
Theory and Fundamental Limit of Quasiachromatic Metalens by Phase Delay Extension

Qikai Chen ,1,2 Yubin Gao ,1,2 Sijie Pian,1,2 and Yaoguang Ma 1,2,3,*

1State Key Laboratory of Extreme Photonics and Instrumentation, College of Optical Science and Engineering, International Research
Center for Advanced Photonics, Zhejiang University, Hangzhou 310058, China

2ZJU-Hangzhou Global Scientific and Technological Innovation Center, Hangzhou, 311200, China
3Jiaxing Key Laboratory of Photonic Sensing and Intelligent Imaging, Intelligent Optics and Photonics Research Center, Jiaxing

Research Institute, Zhejiang University, Jiaxing, 314000, China

(Received 18 May 2023; accepted 3 October 2023; published 7 November 2023)

The periodic extension of phase difference is commonly applied in device design to obtain phase
compensation beyond the system’s original phase modulation capabilities. Based on this extension
approach, we propose the application of quasiphase delay matching to extend the range of dispersion
compensation for meta-atoms with limited height. Our theory expands the limit of frequency bandwidth
coverage and relaxes the constraints of aperture, NA, and bandwidth for metalenses. By applying the
uncertainty principle, we explain the fundamental limit of this achromatic bandwidth and obtain the
achromatic spectrum using perturbation analysis. To demonstrate the effectiveness of this extended limit,
we simulate a quasiachromatic metalens with a diameter of 2 mm and a NA of 0.55 in the range of 400–
1500 nm. Our findings provide a novel theory for correcting chromatic aberration in large-diameter
ultrawide bandwidth devices.
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Achromatic metalenses (AMLs) have been extensively
studied for compact optical systems [1–5]. Recent methods
range from multiple wavelengths AMLs based on initial
phase optimization [6,7] to broadband achromatic metal-
enses (BAMLs) based on compensating phase profiles with
waveguidelike dispersion [5,8–11]. However, the chromatic
aberration correction of metalenses is still constrained by a
balance between aperture, NA, and bandwidth, making it
challenging tomeet the dispersion requirements of largeNAs
and apertures with low meta-atom height. Therefore, it is
crucial to break the constraint and establish fundamental limit
of AMLs.
Several approaches have been explored to extend the

achromatic bandwidth of AMLs, such as using high aspect
ratios [11] or multilayer structures [12–15]. However, these
approaches requires meta-atoms with millimeter height for
large apertures and high NAs, thus encounter fabrication
and design challenges in achieving the required dispersion
compensation. Other approaches utilized folded group
delay profiles [16] to reduce the requirements for height
of meta-atoms while maintaining gradient of profile. Such
methods [17] optimize multiwavelength phase profile by
introducing nonideal phase condition, which alters the
shape of the focal wavefront and provides more design
degrees of freedom. Although AMLs designed by deep
learning and inverse design [18,19] demonstrate high-
quality imaging performance with reconstruction algo-
rithms [20], they have not addressed the theoretical analysis
of achromatic spectrum and the fundamental bandwidth
limitations. In this Letter, we present a novel approach to

extend the bandwidth limit of achromatic devices with
ultralarge dispersion requirements. Our method utilizes
phase delay extension to broaden the achromatic spectrum
of AMLs while preserving the height of the meta-atoms. To
validate our approach, we conduct simulations to compare
its performance with that of published works.
Metalenses are typically based on a hyperbolic phase

profile [1], where the phase response of meta-atoms ϕatom
must be extended to match ϕlens in large aperture metal-
enses as

ϕlensðr;ωÞ ¼ ϕatomðr;ωÞ þmϕðr;ωÞ · 2π;
ϕatomðr;ωÞ ¼ mod ðϕlensðr;ωÞ; 2πÞ: ð1Þ

Here, r represents the location on metalens, mϕ represents
the numbers of phase extensions [see Fig. 1(a)]. To fully
represent the step function in Eq. (1), we express the phase
difference between phase profiles of different frequencies
by phase delay (PD) with respect to central frequencyω0. In
this case, the achromatic condition of PD can also be
expressed as a hyperbolic function.

