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Diffraction sets a natural limit for the spatial resolution of acoustic wave fields, hindering the generation
and recording of object details and manipulation of sound at subwavelength scales. We propose to
overcome this physical limit by utilizing nonlinear acoustics. Our findings indicate that, contrary to the
commonly utilized cumulative nonlinear effect, it is in fact the local nonlinear effect that is crucial in
achieving subdiffraction control of acoustic waves. We theoretically and experimentally demonstrate a
deep subwavelength spatial resolution up to λ=38 in the far field at a distance 4.4 times the Rayleigh
distance. This Letter represents a new avenue towards deep subdiffraction control of sound, and may have
far-reaching impacts on various applications such as acoustic holograms, imaging, communication, and
sound zone control.
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Introduction.—Manipulating wavefronts at subwave-
length scales has long posed a challenge due to the limi-
tations imposed by the diffraction limit. For example, in
acoustic holograms, the spatial resolution of the target
image is restricted to about half of the operating wavelength
unless the imaging plane is brought into extremely close
proximity to the source—a small fraction of the wave-
length, where the evanescent waves are still present [1–6].
This limitation also applies to acoustic imaging, where the
diffraction law restricts the ability to resolve subwavelength
details of an object [7–9]. Furthermore, the size of the
source aperture imposes additional constraints, as energy
peaks in sound fields cannot extend beyond the Rayleigh
distance, which is determined by both the source aperture
size and wavelength [10,11]. Consequently, for a given
source aperture size and frequency, it is only possible to
generate the desired acoustic fields within a certain dis-
tance. Alternatively, to generate the desired acoustic fields
at a specific frequency and distance, there exists a minimum
source aperture size requirement, which can become quite
substantial at low frequencies. Collectively, diffraction
hinders precise control of sound fields, particularly in
the far field, defined by the Rayleigh distance.
Various metamaterials have been proposed to achieve

subwavelength control of waves owing to their exceptional
optical or acoustical properties [12–19]. Inspired by
Pendry’s seminal work on the theory of perfect lens [20],
near-field superlenses using surface plasmon excitation
have been demonstrated, offering subdiffraction–limited
resolution by amplifying evanescent waves [19,21,22]. Far-
field superlenses with subwavelength resolution [23–25]
have also been demonstrated by separately converting

different evanescent wave components into propagating
waves. Meanwhile, hyperlenses based on strong anisotropy
[9,26–28] have been proposed to convert evanescent waves
into propagating waves and transfer subwavelength infor-
mation to the far field over a broader bandwidth than that of
superlens. Other metamaterials that have been used for
superresolution imaging include, but are not limited to,
double-negative metamaterials [4,6], hyperbolic metama-
terials [29], and Fabry-Perot resonance-based metamate-
rials [30]. Nevertheless, a major limitation of metamaterials
for subwavelength manipulation is that they have to be
placed in the near field of the source to capture the
evanescent wave, which may not always be practical. A
variety of other strategies have also been proposed to
achieve subdiffraction control of waves, such as super-
oscillation [31,32], time reversal [33], and deep learning-
based imaging [34].
In this Letter, we present a new mechanism based on

acoustic nonlinearity for achieving far-field superresolution
focusing. Acoustic focusing represents the most basic
manifestation of an acoustic hologram, and constitutes
the first step in conventional acoustic imaging. Despite the
crucial role that nonlinearity plays in various acoustics
applications, such as nondestructive testing [35], high-
intensity focused ultrasound [36], parametric arrays [37],
acoustic levitation [38], and midair haptics [39], it remains
largely unexplored as a means to achieve acoustic super-
resolution focusing. During acoustic wave propaga-
tion, two types of nonlinearities typically exist [40,41].
Cumulative nonlinear effects have traditionally been con-
sidered the dominant factor in facilitating many non-
linear acoustics applications, such as generating directional
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low-frequency beams in parametric arrays [37], and produ-
cing superharmonics in high-intensity ultrasound imaging
[42,43]. Conversely, local nonlinearity, which is deter-
mined by the local Lagrangian density of primary waves,
is independent of the medium nonlinear coefficient and is
frequently overlooked in current nonlinear acoustic appli-
cations. This Letter reveals that, while the cumulative
nonlinear effect blurs the focusing pattern, the local non-
linear effect holds the key to achieving superresolution
acoustics.
Physical model.—The physical model for demonstrating

