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The functioning of machines typically requires a concerted action of their parts. This requirement also
holds for molecular motors that drive vital cellular processes and imposes constraints on their conforma-
tional changes as well as the rates at which they occur. It remains unclear whether, during evolution,
features required for functional molecular machines can emerge simultaneously or require sequential
adaptation to different selection pressures. We address this question by theoretically analyzing the
evolution of filament treadmilling. This process refers to the self-assembly of linear polymers that grow and
shrink at equal rates at their opposite ends. It constitutes a simple biological molecular machine that is
involved in bacterial cell division and requires that several conditions are met. In our simulation framework,
treadmilling emerges as a consequence of selecting for a target average polymer length. We discuss why
other forms of assembly dynamics, which also reach the imposed target length, do not emerge in our
simulations. Our work shows that complex molecular functions can evolve de novo under selection for a
single physical feature.
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Well-crafted molecular machines underlie functions that
are fundamental to life, such as DNA replication or transport
of cellular cargo [1,2]. These processes involve molecular
motors that produce directional motion. The functioning
of molecular motors has been characterized in detail from
both a biological and a physical perspective. In particular,
physics imposes that the generation of directional motion at
a molecular level requires structural polarity and a departure
from thermodynamic equilibrium [3]. In contrast, we still
understand little about the selection forces that could drive
the evolution of molecular motors.
The broader question of how complex organs and

biological processes evolve through natural selection has
puzzled evolutionary biologists since Darwin [4]. It is
often assumed that complexity emerges incrementally so
that different features required for an elaborate function
are acquired sequentially due to different selection
pressures [5,6].

In this Letter, we consider the de novo evolution of
molecular motors as a basis to explore the evolution of
complex functions from simpler components. We use sto-
chastic simulations to study how molecular self-assembly
can evolve to perform directional motion. A simple way to
achieve this is through treadmilling, a process in which
filamentousmolecular aggregates grow at one end and shrink
at the other, on average at equal rates. This behavior has been
reported for actin filaments [7] and microtubules [8,9]
and plays a crucial role in bacteria [10–15]. When linked
to other structures, treadmilling can generate mechanical
stress similar to other molecular motors.
We develop a framework to study molecular self-

assembly in the context of evolution, and explore the
emergence of treadmilling. This is nontrivial as treadmil-
ling requires several conditions to be simultaneously met
(see below). As such, it is not obvious whether treadmilling
can evolve de novo as a response to a single selection
pressure or if the different properties required for treadmil-
ling must evolve sequentially. Our results show that
selection for filaments of fixed average length is sufficient.
To study the evolution of treadmilling, one must consider

events on two timescales. First, the timescale of filament
assembly, which is governed by the rates of subunit
attachment and detachment. Second, the timescale of
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evolution on which the rates of filament assembly change
by mutation and selection. In this work, we assume that
evolution occurs on longer timescales than filament
assembly so that filaments reach steady state between
mutation events. Selection thus acts on the steady state.
Filament assembly dynamics and conditions for tread-

milling.—On the molecular level, treadmilling requires the
assembling subunits to exist in at least two states with
different binding affinities [16]. In detailed descriptions of
filament dynamics, three states are widely used [17–19]. In
biological filaments, these states correspond to subunits
bound to different nucleotides. Typically, their binding
affinity is larger when bound to a nucleoside tri-phosphate
(NTP) and lower when bound to a nucleoside di-phosphate
(NDP) [20–22]. In the treadmilling state, NTP-bound
subunits bind at one filament end and subsequently
experience NTP hydrolysis. Eventually, NDP-bound sub-
units unbind at the opposite filament end. Growth at one
and shrinkage at the opposite end confers polarity to the
filament, and the spatial separation of attachment and
detachment reflects the nonequilibrium nature of this
process. Treadmilling thus fulfills the minimal require-
ments for the operation of a molecular motor [3].
We represent a filament by a dynamic linear lattice [16],

Fig. 1(a). Each lattice site stands for a single subunit in one
of two states. The two states are denoted by H and L for
high and low binding affinity, respectively. Subunits within
the lattice switch between the two states at rate ωHL fromH
to L and at rate ωLH for the reverse transition. We denote
the two ends of the lattice by þ and − such that the largest
attachment rate occurs at the plus end. The various rates of
attachment and detachment at the two ends are denoted by
kHa ðþÞ, kHa ð−Þ, kHd ðþÞ, and kHd ð−Þ for subunits in state H
and similarly for subunits in state L, Fig. 1(a). Subunits not
attached to the lattice form a reservoir, such that the
attachment rates are constant. Finally, we assume that
the attachment and detachment rates only depend on the
state of the subunit that is added to or removed from the
lattice. Therefore, the equilibrium constants are equal at
the two ends, KH ≡ kHa ðþÞ=kHd ðþÞ ¼ kHa ð−Þ=kHd ð−Þ and
similarly for subunits in state L. This assumption is not
always true, e.g. [23], see also SM. By definition, H and L
implies KH > KL.
Treadmilling can occur in this description if several