PDðr;ωÞ ¼ ϕlensðr;ωÞ−ϕlensðr;ω0Þ
ω−ω0

¼ −
1

c

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F2 þ r2

p
−F

�
þϕrðωÞ−ϕrðω0Þ

ω−ω0

: ð2Þ

Here, F is the focal length, ϕrðωÞ represents the reference
phase of phase profile at ω [6]. According to Eq. (2), the PD
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requirements of BAML with large aperture and high NA
often exceeds what can be supported by the meta-atoms,
leading to strict aperture limitations for BAMLs with finite
height of meta-atoms [7,21].
To provide a larger PD supported by meta-atoms, we

leverage the relationship between PD and phase difference
in Eq. (2), and propose that PD can also be extended with a
period of 2π=Δω under specific frequency difference Δω.
As shown in Fig. 1(b), the original PD line can be extended
into the blue and green lines with an interval of
ΔPD ¼ 2π=Δω. By mapping these lines onto phase plot,
we obtain the corresponding phase response in Fig. 1(a)
with different slopes of PD0 þ 2mπ=Δω; m ¼ 1, 2.
Mathematically, we can always apply the PD extension
at more frequencies ω ¼ ω0 � NΔωðN ¼ 1; 2;…Þ limited
in the linear phase-frequency response region. Therefore,
we can express the required phase difference modulation of
the meta-atoms at these frequencies as

ΔϕNΔωðrÞ¼modðPDðrÞ;ΔPDÞ×NΔωþmPDðr;ωÞ×2π;

ð3Þ

where the first item explains the minimum PD range (ΔPD)
that meta-atoms needs to satisfy. With the PD extension, it
is possible to fit the ultrawide PD profile using a limited PD
range. We refer to this matching condition aimed at discrete
frequencies ω0 � NΔω as quasi-PD matching. The central
phase ϕlensðr;ω0Þ can be achieved by the Berry phase
[5,9,22] or by establishing a large database [7,11,23].

By selecting meta-atoms that simultaneously satisfy ϕ0

andΔϕNΔω, we can perfectly meet achromatic conditions at
NM ¼ 2N þ 1 extended frequencies. (NM is the total
channel). We refer to metalenses that satisfies the half
sampling channels of continuous spectrum as quasiachro-
matic metalenses (QAMLs). The equidistant frequencies
obtained by QAMLs are similar as those of harmonic
diffractive lenses [24,25], but maintain a more flexible
design freedom when one chooses the central frequency ω0

and frequency interval Δω, thus making QAMLs suitable
for more application scenarios. QAMLs artificially intro-
duce phase extensions mPD at different positions and
frequencies compared to BAMLs:

mPDðr;ωÞ · 2π ¼ Δmϕ · 2π ¼ mðrÞNðωÞ · 2π
mðrÞ ¼ floorðjPDðrÞj=ΔPDÞ: ð4Þ

Here,mðrÞ is a position-dependent natural number andNðωÞ
is a frequency-dependent natural number. Physically, the
additional phase extensions actually affect the timing
of waves entering the observing plane. As illustrated in
Fig. 1(c), when mðrÞ ¼ 0, all frequencies arrive at the focal
point at the same time TF. Whereas, in the region of large
propagation dispersion (large NA or aperture), different
frequencies are separated at TF due to the inadequate PD
of the meta-atoms. However, mPD · 2π ensures that waves
incident at mPD · 2π=ω before and after incident time T0

focus simultaneously. Therefore, the incident signal before
and afterΔPD can be utilized, reducing the actual time delay
experienced by QAML:

ΔTQAMLðrÞ ¼
ΔϕatomðrÞ
NΔω

−
Δϕatomðr ¼ 0Þ

NΔω
¼ mod ðΔTBAMLðrÞ;ΔPDÞ: ð5Þ

A significant advantage of this PD extension method is
that receiving time for incident signals, ΔTQAML, can be
shorter compared to that of BAML, ΔTBAML [21,26,27].
Where the maximum reception time duration is
ΔTQAML;max ¼ ΔPD. Therefore, the fundamental total band-
width limit ΔΩ of waveguide type QAML [27] is