subdiffraction focusing by harnessing local nonlinearity is
illustrated in Fig. 1. Two ultrasound line sources are placed
on the left and bottom ends of a 2D domain, emitting
ultrasound waves with carrier frequencies of f1 and f2,
respectively, where f1 > f2. Each source has a length of
2a. The ultrasound source on the left generates a focused
beam with a focal length ofD. The ultrasound source on the
bottom generates a wave field possessing two focal beams
separated horizontally at the focal plane by a distance of s.
The focal plane is again at a distance of D away from the
source. When both ultrasound waves are driven at high
power, e.g., exhibiting a sound pressure level > 130 dB, a
difference-frequency wave (DFW) at the frequency of f ¼
f1 − f2 is nonlinearly generated in the area where the two
ultrasound fields intersect, which are two focal points as
shown in Fig. 1.
In a homogeneous and viscous fluid such as air, the

acoustic wave with finite amplitude is governed by the

extended second-order nonlinear wave equation [44], see
Sec. 1 of Supplemental Material for details [45]. Under this
framework, the sound field of the DFW is composed of two
components: (i) the cumulative nonlinear effect, which can
be interpreted as the radiation from a virtual source whose
source density is proportional to the strength of ultrasound
field; and (ii) the local nonlinear effect, which is governed
by the local Lagrangian density of the ultrasound. The total
sound field at a field point r is the sum of these two
components, which reads

ptotðrÞ ¼ pcumðrÞ þ plocðrÞ: ð1Þ

Under the quasilinear approximation, the cumulative
component is the solution of the Helmholtz equation
ð∇2 þ k2Þpcum ¼ βω2p1p�

2=ðρ0c40Þ, where the superscript
“*” is the complex conjugation, pi is the ultrasound
pressure at the frequency of fi, i ¼ 1, 2, β is the non-
linearity coefficient, ρ0 is the air density, and c0 is the speed
of sound of linear acoustics [44,51]. The cumulative
component of the DFW sound field can be obtained by [52]

pcumðrÞ ¼
β

4ρ0c20

Z Z
V
p1ðrvÞp�

2ðrvÞHð1Þ
0 ðkjr − rvjÞk2d2rv;

ð2Þ

where V represents the entire space to be integrated,Hð1Þ
0 ð·Þ

is the first-kind Hankel function of order zero, and k is the
wave number of the DFW. The local component, on the
other hand, is obtained according to the Lagrangian density
as [53]

plocðrÞ ¼
�
ω1

ω2

þ ω2

ω1

− 1

�
p1ðrÞp�

2ðrÞ
2ρ0c20

−
ρ0
2
v1ðrÞ · v�2ðrÞ;
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whereωi ¼ 2πfi, viðrÞ is the particle velocity of ultrasound
at the frequency of fi, and i ¼ 1, 2.
Several points can be noted upon inspecting Eqs. (2) and

(3). When the two ultrasound beams are orthogonal, as
illustrated in Fig. 1, the product p1ðrÞp�

2ðrÞ is negligible
except in the area where the two beams intersect. Therefore,
the cumulative nonlinear effect is weak as it is determined
by the integration of p1ðrÞp�

2ðrÞ over the entire space as
shown by Eq. (2). On the other hand, the local nonlinear
effect given by Eq. (3) is dictated by the local ultrasound
field (without integration) and is significant at the two focal
points where the two beams meet. More importantly,
Eq. (3) suggests that the DFW pressure field due to the
local nonlinear effect is directly related to the pressure
fields pi, which carry information and resolution at the
carrier frequencies fi. Assuming that the difference fre-
quency is considerably lower than the carrier frequencies, it
then becomes possible to achieve deep subdiffraction

FIG. 1. Illustration of the local-nonlinearity-enabled subdif-
fraction focusing using two orthogonally placed ultrasound
sources operating at frequencies of f1 and f2, respectively.
The DFW at the frequency of f ¼ f1 − f2 is nonlinearly
generated in the overlapped region, which consists of two focal
points. The distance between the ultrasound source and the focal
region (D) is greater than the Rayleigh distance for the DFW
(πa2=λ), where λ is the wavelength of the DFW. The spacing
between the two focal points (s) is considerably smaller than the
wavelength λ at the difference frequency.
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focusing at the difference frequency using the local non-
linear effect. It should be pointed out that when the two
ultrasound beams are collinear, they form a system known
as the “parametric array” [37,54]. In this configuration, the
product p1ðrÞp�

2ðrÞ is non-negligible over the space to be
integrated. On the other hand, the local nonlinear effect is
largely mitigated due to the relation p1p�

2 ≈ ρ20c
2
0v1v

�
2

for quasiplane waves. This leads to a more pronounced
cumulative nonlinear effect that overshadows the mitigated
local nonlinear effect, leading to blurred images. This is the
key reason why subwavelength focusing has not been
achieved using parametric arrays. For more information
on the focusing performance using the parametric array,
the readers are referred to Sec. 6 of Supplemental
Material [45].
Design of the phase mask for focusing.—As shown in

