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Recent studies of non-Hermitian periodic lattices unveiled the non-Hermitian skin effect (NHSE), in
which the bulk modes under the periodic boundary conditions (PBC) become skin modes under open
boundary conditions. The NHSE is a topological effect owing to the nontrivial spectral winding, and such
spectral behaviors appear naturally in nonreciprocal systems. Hence prevailing approaches rely on
nonreciprocity to achieve the NHSE. Here, we report the experimental realization of the geometry-
dependent skin effect in a two-dimensional reciprocal system, in which the skin effect occurs only at
boundaries whose macroscopic symmetry mismatches with the lattice symmetry. The role of spectral
reciprocity and symmetry is revealed by connecting reflective channels at given boundaries with the
spectral topology of the PBC spectrum. Our work highlights the vital role of reciprocity, symmetry, and
macroscopic geometry on the NHSE in dimensionality larger than one and opens new routes for wave

structuring using non-Hermitian effects.
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Introduction.—The non-Hermitian degrees of freedom
[1,2] have broadened the context of the Hamiltonian because,
unlike Hermitian Hamiltonians that only treat closed systems
with steady states, non-Hermitian Hamiltonians handle open
systems [3-5]. Such a generalization necessitates reexamin-
ing the basic concepts and relations built on the Hermitian
formalism, such as the bulk-edge correspondence [6,7]
and spectral degeneracy [8,9]. A significant difference is that
the non-Hermitian spectrum lies in the complex plane,
resulting in spectral loops and point gaps [10-13], as well
as defective spectral degeneracies [14-20]. The research into
these unique characteristics has uncovered a plethora of
unique phenomena [5,21-23]. Perhaps one of the most
prominent phenomena is the non-Hermitian skin effect
(NHSE), which causes the bulk modes to collapse towards
the open boundary of the system [24-29]. NHSE was
discovered by studying one-dimensional (1D) nonreciprocal
lattices, wherein the Bloch Hamiltonian has a nonreciprocal
spectrum, i.e., (k) # w(—k) [24,25,30]. It has been con-
firmed by various experiments in 1D and 2D systems [31-36].

Recent studies further show that NHSE can be enriched
by the consideration of symmetry. For example, anomalous
time-reversal symmetry can lead to the Z, skin effect in
one-dimensional lattices [28,37], for which the spectrum
under the periodic boundary condition (PBC) is reciprocal,
i.e., w(k) = w(—k). This new classification suggests that
nonreciprocal or directional hopping is not always neces-
sary for the NHSE. Extending to 2D systems, it is claimed
that the NHSE can universally appear in both nonreciprocal
and reciprocal systems [38,39]. Unlike the NHSE in
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nonreciprocal systems, the combination of the lattice
symmetry and spectral reciprocity leads to skin modes
localized at generic boundaries but disappear at boundaries
matching the line symmetries of the unit cell, i.e., the skin
effect is dependent on the geometry of the open-boundary
lattice [38,40]. Such geometry-dependent skin effect
(GDSE) expands the categories and scenarios of the
NHSE in dimensionality larger than one. It also highlights
the critical roles of lattice symmetry and macroscopic
geometry, which have been largely overlooked in the
nonreciprocal NHSE. However, the experimental confir-
mation of this GDSE so far remains absent.

In this work, we study a 2D model respecting Lorentz
reciprocity and displaying a reciprocal complex spec-
trum, wherein the only form of non-Hermiticity is the
onsite gain and loss. By establishing a connection
between the geometry of the open boundary and the
winding behavior of the PBC spectrum, we identify that
the skin effect in such a system only occurs at boundaries
that are not parallel to the primitive vectors of the lattice.
Such skin effects and the geometry-dependent character-
istic are experimentally realized using active mechanical
lattices.

Theoretical model.—To elucidate the 2D GDSE, we first
recall the physics of the nonreciprocal NHSE in 1D open
lattices. The PBC spectrum, denoted o (k), is a complex
function that maps the Brillouin zone (BZ) to a closed loop
in the 2D complex energy manifold. When such spectral
loops enclose a nonzero area, the wave vectors k and —k are
mapped to different complex energy. This has profound
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consequences when the open boundary condition (OBC) is
considered: when a wave with a wave vector k impinges on
an open boundary, there is no reflective channel with the
wave vector —k at the same energy. As a result, the energy
carried by the incident wave has no choice other than
accumulating at the boundary, leading to the NHSE. On the
other hand, if the area enclosed by the spectrum is zero,
i.e., the spectral loop collapses to an arc, implying at any
complex energy, there exist two choices of wave vectors,
and the NHSE does not emerge. Hence, the winding
behavior of w” (k) is a convenient tool for predicting the
NHSE: a spectral loop (arc) in @’ (k), which has a nonzero