ΔPD · ΔΩ ≤ 2π
h
λ0

ðnmax − nminÞ: ð6Þ

Here,ΔΩ is the standard deviation of spectral wave function.
When the uncertainty principle is just satisfied [26],
ΔΩΔt ¼ 2, the wave packet will be equivalent to
Gaussian function. Since the frequencies in ΔΩmax cannot
be distinguished, it can be defined as the fundamental
bandwidth limit of QAML. The reception time ΔTQAML is
unaffected by the aperture and NA, thereby allowing for a
more lenient height requirement of meta-atoms compared to
BAML. Moreover, this feature enables an extended band-
width limit for larger lens apertures. The reception time

focus plane

FIG. 1. (a) Phase extension with 2π interval between each pair
of dashed lines. The stepped black lines represent the phase
fitting at different frequencies. (b) PD extension. Blue and green
lines represent m ¼ 1, 2. The circles represent the phase
extension points supported by the meta-atoms. The orange
dashed curves represent PD curves at the entire frequency
domain. (c) Schematic of achromatic focusing of PD extension.
The upper part of QAML demonstrates the wave distribution at
focusing time, and the bottom part at incident time. The solid
color lines represent light incident at T0, while the dashed lines
represent light incident at extended PDs.
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ΔTQAML is unaffected by the aperture and NA, thereby
allowing for amore lenient height requirement ofmeta-atoms
compared to BAML. Moreover, this feature enables an
extended bandwidth limit for larger lens apertures.
We also evaluated the achromatic performance of this

method under a frequency perturbation δω around
ω0 � NΔω, and a perturbation δPD around extended PD.
These perturbations will introduce phase mismatches to
Eq. (3) [see Fig. 1(a)], which are critical factors limiting
the achromatic ability. The expression for phase mismatch is
given by

δϕðrÞ ¼ 2mðrÞπ δω

Δω
þ δPDðrÞ · NΔω; ð7Þ

wherewe neglected the coupling termof the two perturbation
δPD · δω. Considering only the frequency perturbation, we
define the phase mismatch

δϕδωðrÞ ¼ 2mðrÞπ δω

Δω
: ð8Þ

Thus, we substitute δϕδω into the Fresnel diffraction and
obtain the electric field amplitude at focal point. Assuming
that the transmittance of all meta-atoms is 1, we calculate
the ratio of the amplitude under perturbation to that without
mismatch as

jEFðωþ NΔωþ δωÞj
EFðωþ NΔωÞ

¼
�����
P

M−1
m¼0 e

i2mπ
Δω δω þ ðfmax −MÞ · ei2Mπ

Δω δω

fmax

�����
≡ Ratio1ðδωÞ ð9Þ

fmax ¼
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

F2 þ ðD
2
Þ2

q
− F

�
cΔPD

;

where M ¼ mmax represents the maximum PD extension
number. When Ratio1 ¼ 0.89, Eq. (9) is equivalent to the
Rayleigh criterion, and δωR obtained at this ratio represents
the achromatic sub-bandwidth at ω0 � NΔω, where
frequencies within δωR cannot be distinguished [28]. We
assume that phase mismatch does not affect the focusing
efficiency, but only the focal length. This assumption is
particularly stringent because, when considering other
aberrations, the nonideal shape of the Airy disk necessitates
the consideration of lower focusing efficiency. This leads to
a relaxed Rayleigh criterion with lower Ratio1, resulting in
a wider calculated achromatic sub-bandwidth. As δω
increases, we can obtain the PD curve at the entire
frequency domain [see Fig. 1(b)]. This enables us to
identify the dispersion requirements that materials need

to meet under the achromatic condition. Moreover, When
M ¼ 0, the phase mismatch in Eq. (9) can be eliminated,
leading to the case of BAMLs. While atM ¼ 2, the tails of
subpeaks are merely connected, demonstrating a continu-
ous sampling achromatic spectrum. The different extent of
PD extension showing a wide applicability of QAML on
spectral modulation under fundamental limit.
By calculating Ratio1 at different frequencies, we plot

