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Masuki ef al. Reply: In our Letter [1], we determined the
ground-state phase diagram of the resistively shunted
Josephson junction (RSJ) based on two independent non-
perturbative renormalization group (RG) analyses, namely,
numerical RG (NRG) and functional RG (fRG). Our main
finding is that the insulating phase is strongly suppressed to
deep charging regimes due to the dangerously irrelevant
term v. We benchmarked our NRG scheme by making
comparisons with the known results of the boundary sine-
Gordon model corresponding to the case of v — 0.

In the preceding Comment [2], Sépulcre, Florens, and
Snyman (SFS) claim that our NRG scheme is unreliable
because the resulting excitation spectrum is different from
what would be expected when approximating the cosine
potential by the quadratic one. SFS also argue that the
phase mobility can converge to a tiny but nonzero value,
which they claim contradicts the fact that the phase
mobility should be zero in the superconducting regime.
Lastly, SFS points out the need to include more bosonic
modes when a < 1. After carefully studying the Comment,
we conclude that it does not affect the main finding of our
Letter. We also note that the Comment is solely concerned
with NRG analysis, and fRG analyses in the Letter (which
unambiguously support the NRG results) remain intact.

First of all, we recall that the excitation spectrum of the
NRG shows the qualitatively different behaviors between
a> a,and a < a,. As detailed in Ref. [1], these behaviors
are consistent with the interpretation that the cosine potential
is relevant (irrelevant) in the superconducting (insulating)
regime, which has been also checked in our benchmark
calculations of the boundary sine-Gordon model. The
upward shift of the excitation spectrum reflects the relevance
of the potential and consistently accompanies the suppres-
sion of the phase mobility as expected in the superconduct-
ing phase. Thus, the suppression of the phase mobility can be
used as an indicator of the superconducting phase.

In Fig. 1(a), we plot the NRG flow of the phase mobility
H1o obtained for different cases as in the Comment [2].
When plotted in the linear scale, all the results agree well
with each other and converge to zero. While in practice the
phase mobility might converge to a tiny nonzero value [2],
one can easily see an abrupt change of the converged value
as E;/E is increased [Fig. 1(b)]. This sharp transition can
be used to accurately locate the transition point. We
speculate that a minuscule residual phase mobility results
from accumulated numerical errors due to the relevant
potential term.

Regarding the last comment, at least in the current
implementation of the NRG, it is technically challenging
to accurately analyze the regime o < 1, as we have already
explained in the Supplemental Material of Ref. [1]. This
manifests itself in the relatively large error bars and a
dashed extrapolated phase boundary in Fig. 1(a) in Ref. [1].
In this sense, we agree that there is room for further
improving quantitative accuracy of NRG scheme at a < 1.
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FIG. 1. (a) Phase mobility y;, plotted against the number of
NRG steps N. (b) Converged values of u;o at a=0.5.
(c) Ground-state phase diagram of RSJ reproduced from Ref. [3].
The red points (blue circles) are the phase boundaries obtained
from the fRG analysis presented in Ref. [3] (the NRG [1]). The
green circles represent the phase boundary obtained after fixing
the typo pointed out in Ref. [2].

Lastly, we note that all the qualitative features found in
NRG analysis precisely agreed with the ones revealed by
the independent fRG analysis. In a recent work [3], this
agreement has been further confirmed at the quantitative
level by employing an advanced fRG analysis, which gives
a further support of our findings [Fig. 1(c)].
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