Fig. 2(a)–2(c), we propose a metasurface-based phase mask
for precise phase control of sound and beam focusing. The
phase mask is constructed using comblike subwavelength
unit cells consisting of a long slit and four side-loaded short
slits. This is a modified structure from a previously reported
metasurface unit cell based on side-loaded Helmholtz
resonators [55] for better 3D printability at ultrasound
frequency range. The short slits in the comblike structure
are connected in series to provide the desired acoustic
reactance to tune the phase of the incident wave. The de-
signed frequency of the phase mask is set as fu ¼ 25 kHz,
but has a bandwidth covering the two carrier frequencies
f1 ¼ fu þ f=2 and f2 ¼ fu − f=2, as shown in Sec. 3 of
the Supplemental Material [45]. Here, f denotes the frequ-
ency of the DFW. The wavelength at fu is λu ¼ 13.72 mm.
The width of the unit cell is w ¼ λu=3.5 ¼ 3.92 mm. The
length of the unit cell, L, is 0.6λu. Each phase mask has a
total length of 313.6 mm consisting of N ¼ 80 elements.
The thickness of the wall is d ¼ λu=21. The scale factor γ is
defined as w1=w, where w1 is a geometrical parameter

marked in Fig. 2(c). As shown in Fig. 2(d), a full coverage
of phase shift from −π to π can be achieved by varying γ.
The scale factor γ of each unit cell of the two phase

masks is deigned to achieve a desired phase modulation on
the incident ultrasonic waves [1]. The first phase mask is
designed to focus the ultrasound at a distance of 200 mm,
and the corresponding wave field simulated by COMSOL
Multiphysics at 24.75 kHz is shown in Fig. 3(a). The
second phase mask is designed to focus the ultrasound at
two focal points located 200 mm away from the source
separated approximately by 50 mm. The corresponding
simulated wave field at 25.25 kHz is displayed in Fig. 3(b).
The scale factor and the transmitted phase and amplitude of
each unit cell can be found in Sec. 2 of the Supplemental
Material [45]. In the simulation, the on-surface vibration
velocity of the source is set as v0 ¼ 0.2 m=s, i.e., a on-
surface sound pressure level of 129 dB. The wave fields
obtained by COMSOL are then used to calculate the DFW
fields using MATLAB according to Eqs. (1)–(3), where the
integrals are numerically computed using Gauss-Legendre
quadrature.
Figure 3(c) shows the numerical results of the DFW

pressure field at the difference-frequency of 500 Hz (λ is
686 mm), resulted from the carrier sound fields shown in
Figs. 3(a) and 3(b). Figure 3(d) presents the corresponding
DFW pressure field along the line y ¼ 0 with either only
the local nonlinear effect or the cumulative nonlinear effect.
The local effect is shown to dominate in this case while the
cumulative effect is almost negligible and yields a smooth
profile without any subwavelength characteristics. When
considering the local effect only (which is equivalent to the
total sound field due to the extremely weak cumulative
effect), two pressure peaks occur at ð−23 mm; 0Þ and
(25 mm, 0), which indicates that the two focal points
are well resolved with a spatial resolution of 48 mm,
corresponding to approximately λ=14. The full width at half

FIG. 2. Phase masks for beam focusing. (a) The photo and cut view of the metasurface-enabled phase mask consisting of 80 units.
(b) A close-up view of the phase mask. (c) Top view of two unit cells of the phase mask where the adjustable geometrical parameters are
marked. (d) The amplitude (dashed line) and phase (solid line) of the transmission coefficient of the unit cell as a function of the scale
factor γ.
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maximum (FWHM) of the two individual peaks at x ¼
−23 mm and x ¼ 25 mm are 15 mm (λ=45.7) and 18 mm
(λ=38.1), respectively, while a secondary peak is present at
the center with an amplitude less than half of the maximal
pressure. This undesired peak is due to the secondary peak
shown in Fig. 3(b) at the origin (0,0). This is due to the
limitation of the phase mask employed in this Letter, which
only allows adjustments to the phase. This undesired peak
could potentially be eliminated if we had the capability to
tune both the amplitude and phase of the ultrasound source
(see Sec. 5 in Supplemental Material for details [45]). It is
interesting to observe that, not only the two focal points are
resolved at a deep subdiffraction resolution, they are also
both located beyond the Rayleigh distance πa2=λ of the
DFW, which demonstrates the important feature of this
approach for far-field subdiffraction control of sound.
Though the Rayleigh distance is normally defined for a
circular source in 3D space, the far field of a line source in
2D space also occurs for distances greater than the
Rayleigh distance [56]. For comparison, the performance
of linear acoustic focusing with the same configuration is
presented in Sec. 4 of the Supplemental Material [45].
Experimental validations.—Figure 4 displays the exper-

imental setup and results. The 2D sound field is measured
between two acrylic plates with a separation of 3 cm. A
Cartesian coordinate system Oxy is established with its
origin at the center of the measurement region, as shown in
Fig. 4(a). The measurement region is a square with
dimensions of 17 cm × 17 cm. Sound pressure is measured
using a 1=8-inch microphone (Brüel & Kjær Type 4138,
with a dynamic range up to 168 dB). The ultrasound is