the normalized achromatic spectrum of QAML with a flat
spectrum incidence in Fig. 2(a) (aperture D ¼ 2 mm and
NA ¼ 0.15). Furthermore, we compared the achromatic
spectrum under maximum bandwidth of BAML and
QAML with the same conditions. In Fig. 2(b), we compare
the total sub-bandwidth with NM ¼ 20, sub-band of
QAML, and the bandwidth limit of BAML. All the results
consistently demonstrate the significant advantages of
QAML under the wide spectral input and large aperture.
The achromatic spectrum is also affected by δPD arising

from the nonlinear dispersion of material. Assuming that
δPDmax of the meta-atom is linearly proportional to its
filling factor [29,30], the nonlinear dispersion phase mis-
match can be expressed as

δϕδPDðrÞ ¼ δPDðrÞ · NΔω

¼ δPDmax · mod ðPDðrÞ;ΔPDÞ=ΔPD · NΔω:

ð10Þ

FIG. 2. (a) Achromatic spectrum of QAML and BAML
bandwidth limit. The colored dashed line represents the ideal
achromatic amplitude under flat spectrum input without nonlinear
dispersion. (b) Comparison of bandwidth of QAML and BAML
with their limits, where the QAML total sub-bandwidth exceeds
the BAML bandwidth limit when NM ¼ 20. The fundamental
bandwidth limit of sub-band δωR is also dependent to N.
(c) Nonlinear dispersion analysis. The red region determined
by the Raleigh criterion represents linear dispersion region.
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Similarly, we obtain normalized amplitude Ratio2.

jEF;δPDðωþ NΔωÞj
jEFðωþ NΔωÞj

¼
�����
Mð1 − eiΔTBPÞ þ eiΔTBPð−fmaxþMþ1Þ − eiΔTBP

−iΔTBPfmax

�����
≡ Ratio2ðδPDÞ ð11Þ

ΔTBP ¼ δPDmax · NΔω:

In Eq. (11), we define the nonlinear tolerable time-band-
width product as ΔTBP, which indicates the extent to
which QAML tolerates δPDmax at ω0 � NΔω. Thus, based
on the material’s δPD and ΔTBP at the Rayleigh criterion
[see Fig. 2(c)], this method proves highly effective in
optimizing the linearity of the phase-frequency response of
meta-atoms. Considering the nonlinear dispersion by
Ratio2, we amended the normalized amplitude of spectrum
in Fig. 2(a). This method of analyzing nonlinear dispersion
is not only applicable to QAMLs, but also valuable for
other AMLs.

The fundamental limit on the wave function altered by
quasiachromatic condition is also evaluated. We use the
Cauchy dispersion formula to relate δPD and refractive
index at frequencies far from the resonant absorption.
Besides, assuming the wave function can be fully defined
as equidistant peaks with a consistent sub-bandwidth in the
linear region, we obtain the fundamental bandwidth limit of
sub-bandwidth as

ð2N þ 1ÞδωR
2 þ 1

3
NðN þ 1ÞΔω2 < ω2

0 ·

�
δPDmax

ΔPD
þ 1

�
2

;

ð12Þ

where the influence of δPD is neglected on the left,
resulting in a more stringent limit. Thus, we relate the
fundamental limit ΔΩmax to each sub-bandwidth, and
express the maximum achievable achromatic sub-
bandwidth as δωRmax. Moreover, δωRmax is equal to
ΔΩmax when N ¼ 0, and decreases as N increases [see
Fig. 2(b)]. For our QAML, δωRmax become closer to the
sub-bandwidth δωR at N ≥ 32. Since this limit is only
attainable when the spectrum is equivalent to a Gaussian
function, it begins to affect the achromatic spectrum by

FIG. 3. (a) PSFs of QAML at extended frequencies. (b),(c) Focal lengths and focusing efficiencies of PSF at all frequencies. The star
points represent deviation frequencies, and the focusing efficiency is obtained from the energy within 3 times the Airy disk radius.
(d) Comparisons of published BAML database [12] and fundamental bandwidth limit of BAMLs and QAMLs. (e) Simulated
normalized pseudoimaging results and MTFs under solar spectrum, LED, and optical frequency comb incident, respectively.

