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1ICFO-Institut de Ciències Fotòniques, The Barcelona Institute of Science and Technology,
Av. Carl Friedrich Gauss 3, 08860 Castelldefels (Barcelona), Spain
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Understanding the nature of entanglement growth in many-body systems is one of the fundamental
questions in quantum physics. Here, we study this problem by characterizing the entanglement fluctuations
and distribution of a (dþ 1)-dimensional qubit lattice evolved under a random unitary circuit. Focusing on
Clifford gates, we perform extensive numerical simulations of random circuits in 1 ≤ d ≤ 4 dimensions.
Our findings demonstrate that properties of growth of bipartite entanglement entropy are characterized by
the roughening exponents of a d-dimensional membrane in a (dþ 1)-dimensional elastic medium.
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Characterizing entanglement evolution in many-body
quantum systems is an essential problem in statistical
mechanics, condensedmatter theory, and high-energy phys-
ics [1–3]. For instance, it has profound implications for
quantum thermalization [4–11] and its breakdown in dis-
ordered systems [12–22]. At the same time, it provides new
perspectives on quantum chaos arising in semiclassical and
long-range systems [23–27] or holographicmodels [28–35].
However, comprehending entanglement dynamics is of
notorious difficulty due to the nonlocal nature of the quantum
correlations. Insights into one-dimensional systems come
from conformal field theory and integrability [36–46],
exactly solvable dual-unitary dynamics [47–53], and exten-
sive numerical investigations [54–61]. These resultsmotivate
the search for a phenomenological understanding of quantum
information scrambling in generic many-body systems.
Because of their simple structure, random unitary circuits

are ideal candidates for this purpose [62].References [63–65]
demonstrated that the evolution of entanglement entropy of
ð1þ 1ÞD circuitsmaps, in suitable limits, to the properties of
a line defect in a two-dimensional elastic medium. Those
insights go beyond the leading-order contribution to the
entanglement entropy growth and are reflected in structural
aspects of entanglement propagation. A nontrivial verifica-
tion of this fact is the Kardar-Parisi-Zhang (KPZ) universal
growth of entanglement fluctuations in ð1þ 1ÞD Clifford
and Haar random unitary circuits [63–65]. Inspired by these
results, the authors of Ref. [63] conjectured that the structural
aspects of the entanglement growth in generic (dþ 1)-
dimensional systems correspond to a d-dimensional
membrane in a (dþ 1)-dimensional elastic medium. The
membrane, on a coarse-grained level, is fixed by theminimal
cut of entanglement bonds across space-time, resulting, for
random unitary circuits, in the entanglement growth being
governed by exponents of an elastic manifold pinned by the

disorder [66–69]. However, without any numerical and
analytical results for d > 1, it remains unclear whether this
minimal membrane picture (MMP) indeed provides insights
into the structure of entanglement evolution in higher-
dimensional systems.
This Letter answers this question affirmatively by

investigating (dþ 1)-dimensional random Clifford circuits
with 2 ≤ d ≤ 4 comprising up to N ¼ 131 072 qubits. We

FIG. 1. Illustration: the entanglement growth in a (dþ 1)-
dimensional random unitary circuit is conjectured to map to a
problem of a d-dimensional membrane in a (dþ 1)-dimensional
disordered medium. Table: summary of our results (Entangle-
ment), comparison with random bond Ising model [70,71]
(Membrane), and with the renormalization group [72–76]
(RG). Exponents characterizing entanglement propagation under
noisy unitary dynamics in (dþ 1) dimensions confirm the
minimal membrane conjecture.
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demonstrate that the universal properties implied by the
MMP are encoded in the growth exponents of the entan-
glement fluctuations, as summarized in the table of Fig. 1.
We also provide robust numerical evidence that the upper
critical dimension is d ¼ dc ¼ 4, beyond which the fluc-
tuations become Gaussian.
The minimal membrane conjecture for entanglement