|

H(ky, ky) = 2n<

wherein all parameters in Eq. (1) are real. v, (w,) is the
intracell (intercell) hopping in the y direction, and v, is the
hopping along the x direction. The non-Hermiticity is due to
—iy, and iyp, which are the typical onsite loss and gain.
Model (1) respects reciprocity because it clearly satisfies
H (ky, k,) = H" (—k,, —k,). The PBC spectrum is obviously
reciprocal, i.e., o’ (k.. k,) = w”(—k,, —k,) [Fig. 1(b)]. Note
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FIG. 1. (a) The 2D non-Hermitian lattice. The dashed box
marks the unit cell. (b) The real parts (surfaces) and imaginary
parts (color maps) of the PBC spectrum (@’ /2z, unit in Hz).
(¢),(d) The spatial distribution of W(x) of (c) a rectangular lattice
and (d) a trapezoidal lattice.

fa—iys+2v,cosk,

vy, +wye

(zero) winding number, directly corresponds to the occur-
rence (absence) of the NHSE.

We next consider 2D non-Hermitian lattices. Intuitively,
one would expect the skin effect to meet a more stringent
set of conditions because there is simply “more room”
for the waves to move around, or more channels to leave
a boundary. Counterintuitively, the NHSE is ubiquitous
and emerges even in the absence of nonreciprocity [38].
To wunderstand this, we consider a stacked non-
Hermitian Su-Schrieffer-Heeger model shown in Fig. 1(a).
The momentum-space Hamiltonian under the PBC
reads

v, +wye ks
y y >’ (1

fp +iyp +2v,cosk,

|

that model (1) is also Lorentz reciprocal because there is no
asymmetric hopping or magnetic flux. In addition, it is easy
to check that the spectrum is symmetric in both k, and k,,
ie., o’ (kg ky) = o (=k,, ky) = @ (k,,—k,), as shown in
Fig. 1(b). These restrictions imply the formation of standing
waves, thus the NHSE should be absent. Such conjecture
was confirmed in a rectangular lattice, as shown in Fig. 1(c).
The color plot depicts the sum of all eigenstates, i.e.,
¥(x) = (1/N) >, lwa(x)|?, where w,(x) is the n th nor-
malized right eigenstate. However, this is not the case if
the shape of the OBC lattice is a trapezoid. In Fig. 1(d),
one can clearly identify the NHSE at the slanted edge. This is
the GDSE.

To gain a comprehensive understanding of the GDSE,
we consider the case shown in Fig. 2(a): an incident wave
with a wave vector ¢ () = (¢|". ¢'7)" encounters the
slanted open boundary, where q‘H“ and ¢ are the wave

vector components parallel and perpendicular to the boun-
dary, respectively. The reflected channels ¢"¢(w) =

(qf. g = (qu“, q't)T at the same w determines whether

the NHSE can occur at that boundary. (Here g is the same
for the incident and reflected waves. In other words, the
parallel wave vector generated by the boundary is negli-
gible.) The boundary orientation determines the local
coordinate of (g, ) in the momentum space, which is

linked to (lAcx, lAcy) by a frame rotation [Fig. 2(b)]. In other
words, the boundary orientation fixes the slope of a series
of lines crossing the BZ, such as the red dashed lines in
Fig. 2(b). Each line in the g, direction is a closed
parametric loop in the momentum space, and they are
mapped to the PBC spectrum as loops by the function
®”(q). q.). The behavior of these spectral loops can be
quantified by a spectral winding number

1
W‘IH EZ_JUA dg, (9,, lndet[H(qH,(ZJ_) — o)) (2)

il
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FIG. 2. The schematic of the reflection at (a) a slanted edge and
(d) a vertical boundary. The magenta circles show the zoomed-in
views of the lattice arrangement at the boundaries. Iy, with a
fixed g across the BZ for (b) the slanted edge and (e) the

boundary parallel to the y axis. (c),(f) The gray surfaces are the
complex spectrum as a function of g for the cases shown in

(b),(e), respectively. The green, orange, and pink surfaces
correspond to g = 0.5z, ) = 0, and g; = —0.6x, respectively.