conditions are met [16]: (i) KH > 1, (ii) KL < 1 such that
H subunits are on average added to the lattice, whereas L
subunits are removed on average, and (iii) ωHL ≫ ωLH so
that boundH subunits are more likely to transition to bound
L subunits than vice versa. It follows from (i)-(iii) that the
probability for a site to be in state H or L depends on the
time that has passed since its incorporation into the lattice.
Consequently, the probability of the site at the minus end to
be in state H or L and thus also the corresponding net
detachment rate, kdð−Þ, effectively depends on the lattice
length [16].

Treadmilling requires two further conditions to be
fulfilled: The net attachment rate at the plus end, kaðþÞ,
and the maximal and minimal net detachment rates at the
minus end, kmin

d ð−Þ and kmax
d ð−Þ must satisfy (iv) kaðþÞ >

kmin
d ð−Þ and (v) kaðþÞ < kmax

d ð−Þ. These conditions imply

(a)

INITIALIZATION(b)

FIG. 1. Schematic diagram of filament dynamics and evolution
algorithm. (a) A two-state model for active filaments. Subunits
are in one of two states denoted by H for high affinity (green
blocks) and L for low affinity (orange blocks), respectively.
Subunits are added and removed from the two filament ends, þ
and −, at rates given in the figure. Transitions between the two
subunit states within a filament occur at rates ωHL and ωLH.
(b) Diagram of the evolution algorithm employed in this study.
We initiate simulations by randomly sampling the parameters
shown in (a) and computing the steady state mean lattice length
for the current parameter set, L̄c. This is followed by an evolution
loop where parameters are mutated and mutations are accepted if
the steady state mean lattice length, L̄0, is closer to the target
length, L̄�, than that before mutation. Each loop of mutation and
selection constitutes a generation, g. The algorithm is terminated
when the current lattice steady state mean length is within a
predefined distance from the target length.
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that, on average, plus-end growth is between the minimal
and maximal shrinkage at the minus end.
It follows from the considerations above that filament

treadmilling requires the coordination between several
independent molecular rates. Importantly, starting from
random values for these rates, it is not obvious whether
conditions (i)-(v) can all be satisfied as a result of evolution
under a single selection pressure or must evolve independ-
ently in a sequential manner and driven by different
selection pressures.
Evolution algorithm.—In our evolution algorithm, a

mutation consists of changing the parameter values that
govern the assembly dynamics, Fig. 1(b). The rate changes
are intended to capture structural changes of the subunits due
to genetic modifications. For selection, we considered the
average length in steady state. A generation in our evolution
scheme encompasses a single round of mutation and selec-
tion: following a change of the parameter values (mutation),
we determined the corresponding average length, L̄0, and
accepted the mutation (selection) if the average length was
closer to the target value, L̄�, than for the previous para-
meters, Fig. 1(b). This algorithm mirrors an adaptive dy-
namics approach, where evolution occurs in a large, asexual
population and is fast so that newmutations vanish or invade
to replace the resident quickly [24]. More details on our
implementation of the mutation process and evolution
algorithm are given in the Supplemental Material [25] which
includes Refs. [23,26].
For a given set of parameter values, we obtained the

average length in steady state through stochastic simula-
tions of the discrete lattice dynamics employing the
Gillespie scheme. To limit simulation time and keep track
of the lattice ends, we assumed a minimum lattice length of
2 subunits and a maximum lattice length of 2000 subunits,
which was much larger than our evolutionary target average
length L̄� ¼ 200. When the maximum length was reached,
no further binding was allowed. We ran simulations for
106 s of simulated time before sampling the lattice length
every 20 simulation steps until 106 samples were obtained.
The average of the sampled lengths was taken as an
estimate of the average steady state length.
We start our evolution algorithm from random initial

values for the different rates, Fig. 1(b). For the 204
evolution processes we performed, none exhibited tread-
milling at the initial state suggesting that the parameter
region allowing treadmilling has a measure that is at least 2
orders of magnitude smaller compared to the region of
nontreadmilling parameter values. In addition, the mean
lattice length characterizing the initial stage of evolution,
either diverged or was just a few subunits long, see
Supplemental Material [25] and Fig. S1. We assumed
mutation-selection balance was reached and terminated
the evolution process when the difference between the
current, L̄c, and target mean length satisfied ðL̄c − L̄�Þ2 <
δ with δ ¼ ðL̄�=20Þ2, Fig. 1(b).