growth.—We are interested in noisy quantum dynamics
that arises from the randomness of a quantum circuit or
that stems from a Hamiltonian evolution with time-
dependent fluctuations. Here, we focus on the entangle-
ment dynamics of a random unitary circuit on the lattice Λ.
We start from a weakly entangled state jΨ0i and apply
random two-body gates acting on neighboring sites and
on-site random gates that are uncorrelated in space and
time (see below for the details of the circuit). The resulting
evolved state after the application of t layers Ûk of the
quantum circuit reads jΨti ¼ Û t;…; Û1jΨ0i. We quantify
its entanglement via the von Neumann entropy defined
for a bipartition A ∪ B of the lattice Λ as SðA; tÞ≡
−trðρAlog2ρAÞ with ρA ¼ trBðjΨtihΨtjÞ.
According to the MMP of [63], entanglement evolution

under such a noisy unitary dynamics maps to the well-
studied problem of an elastic manifold pinned by point
disorder [66,67,72]. In a nutshell, the latter is the problem
of a d-dimensional interface in a (dþ 1)-dimensional
disordered medium, with impurities uncorrelated along
both the growth (Euclidean time) direction and its orthogo-
nal directions. It describes a wide range of phenomena,
including domain walls in magnets, vortex lattices in
superconductors, or contact lines at depinning transitions
[69]. The pinned membrane is characterized by two
universal exponents θ and ζ, which, for a manifold of
linear size l, govern the fluctuations of energy (∝ lθ) and
of membrane width (∝ lζ). They are related by a hyper-
scaling relation θ ¼ 2ζ þ d − 2 [72]. Renormalization
group and numerical simulations predict ζ ≃ 0.21ð4 − dÞ
and θ ¼ 0.84ð3Þ [θ ¼ 1.45ð4Þ] in d ¼ 2 (d ¼ 3) [70],
while the fluctuations become Gaussian at the upper
critical dimension dc ¼ 4 [72].
The MMP states that the entanglement entropy SðA; tÞ at

time (circuit depth) t scales, in the coarse-grained limit,
proportionally to the energy of a d-dimensional membrane
immersed in a (dþ 1)-dimensional disordered medium. In
particular, the entanglement entropy is divided into the sum
of a leading nonfluctuating term proportional to the surface
of the membrane t × j∂Aj (where j:j denotes the size of a
subsystem) (cf. [11]) and a subleading term which encom-
passes energy of the fluctuations of the membrane. This, for
t≲ L and x ¼ L=2, results in [63]

SðL=2; tÞ ¼ ṽtLd−1 þ b̃tθþ1−dLd−1χðtÞ; ð1Þ

where χðtÞ is a stochastic variable, and ṽ; b̃ are constants
depending on the microscopic details of the model. The

form of Eq. (1) is obtained by dividing the membrane into
ðL=tÞd−1 boxes of linear size l ¼ t, each contributing,
respectively, a factor ld and lθ to the leading and the
subleading terms. For d ≥ 2, the subleading term in Eq. (1)
is suppressed in time. Hence, to simplify the study of the
fluctuations of entanglement entropy, we consider

wðL=2; tÞ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hSðL=2; tÞ2i − hSðL=2; tÞi2

q
∝ Lðd−1Þ=2tβ;

ð2Þ

where h∘i is the average over circuit realizations. The
growth exponent β ¼ θ þ ð1 − dÞ=2 arises from the con-
tributions lθ of distant boxes that are statistically indepen-
dent and add up incoherently, resulting in fluctuations that
scale with the square root ðL=tÞðd−1Þ=2 of the number of
boxes. To probe the spatial structure of the noisy entangle-
ment growth, we consider an equal-time correlator

Gðr; tÞ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h½Sðx; tÞ − Sðxþ r; tÞ�2i

q
¼ rβ=ζg

�r
tζ

�
; ð3Þ

where g is a scaling function, the dependence on r=tζ arises
due to the emerging length scale lζ characterizing the
spatial fluctuations of the membrane, and rβ=ζ is the short-
range behavior of the equal-time correlator for the pinned
membrane problem. The MMP was tested in (1þ 1)-
dimensional random circuits [63], yielding the KPZ expo-
nents θ ¼ 1=3 and ζ ¼ 2=3 [77]. In the following, we argue
that (2) and (3) also describe noisy entanglement growth in
higher-dimensional systems.
Numerical results.—Assuming the MMP, the above

discussion is relevant for any choice of the unitary
ensemble of the random gates. Nevertheless, numerical
simulations of generic (e.g., Haar) random circuits require
computational resources that scale exponentially with the
number N ≡ jΛj of qubits. Therefore, this Letter resorts to
Clifford circuits, whose dynamics are efficiently simulable
via the Gottesmann-Knill theorem [78–81].
A pure stabilizer state jΨi is determined by N indepen-

dent Pauli strings P̂μ as jΨihΨj ¼ Q
N
μ¼1ð1̂þ P̂μÞ=2 [79].