where w, €C is a reference energy. Note that Eq. (2)
integrates over g, along Ly which is a closed loop [the
solid blue line in Fig. 2(b), which is equivalent to the
combination of the red dashed lines]. For any ¢, if
W‘Iu # 0, which indicates that the spectral loop encloses a
nonzero area, no two solutions of g | can be found at the same
energy. Skin effects must occur. In contrast, if V g in BZ,
W‘lu = (0, i.e., the spectral loops have no interior, so at each

energy, the incident and reflected waves can have different
q | - As aresult, the reflected channel exists at the boundary,
and the skin effect is absent. In Fig. 2(c), we show the PBC
spectrum as a function of g for the slanted edge. Spectral
loops enclosing nonzero areas exist formost g, e.g., at g =
0.5z and g = —0.67. Hence the skin effect occurs at this
edge [Fig. 1(d)]. However, if the boundary cuts parallelly to
the y direction, as shown in Figs. 2(d)-2(f), the spectral loops

collapse to arcs and enclose zero areas for all g, so W,

always vanishes [Fig. 2(f)]. Thus, the skin effect must be
absent at this boundary [Fig. 1(c)].

To summarize, our system is both Lorentz and spectral
reciprocity, which differs intrinsically from the nonreciprocal

(b)

Im(f)Hz

9.5-11.0 Hz
(e) Theory

12.0-13.1 Hz 12.0-13.1 Hz

FIG. 3. (a) The photo of the coupled rotational oscillators
realizing the unit cell shown in Fig. 1(a). (b) The OBC complex
spectrum (colorful dots) of the trapezoidal structure with 78 sites.
The gray background displays the corresponding PBC complex
spectrum, and the color of the solid dots represents Y ,. Inset: the
spatial distribution of W(x). The dashed line encloses the region
A. The plots of the (c),(e) theoretical and (d),(f) experimental
spectral sum with different input chirp signals covering the
frequency intervals (e),(f) Af; =[12.0,13.1] and (c),(d)
Af, =19.5,11.0] Hz. The blue arrows in (c)—(f) mark the source.

scenarios, and thereby the presence or absence of the skin
effect only depends on the boundary orientation of the OBC
lattice or, equivalently, the geometry of the OBC lattice. This
feature makes the GDSE unique to higher-dimensional non-
Hermitian systems. Moreover, itis worth pointing out that the
superposition of quasi-1D spectra cannot reproduce the 2D
OBC spectra, which emphasizes the necessity of considering
the 2D nature of the lattice and highlights the role of
dimensionality in non-Hermitian physics [41]. Besides
demonstrating the uniqueness of the GDSE, we further show
its wave function, including the exponential decay away
from the boundary, the inverse participation ratio and robust-
ness against onsite disorders, and the number of skin modes
obeying the volume law, corroborating that the GDSE
satisfies the required properties of the NHSE [41]. We
remark that the onsite gain in our systems is essential for
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FIG. 4.

9.5-15.0 Hz

(c) Experiment

N

9.5-15.0 Hz

(a) The OBC complex spectrum (colorful dots) of the rectangular structure with 70 sites. The color bar is the same as in

Fig. 3(b). Inset: the spatial distribution of W(x). The gray dashed line encloses the region %. The plots of the (b) theoretical and
(c) experimental spectral sum with input chirp signal covering 9.5-15.0 Hz. The blue arrows in (b),(c) mark the source.

the direct observation of the GDSE. Because in loss-biased
systems, eigenvalues have large negative imaginary parts,
meaning that the temporal decay plays a significantrole in the
response measurements [41].

Experimental realization.—Equation (1) can be realized
in an active mechanical lattice [36,45]. The unit cell
consisting of two rotational oscillators coupled by tension
springs is shown in Fig. 3(a). The non-Hermitian terms, i.e.,
onsite loss (—iy,) and gain (iy ), are achieved by imposing
a self-feedback torque 7(¢) = f30(t) on every oscillator [41].
Here, 0(¢) is the instantaneous angular velocity and f is a
tunable constant. When f is positive (negative), z(#) acts as
effective gain (loss). However, we found that the active
torque also introduces a f-dependent perturbation to the
onsite resonance (see Ref. [41] for details). This is
accounted for by f, and fp in Eq. (1). All coefficients
in Eq. (1) are obtained by Green’s function from the
measured data [16] (see Ref. [41] for the retrieved values).

