even a small perturbation can
lead to an abrupt transition. Based on the heat flux balance
between water and ice, a physical and quantitative under-
standing of the bistability behavior is given, which shows
good agreement with the numerical results. Using the GL
theory, we can further quantitatively account for the
dependence of the bulk-averaged temperature and flow
velocity on the solar radiation strength.
Note that the model we used is highly idealized, to make

the model more realistic in the next step, surface heat flux
exchange with the cold air could be incorporated, along
with depth-dependent albedo and the effect of surface
waves on shallow melt pond, the transmission of solar
radiation into the ice, and the reflection and absorption
from the bottom surface [39]. Considering the latter will
modify the heat flux profile in the heat flux balance
equation [Eq. (6)], though the bistability will still exist;
the stable and unstable equilibria will only slightly be
shifted. We have estimated that the contribution from the
reflection [39] is ∼0.1 times that of the solar influx for a
melt pond with a depth of 0.2 m. Furthermore, it is worth

exploring the effect of salinity on the melt pond dynamics
[32,36]. Then complex mushy layer structures can form
[41] and brine convection can occur inside [42]. By
considering these factors and refining our models, we
can better understand and model the melt pond evolution
process.
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