Denoting the Pauli matrices at site i by X̂i; Ŷi; Ẑi, we

parametrize the Pauli strings as P̂μ ¼ eiϕ
μ Q

i∈Λ X̂
nμi
i Ẑ

mμ
i

i
with nμi ; m

μ
i ;ϕ

μ ∈ f0; 1g. Clifford gates are defined
as unitary operators that map a Pauli string into a
single Pauli string. Thus, for our Clifford circuit
jΨtihΨtj ¼ Û tjΨt−1ihΨt−1jÛ†

t ¼ Q
N
μ¼1½1̂ þ Û tP̂μðt − 1Þ×

Û†
t �=2 ¼ Q

N
μ¼1½1̂ þ P̂μðtÞ�=2, where PμðtÞ are the Pauli

strings determining jΨti. Hence, the state’s dynamics is
fully encoded in the ð2N þ 1ÞN time-dependent co-
efficients ϕμðtÞ; nμi ðtÞ; mμ

i ðtÞ. Consequently, the unitary
evolution under Clifford circuits is simulable in re-
sources scaling polynomially with N. Furthermore, the
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entanglement entropy of stabilizer states is efficiently
computable as SðA; tÞ ¼ rAðtÞ − NA, where NA ¼ jAj is
the number of the qubits in A, and rAðtÞ ¼ rkF2MAðtÞ is the
rank over the Galois field F2 [82] of the N × ð2NAÞ matrix
MAðtÞ ¼ ½nμi ðtÞ; mμ

i ðtÞ�i∈A;μ¼1;…;N [83,84]. Earlier calcula-
tions of SðA; tÞ in the literature were based on standard
Jordan-Gauss elimination, with complexity OðN3Þ. Here,
we employ an asymptotically fast rank-revealing algorithm
with complexity OðN3= log2 NÞ [85,86]. We combine an
efficient implementation of this algorithm [87] with a state-
of-the-art STIM [88] library to perform large-scale compu-
tations for systems of up to N ¼ 131 072 qubits. The
SðA; tÞ calculation for the largest considered N is around 2
orders of magnitude faster than a naive implementation of
Jordan-Gauss elimination in STIM.
A layer of our circuit Ûk ¼

�Q
hi;ji∈ Ið2Þt

Ûi;j

�Q
i∈ Ið1Þt

Ûi

comprises random two-body gates Ûi;j acting on neighbor-
ing sites i; j and on-site random gates Ûi applied to random

sites belonging to the sets of indices Ið1;2Þt . Here, Ið1Þt is a set
of N=2 randomly chosen sites, and Ûi are selected
randomly, with equal probability, to be either Hadamard

Ĥi ¼ ðX̂i þ ẐiÞ=
ffiffiffi
2

p
or phase

ffiffiffiffiffi
Ẑi

p
gates [89].

Instead, Ið2Þt is a set of N=4 pairs of nearest-neighboring
sites hi; ji where i is picked randomly with uniform
distribution on Λ, and j ¼ iþ eu where eu is a versor
in a randomly chosen direction u ¼ 1;…; d. The gates Ûi;j

are chosen with equal probability between controlled-NOT
(CNOT) gates [79] controlled by the left or the right
qubit [90]. The initial state is jΨ0i ¼⊗i∈Λ j0ii, where
Ẑij1ii ¼ j1ii, Ẑij0ii ¼ −j0ii [91]. We checked, but did not
report here, that other low-entangled initial states yield
quantitatively consistent results.
First, we consider the fluctuations wðtÞ≡ wðL=2; tÞ of

the entanglement entropy; cf. Eq. (2). Our findings are
summarized in Fig. 2, where we let the system evolve to