Our first experimental system is a trapezoidal lattice
consisting of N = 78 sites [Figs. 3(b) and S13 [41]]. The
corresponding OBC complex spectrum, denoted «°, is
shown in Fig. 3(b). To quantify the degree of localization of
each mode, we introduce the quantity

_ er@ |Wn<x)|2
T = S P G)

where Z denotes the slanted boundary region with the width
of a single unit cell [indicated by the gray dashed line in the
inset of Fig. 3(b)]. A large T, indicates the corresponding
wavefunction is strongly localized in %. In Fig. 3(b), the
color of the dots represents Y ,,. Strongly localized modes are
found near Re(w®/27) € (12.0, 13.1) Hz These modes lie
near Im(w®/27) = 0, so that they can be stably excited with
minimal temporal decay. Experimentally, a source placed
at the right edge sends a pulsing containing Af; =
[12.0, 13.1] Hz. The spectral responses A, (f) are measured
across the entire lattice, where u denotes the site number. We
then compute the spectral sum

P, = / YR (4)

The result shows a drop in P, immediately away from
the source, but then it increases again and peaks at the
slanted edge [Fig. 3(f)], which is strong evidence of the skin
effect. No localization is observed at the boundaries parallel
to the x and y directions. We also perform theoretical
calculations of the spectral sum by solving the time-
dependent Schrodinger equation [Fig. 3(e)]. Good agree-
ment between them can be observed, thereby evidencing
the GDSE, although the lattice size is not large. Note that
the localization will become more pronounced if the lattice
becomes larger [41].

In a control experiment, we excite the lattice at the same
position but with a pulse containing Af, = [9.5, 11.0] Hz.
The modes in this frequency interval have small Y,
but their imaginary eigenfrequencies are negative
Im(w°/27) < 0, which indicates a temporal decaying
characteristic. Their responses are shown in Fig. 3(d),
which indeed decay rapidly away from the source.
These results, together with Fig. 3(f), conform well with
the predictions of the GDSE and necessitate the onsite
gain in the direct experimental observation of the GDSE.
[The modes lying within Re(w°/27) € (11.0,12.0) U
(13.1,14.1) Hz have Im(w®/2x) > 0. They are temporally
unstable and hence are not excited by purposely avoiding
the corresponding frequencies].

For further validation, we perform similar experiments
on the same system arranged in a rectangular lattice
consisting of 70 sites [Figs. 4(a) and S14 [41]].
Figure 4(a) plots the PBC and OBC spectra. In the inset,
W(x) is clearly uniform, which indicates the absence of the
skin effect. The color of the OBC spectrum represents Y,
with the region & now being the left edge. Compared with
Fig. 3(b), all T,, are close to zero, which suggests that the
modes are extended. In the experiment, the source is placed
in the bulk, and the excitation covers 9.5-15.0 Hz. The
spectral sum plotted in Fig. 4(c) shows the typical behavior
of the bulk modes under dissipation, which is in good
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agreement with the theoretical result [Fig. 4(b)]. No
localization at the other boundaries occurs.
Discussions.—Interestingly, owing to the spectral
reciprocity, when ¢ =0, the condition w”(0,¢,)=
o (0,—q, ) is always met. It follows that unzo =0, as

shown by the blue curve in Fig. 2(c). This implies that
reflective channels always exist for the normal-incident
waves, regardless of the orientation of the boundary g
As a result, even when the GDSE occurs, a portion of
modes must remain extended bulk modes, which would be
clearly identified in the thermodynamic limit. In contrast, if
spectral reciprocity breaks, then V q| in the BZ, W‘iH #0,

so all modes are skin modes. (Exceptions such as the modes
at the “Bloch points,” which denote the cross points of two
spectral loops with the opposite winding numbers [46],
may exist, but those are not generic cases and usually
require parameter tuning).

The GDSE is potentially useful for wave-localization
applications. Compared to bound states localized at defects
or boundaries, the wave localization from skin modes is
naturally broadband in character. While compared to
disorder-induced localization that can occur anywhere in
a random medium, skin modes are deterministically
boundary localized. On the other hand, the presence of
gain implies that a portion of the skin modes can have
positive imaginary parts, meaning that they are temporally
divergent [41]. These modes, if realized in optical systems,
are potential candidates for lasing.

In summary, we have demonstrated the GDSE in a 2D
spectral and Lorentz reciprocal mechanical system in which
the only non-Hermiticity is the gain and loss. The origin of
the GDSE is an interplay of the PBC spectrum, lattice
symmetry, and macroscopic symmetry of the lattice. In other
words, the skin effect occurs in generic geometric shapes as
long as the macroscopic geometry does not align with any
lattice symmetries. Equivalently, the persistence of extended
bulk modes against the non-Hermiticity requires the com-
bined protection of the reciprocity and the lattice symmetries.
Therefore, our results not only reveal the universality of the
skin effect in systems with dimensions higher than one
but also highlight the vital role of macroscopic geometry
and symmetry for the skin effects. Recent works have also
predicted that the interplay between geometry and symmetry
can dramatically alter the generalized BZ of 2D systems,
including its shapes and even dimensionality [42,43,47].

Note added.— Recently, we became aware of two works
reporting the GDSE in acoustic systems. See Refs. [48,49].
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