Filaments evolve target length and treadmilling.—In all
cases, the average lattice length converged to L̄�, Fig. 2(a).
The convergence process was typically biphasic: first
the average length decreased to just a few subunits.
The corresponding length distribution was exponential.
Subsequently, the average length gradually increased. The
corresponding length distributions remained unimodal,
Fig. 2(b), but with a reduced standard deviation compared
to the mean length, Fig. 2(c).
In all our simulated evolution experiments (N ¼ 204), a

substantial difference evolved between the equilibrium
constants KH and KL. In fact, KH > 1 and KL < 1 for
all evolved states, which thus satisfied conditions (i) and
(ii) required for treadmilling, Fig. 2(d). With one exception,
the conversion rate ωHL from theH to the L state was larger

(a) (b)

(c) (d)

(e) (f)

FIG. 2. Lattices converge to target length and evolved lattices are
polar. (a) Example of currentmean length, L̄c, in steady state versus
evolutionary generation time. Bars indicate standard deviation of
the steady-state length distribution. A single generation, consists
of a round of mutation and selection in our evolution algorithm,
Fig. 1(b). An error bar is absent for the initial parameter values
as they lead to a diverging lattice which rests at the upper limit of
2000 subunits. More instances shown in Fig. S1 [25]. (b) Example
steady-state length distribution at mutation-selection balance.
(c) Standard deviation versus mean length, L̄c. Data are pooled
for all evolution steps across all 204 simulated evolution experi-
ments. (d) Evolved affinity of L subunits versus that of the H
subunits. (e) Evolved rate at which H subunits transform into L
subunits, ωHL, versus the rate of the inverse transformation, ωLH.
(f) Evolved net subunit attachment rate, kaðþÞ, at the plus- versus
evolved minimal net detachment rate at the minus-end, kmin

d ð−Þ
(blue) and evolved maximal net detachment rate at the minus end,
kmax
d ð−Þ (black). Data in (d)–(f) obtained at mutation-selection
balance across 204 simulated evolution experiments. Red lines in
(d)–(f) indicate the line x ¼ y.
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by at least an order of magnitude relative to the opposite
process, Fig. 2(e), satisfying condition (iii). In addition, all
evolved states exhibited polarity, such that kaðþÞ >
kmin
d ð−Þ satisfying condition (iv), Fig. 2(f). Together, these
results show that selection for an average filament length
can lead to the simultaneous evolution of subunits that have
strikingly different affinities for the assembly, form polar
lattices, and have different transition rates between the two
states of bound subunits.
To explore whether the evolved lattices indeed exhibit

treadmilling, we first measured at mutation-selection bal-
ance the steady state position-dependent probability for a
site to be in the H state. This probability decreased
exponentially from the plus end until about twice the
target lattice length, Fig. 3(a) (also see Ref. [16]). In steady
state, the gradient in the H-state probability led to a net
detachment rate that increased monotonically with the
lattice length, Figs. 3(b) and 3(c) and [25] for calculation
details.
We next computed the average shrinkage rate of lattices

at the minus end at the mutation selection balance, see
details in the Supplemental Material [25]. With no excep-
tion, this rate was equal to the rate at which lattices grew at
the plus end, confirming that all evolved lattices tread-
milled, Fig. 3(d). The position and composition of an
evolved lattice in steady state is shown in Fig. 3(e),
highlighting that evolved lattices perform directed motion.
Finally, for steady state lattices at mutation-selection
balance, ωHL − ωLH increased as a power law with
kHa ðþÞ − kHd ðþÞ so that ωHL − ωLH ¼ βðkHa ðþÞ−
kHd ðþÞÞq, Fig. 3(f). In addition, varying the target length
in the evolution algorithm revealed that, while q did not
change noticeably, β decreased with L̄�, Fig. 3(g) and
Fig. S2 [25]. Therefore, evolution in our algorithm regu-
lates the ratio between the effective transition rate from a
high to a low affinity bound subunit, ωHL − ωLH, and the
effective attachment rate of the high affinity subunit at the
plus end, kHa ðþÞ − kHd ðþÞ, leading to longer residence
times prior to detachment or higher attachment rates for
larger lattices. Evolved states exhibited treadmilling for all
tested values of L̄�, Fig. S3 [25].
Exponential length distributions are less evolvable