PHYSICAL REVIEW LETTERS 131, 193801 (2023)

193801-4



concentrating peaks on certain frequencies, thereby reduc-
ing the standard deviation of the wave function. However,
for QAML with a flat spectrum incidence, the decreased
normalized amplitude at other frequencies indicates that the
energy spreads out from focal point, leading to a decrease
in the focusing efficiency and poorer achromatic capability.
Nonetheless, the effect of δPD already becomes significant
when N ¼ 12, therefore plays a decisive role in limiting
achromatic spectrum.
To verify the theory of PD extension, we designed a

QAML with a large aperture D ¼ 2000 μm and a high NA
of 0.55. We selected 24 extension frequencies in 400–
1500 nm to achieve near-continuous sampling. The period
of rectangular meta-atoms was P ¼ 420 nm. TiO2 was
chosen as the material in finite-difference time domain and
the minimum height of the waveguidelike meta-atoms
[2,31] was determined as L ¼ 9.3 μm to satisfy required
ΔPD ¼ 42 fs. We calculate the far-field propagation at
extension frequencies [see Fig. 3(a)], all incident frequen-
cies were focused at the designed focal plane.
Furthermore, we simulated focal lengths for 116 frequen-

cies within the selected band [see Fig. 3(b)]. Notably, the
deviation of focal lengths at ω0 � NΔω are less than 0.1%,
demonstrating remarkable achromatic performance. In addi-
tion, we calculated their focusing efficiencies [see Fig. 3(c)]
and found that the average focusing efficiency remained
above 65%. Moreover, the focusing efficiencies at deviation
frequencies were extremely low, indicating a negligible
impact on imaging results. We also compared the bandwidth
with published BAMLs and their limitations. As predicted
earlier, the bandwidth of QAML far exceeded the limit of
BAML under N ¼ 12. Using materials with better linearity
of phase-frequency response, we can approach the funda-
mental limit at N ¼ 32.
We further obtained their corresponding point spread

function (PSFs) and modulation transfer function (MTFs).
Subsequently, by convolving the PSF with the object image
at different frequencies, we calculated the pseudoimaging
results in the full spectrum. Solar spectrum, LED spectrum
centered at 590 nm with a FWHM of 75 nm, and comb
spectrum that fully satisfied the extended frequencies
were adopted as light sources [see Fig. 3(e)]. Notably,
comb incidence yielded the most optimal imaging results
with a near diffraction-limit MTF. As the spectrum
widens, nonoptimized frequencies result in stray light
in the imaging plane, but remains within an acceptable
range with high MTFs, demonstrating a promising imag-
ing application. When the size of the imaging plane is set
to 120 × 160 μm, the imaging resolution of QAML under
the incidents with different spectrums is close to the
theoretical Airy disk diameter of 1.1 μm for λ ¼ 0.49 μm,
which is quite ideal.
In this Letter, we propose a promising method for

achromatic optics and derive the fundamental limitations
of QAMLs. Our phase delay extension method overcomes

the limited dispersion ability of meta-atoms with limited
height, and relaxes the constraints between bandwidth, NA,
and aperture. This approach provides a theoretical founda-
tion for achieving ultrawide spectrum and large-aperture
achromatic components in the future, which will advance
the development of achromatic compact optical systems,
including grating and optical vortex devices. While QAML
effectively circumvent the unattainable height requirements
of BAML under large apertures and high NA, challenges
persist when dealing with small frequency interval Δω.
QAMLs still need to address fabrication considerations
such as high aspect ratios and stringent precision require-
ments. Upon resolution of these challenges, QAMLs, with
their ultrawide bandwidth capabilities achieved through PD
extension, hold great promise for advanced imaging appli-
cations in aerospace remote sensing, geological explora-
tion, medical detection, and other well-established fields of
diffractive optics, both in military and civilian domains.
Consequently, QAMLs represent an exciting development
with significant potential for revolutionizing various fields
of science and technology.
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