FIG. 3. The 2D pressure distributions calculated by COMSOL
at 24.75 and 25.25 kHz, respectively, for (a) a one-focal-point
ultrasound field generated by phase mask placed on the left and
(b) a two-focal-point ultrasound field generated by a phase mask
placed on the bottom. (c) The 2D pressure distribution of the
DFW calculated by MATLAB using Eqs. (1)–(3) at 500 Hz,
resulted from the local nonlinear interaction of waves at the two
carrier frequencies. (d) The pressure field distributions along the
line y ¼ 0 shown as the dashed line in Fig. 3(c). Solid line,
the solution with only the local nonlinear effect; dashed line, the
solution with only the cumulative nonlinear effect.

FIG. 4. (a) Photo of the experimental setup. (b) The 2D pressure distribution for a single focal point at 24.75 kHz generated by a phase
mask on the left. (c) The 2D pressure distribution for two focal points at 25.25 kHz generated by a phase mask on the bottom. (d) The 2D
pressure distribution of the two focal points at 500 Hz, resulting from the local nonlinear interaction between ultrasound (b) and (c).
(e) Pressure distribution along the line y ¼ −10 mm at 200, 300, 400, and 500 Hz. The solid line labeled “Theory” is obtained by the
curve presented in Fig. 3(d).
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emitted by two ultrasound arrays each consisting of 53
elements (the resonant frequency is 25 kHz; Manorshi
MSO-A1625H12T) vibrating in phase. Two phase masks
are 3D printed according to the design described above and
are placed at a distance of 25 cm in front of the sources. The
distance between the phase mask and the centroid of the
measurement region is 20 cm.
Figures 4(b) and 4(c) depict the 2D ultrasound fields at

24.75 and 25.25 kHz, respectively, which are generated by
the left and bottom ultrasound sources separately. The
measured focusing ultrasound fields are in good agreement
with those shown in the simulation, as depicted in Figs. 3(a)
and 3(b). Figure 4(d) illustrates the audio sound wave at
500 Hz, showing two focal points as a result of the local
nonlinear interaction of the two carrier frequency ultra-
sound presented in Figs. 4(b) and 4(c). The audio sound
pressure along the line y ¼ −10 mm is shown in Fig. 4(e),
and it can be observed that two pressure peaks occur at −15
and 30 mm. A deep subdiffraction resolution of 45 mm
(λ=15) is achieved at a distance of 1.8 times the Rayleigh
distance (112.6 mm) for this case.
To investigate the performance of the system at different

frequencies, we measured the audio sound along the line
y ¼ −10 mm for difference-frequency f ranging from 200
to 500 Hz with increments of 100 Hz, and the measured
results are presented in Fig. 4(e). We did not include results
for the difference-frequency being lower than 200 Hz due
to the low signal-noise ratio and the strong spurious sound
effect at low frequencies [57]. Two pressure peaks can be
consistently observed with a same separation of approx-
imately 45 mm, while the FWHM of each peak slightly
increases at lower frequencies. The measured results
demonstrate that the subwavelength focusing is effective
over a broad bandwidth at low frequencies (more than 1
octave band in experiments). It is worth highlighting that
the proposed local-nonlinearity-based technique remains
applicable even at higher DFW frequencies, as evidenced
by the simulation results showcased in Sec. 5 of the
Supplemental Material [45]. The wavelength at 200 Hz
is 1.715 m, and the corresponding Rayleigh distance, with a
source dimension of a ¼ 156.8 mm in experiments, is
45 mm. The measured results suggest that the system
achieves a deep subdiffraction resolution of up to λ=38 (at
200 Hz) in the far field with a distance of 200 mm, which is
4.4 times the Rayleigh distance (45 mm).
Conclusion.—In summary, we present here the theoreti-

cal, numerical, and experimental evidence of deep subdif-
fraction acoustic focusing using the local nonlinear effect.
Such an unusual wave behavior can be attributed to the fact
that the DFW inherits the diffraction characteristics of the
carrier frequencies which are significantly higher, and
therefore rendering details at much smaller spatial reso-
lution. This Letter, therefore, opens the door to subdif-
fraction control of sound using nonlinear acoustics and
can be readily extended to 3D wave field patterning and

high-resolution volumetric holograms [58–60] beyond
beam focusing. This concept becomes particularly in-
triguing when considering the primary waves at ultrasound
frequencies while the DFW operates within the audible
frequency range, as the proposed method would have
significant implications for high-resolution multizone
sound field reproduction.
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