than treadmilling.—As an alternative to treadmilling, the
average target length could also be reached for an
exponential length distribution. This occurs when the
growth and shrinkage rates at each end are on average
independent of the lattice state [16,27]. In this case, the
length distribution is given by PðLÞ ¼ ð1 − αÞαL for
L ¼ 0; 1; 2;…, where α ¼ ½kHa ðþÞ þ kHa ð−Þ þ kLa ðþÞ þ
kLa ð−Þ�=½kHd ðþÞ þ kHd ð−Þ þ kLd ðþÞ þ kLd ð−Þ�. The average
length is then α=ð1 − αÞ, if α < 1, such that all possible
target average lengths can be reached in this way [16,27].
However, this configuration never evolved in our analysis.
To test whether this state is in principle attainable in our

framework, we repeated our analysis in a simplified system

with only one subunit state. We introduced mutations in the
attachment and detachment rates at the two ends and
selected for the target length as before. Under these
conditions, the lattice average length consistently con-
verged to the target length and an exponential length
distribution emerged, Figs. 4(a) and 4(b). The evolved
lattices grew and shrank independently at both ends and did
not exhibit directed motion, Fig. 4(c).
From these simplified dynamics we can infer why

exponential distributions did not evolve in our full

T
im

e

Position

(a) (b)

(c) (d)

(e)

(f) (g)

FIG. 3. Lattices exhibit treadmilling at mutation-selection
balance. (a) Probability Pi for site i to be in state H in lattices
of length L > i (three instances). Dashed black lines show best fit
for y ¼ e−x=λ that yield λ ¼ 27.8, 36.5, and 45.3 subunits for the
blue, orange, and green curve, respectively. (b) Net detachment
rate kdð−Þ at the minus end as a function of lattice length [same
instances as in (a); all rates and so kdð−Þ are cupped at 1 s−1, see
Ref. [25] ]. (c) Histogram of the Spearman correlation coefficient
ρ between lattice length L and kdð−Þ for all 204 simulated
evolution experiments; ρ close to 1 indicates a monotonic
relationship between L and kdð−Þ. (d) The net shrinkage at
the minus end versus net growth rate at plus end for all 204
simulated evolution experiments. Solid line for y ¼ x (correlation
coefficient R2 ¼ 0.99). (e) Example of treadmilling dynamics. H
and L subunits in red and white, respectively, background in blue.
Plus end points to the left. (f) ωHL − ωLH versus kHa ðþÞ − kHd ðþÞ.
Solid red line for the fit of the form y ¼ βxq, where β ¼ 0.03 and
q ¼ 0.8. (g) The value of β as a function of the target length, L̄�.
All data were obtained in steady state at mutation-selection
balance. Individual fits used to obtain β shown in Fig. S2 [25].
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simulations. Exponential distributions can yield lattice
lengths with L̄� ≳ 10 only when α is close to 1, i.e., when
the attachment and detachment rates are closely matched,
Fig. 4(d). Furthermore, the mean length of an exponential
distribution diverges as α approaches 1, Fig. 4(d). Therefore,
the mean lattice length is extremely sensitive to mutations
that change the value of α suggesting that exponential
distributions may be challenging to fine-tune by evolution.
Accordingly, the total number of mutations needed to reach
the target average length through treadmilling in the full
simulations was typically more than an order of magnitude
smaller than in the simplified simulations, Fig. 4(e).
To explore the sensitivity of the lattice mean length on

parameters in treadmilling versus exponential distributions,
we introduced small perturbations in the attachment rates in
evolved parameter sets. As expected, a substantially larger
divergence away from the target length for the same shifts
in the rates is seen in the exponential distribution compared
to that obtained for treadmilling, Fig. S4 [25].
Conclusion.—We computationally evolved molecular

building blocks into machines that can perform work by
selecting for a single physical feature. Physical constraints

are recognised as central players in evolution [28,29], but
how such constraints lead to new forms and functionalities
at the molecular level is poorly understood. This lack in
understanding is partly due to the challenge in designing
appropriate evolution experiments and the lack of suitable
theoretical frameworks that could identify important factors
in driving the de novo evolution of complex and composite
functions. The work presented here is a step forward in that
direction and could guide experimental endeavours to study
the evolutionary potential of molecular self-assembly or the
design of biomolecules that can exhibit directional motion
and perform work.
We do not directly address the evolutionary path through

which treadmilling may have emerged in existing poly-
mers, but instead use treadmilling as a specific example of a
simple molecular motor. Therefore, comparison of the
evolved rates in our analysis to those relevant to extant
treadmilling polymers is beyond the scope of this work.
Physical aspects have been included in evolutionary

algorithms to organize contractile and passive blocks into
clusters that operate functions [30]. This approach has also
been exploited to elucidate design rules underlying nano-
particle uptake by cells [31]. Our findings extend these
works by suggesting that physical constraints governing
molecular self-assembly can, in principle, lead to the
de novo evolution of complex functions and molecular
machines under simple selection pressures.

The code used for the evolution algorithm in this work is
available at [32].
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