time t ¼ 4L. For a fixed system size L, the time evolution
of wðtÞ can be parametrized by a power-law dependence
wðtÞ ∼ tβðtÞ, with a flowing exponent βðtÞ that increases
with t until t ¼ tsat. At tsat, which is approximately equal to
4L for our circuit architecture, the entropy growth saturates
due to the finite system size, and entropy fluctuations are
strongly suppressed (data in the regime t > tsat are not
shown in Fig. 2). Moreover, our numerical results indicate
that βðtÞ converges, at sufficiently large t and L, to a time-
independent exponent β, consistent with the behavior
conjectured in Eq. (2). In order to obtain the exponent β
that describes the growth of wðtÞ in the asymptotic limit of
large t and L, we employ the following extrapolation
scheme. Fixing L, we fitwðtÞwith a power-law tβL in a time
interval ½t1; t2�. We maximize the exponent βL over choices
of t1 and t2 such that t2 − t1 > Δt, where Δt is a constant
which assures that the fitting interval is sufficiently long
(we put Δt ¼ 40 for d ¼ 2, 3 and Δt ¼ 10 for d ¼ 4) and
t2 < tsat. In this way, given the monotonic increase of βðtÞ
with time, βL estimates, at a fixed L, the asymptotic
exponent β. Finally, we extrapolate βL to the thermody-
namic limit L → ∞ using a first-order polynomial in 1=L
[see Fig. 2(d)], obtaining, respectively, β ¼ 0.361ð6Þ,
β ¼ 0.401ð9Þ, and β ¼ 0.500ð5Þ for d ¼ 2, 3, 4 in agree-
ment with the pinned membrane exponents (cf. table in
Fig. 1), where the values of θ ¼ β − ð1 − dÞ=2 are
presented.
Furthermore, we consider the spatiotemporal fluctua-

tionsGðr; tÞ; cf. Eq. (3). We fix the system sizes to be equal
to L ¼ 360 and L ¼ 64 for d ¼ 2 and d ¼ 3, respectively,
and study the growth of the fluctuations varying r and t.
[The d ¼ 2 case is presented in Fig. 3(a), while the result
for d ¼ 3 is qualitatively similar and is not shown here.]
The behavior of Gðr; tÞ can be analyzed with the hypo-
thesis (3), where the exponents β and ζ are obtained by
finding an optimal collapse of results for different circuit
depths t. To perform the analysis in an unbiased fashion, we

(a) (b) (c) (d)

FIG. 2. Entanglement entropy fluctuations wðtÞ in (dþ 1)-dimensional random Clifford circuits. The wðtÞ rescaled by L½ðd−1Þ=2� for
system size L is shown as a function of the time t in panels (a), (b), and (c), respectively for d ¼ 2, 3, 4. The dashed lines denote power-
law dependences tβ where β are the extrapolated exponents (see text). The values of βL are shown as functions of 1=L in (d) for d ¼ 2, 3,
4, and the extrapolation to the L → ∞ limit is performed with a first-order polynomial in 1=L, yielding β ¼ 0.361ð6Þ, β ¼ 0.401ð9Þ,
β ¼ 0.500ð5Þ, respectively, for d ¼ 2, 3, 4.
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consider both β and ζ as unknown parameters, and opti-
mize the cost function Cðβ; ζÞ ¼ P

n−1
i¼2 cðxi; yi; diÞ with

xi ¼ ðri=tζi Þ, yi ¼ Gðri; tiÞ=rβ=ζi , and di ¼ σðyiÞ, respec-
tively, the hyperparameters, data, and standard deviations.
The indices i ¼ 0;…;N data are ordered such that xi < xj
when i < j [92–94], and the density cðxi;yi;diÞ¼
ðy− ȳÞ2=Δ depends on ȳ¼½ðxiþ1−xiÞyi−1−ðxi−1−xiÞyiþ1�=
ðxiþ1−xi−1Þ and on

Δ¼ d2i þ
�

xiþ1− xi
xiþ1− xi−1

di−1

�
2

þ
�

xi−1− xi
xiþ1− xi−1

diþ1

�
2

:

The optimal growth exponents are obtained via minimi-
zation β⋆; ζ⋆ ¼ argminCðβ; ζÞ, and lead to the data
collapses in Figs. 3(b) and 3(c) for d ¼ 2 and d ¼ 3,
respectively. In the insets, we present the cost function
landscape Cðβ; ζÞ. In d ¼ 2, our estimates β ¼ 0.351ð12Þ
and ζ ¼ 0.435ð33Þ correspond to a relatively narrow dip in
Cðβ; ζÞ leading to exponents compatible with the pinned
membrane ones. In d ¼ 3, the cost function [cf. Fig. 3(c)
inset] possesses a wide minimum, which leads to larger
error bars on the estimates β ¼ 0.39ð3Þ and ζ ¼ 0.3ð1Þ.
Still, these values are compatible with the membrane
predictions; cf. table in Fig. 1.
Lastly, we study the distribution of the rescaled entan-

glement entropy S̃≡ ½SðL=2; tÞ − hSðL=2; tÞi�=wðL=2; tÞ.
For d ¼ 1, S̃ follows the centralized Tracy-Widom (TW)
distribution [63], whereas, for d ¼ dc ¼ 4, the system is
expected to reach a Gaussian distribution [69,72]. For
d ¼ 2, 3, the distribution is unknown but is expected to
differ from the TW and Gaussian ones. Our results for
d ¼ 2, 4 are given in Fig. 3(d) at t ¼ L for L ¼ 320 and
L ¼ 32, respectively. We see that both distributions are
closer to the Gaussian fit than to the TW. To quantify the
closeness to Gaussianity, we investigate the skewness κ3 of
PðS̃Þ. The TW distribution relevant for the d ¼ 1 case
yields κ3 ≈ 0.2241, while we find that the d ¼ 2

distribution has κ3 ¼ 0.07ð1Þ, showing that the distribution
is non-Gaussian. For d ¼ 3, we obtain that κ3 ¼ 0.004ð3Þ.
Hence, while the distribution PðS̃Þ approaches the
Gaussian distribution with increasing system dimension,
we still observe mild deviations from Gaussianity at the
level of the PðS̃Þ for d ¼ 3, consistent with the nonmean
field values of the exponents θ and ζ. Instead, for d ¼ 4, the
numerically obtained PðS̃Þ is indistinguishable from
Gaussian, and we find κ3 ¼ 0.000ð4Þ confirming the
MMP prediction for the upper critical dimension.
Conclusions and outlook.—This Letter investigates the

structural properties of entanglement propagation in
(dþ 1)-dimensional random unitary circuits encoded in
the fluctuations and distribution of the entanglement
entropy. Focusing on Clifford circuits, we compute the
growth exponents θ and ζ for d ≤ 4 with high accuracy. We
find they are compatible with the corresponding exponents
governing the fluctuations of a membrane pinned by
disorder in an elastic manifold; cf. table in Fig. 1.
Furthermore, at d ¼ 4, the entanglement fluctuations
become Gaussian, in accordance with the upper critical
dimension of membranes pinned by disorder in dþ 1
manifolds. Overall, our findings demonstrate the effective-
ness of the recently proposed MMP in capturing the
structure of entanglement dynamics [63].
Beyond numerical considerations, the entanglement

growth may be analytically treatable even in higher
dimensions [64,65,95] in certain limits (e.g., of large local
Hilbert space dimension). At the same time, it would be
interesting to investigate the properties of the volume-law
phase in (dþ 1)-dimensional monitored systems [96–116]
and long-range systems [117–121]. While recent works for
ð1þ 1ÞD circuits revealed a rich structure related to
polymer defects [122–125], the case of higher dimensions
has been left essentially unexplored. A first step in (dþ 1)
dimensions was recently presented by Ref. [126] for
interacting Majorana circuits, where nontrivial subleading
corrections due to the topological nature of the system were

(a) (b) (c) (d)

FIG. 3. The correlator Gðr; tÞ is plotted in (a) as a function of r for various times t for a d ¼ 2 circuit and L ¼ 360. The data for
different times t are collapsed according to (3) in (b), yielding the exponents β ¼ 0.351ð12Þ, ζ ¼ 0.435ð33Þ with the cost function
Cðβ; γÞ shown in the inset. (c) The same for d ¼ 3, the optimal exponents are β ¼ 0.39ð3Þ, ζ ¼ 0.3ð1Þ. Distribution of S̃ at time t ¼ L is
shown in (d) for d ¼ 2, 4 and compared with the Gaussian and standardized Tracy-Widom distributions.

PHYSICAL REVIEW LETTERS 131, 230403 (2023)

230403-4



found. A possible future direction is to relate the L lnL
subleading behavior to Fermi surface corrections in the
spirit of the Widom conjecture [127], or to the statistical
mechanics of loop models [128–131].
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